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Preface

Half a century ago Harold W. Kuhn published two famous articles presenting the
Hungarian algorithm, the first polynomial-time method for the assignment problem. This
historic result allowed for the first time an easy solution of real-world instances that no com-
puter on earth could then handle. The Hungarian algorithm and other fundamental results
on integer and linear programming, obtained in the same years, gave birth to an exciting
new research area, today known as combinatorial optimization. Over the next fifty years
the assignment problem, its linear variations, and its quadratic counterpart have attracted
hundreds of researchers, accompanying and sometimes anticipating the development of
combinatorial optimization.

This volume presents a comprehensive view of this huge area, starting from the con-
ceptual foundations laid down since the 1920s by the studies on matching problems, and
examining in detail theoretical, algorithmic, and practical developments of the various as-
signment problems. Although the covered area is wide, each of the ten chapters is essentially
self contained, and the readers can easily follow a single chapter in which they are interested
by encountering a few pointers to the essential background given in previous parts.

This book has been developed with the ambition of providing useful instruments to a
variety of users: researchers, practitioners, teachers, and students.

Researchers will find an up-to-date detailed exposition of the theoretical and algo-
rithmic state of the art, not only of the basic linear sum assignment problem but also of its
many variations, for which there is plenty of room for improvements: bottleneck, algebraic,
balanced, quadratic, and multi-index assignment problems are promising areas for new
investigations. In particular, the quadratic assignment problem still lacks effective exact
solution methods: after decades of investigations, instances of size 30 require CPU years
to be solved to optimality. Although this problem is NP-hard, such results could indicate
that its combinatorial structure has not yet been fully understood.

Practitioners need clear expositions of successful applications, information on the
practical performance of exact and heuristic algorithms, and pointers to high quality soft-
ware. Almost all of the chapters have one or more sections devoted to the description of
real-world situations managed through the described methodologies. The experimental be-
havior of various algorithms is examined on the basis of computational experiments. The
associated home page, http://www.siam.org/books/ot106/assignmentproblems.html, makes
available a number of efficient computer codes, either through direct downloads or through
links.

Teachers and students will have a potential textbook for advanced courses in discrete
mathematics, integer programming, combinatorial optimization, and algorithmic computer

xix
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xx Preface

science. The theoretical background of each argument is presented in a rigorous way. The
algorithms are introduced through an intuitive explanation of their essential features. In
most cases, the presentation is completed by a detailed pseudo-code implementation. The
main algorithmic techniques are illustrated through a number of exercises presented in the
form of fully-developed numerical examples. A further didactic tool is provided by the
applets available on the associated home page, which allow step-by-step execution of some
basic algorithms.

We are indebted to several friends who have helped us in the preparation of this
volume. Alberto Caprara, Bettina Klinz, Ulrich Pferschy, Franz Rendl, and Paolo Toth
read preliminary parts of this book, providing valuable suggestions and correcting errors.
The authors obviously retain the sole responsibility for any remaining errors. Construc-
tive comments were also made by Peter Hahn, Alexander Korbut, Catherine Roucairol,
and Alexander Schrijver. Silvano Martello thanks Letizia Cheng Cheng Sun and Andrea
Bergamini, students at the University of Bologna, for the implementation of the home page
and its original applets.

Graz, Reggio Emilia, Bologna
May 2008

Rainer Burkard
Mauro Dell’Amico
Silvano Martello
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Chapter 1

Introduction

1.1 Assignments
Assignment problems deal with the question of how to assign n items (jobs, students) to
n other items (machines, tasks). There are different ways in mathematics to describe an
assignment: we can view an assignment as a bijective mapping ϕ between two finite sets
U and V of n elements. By identifying the sets U and V we get the representation of an
assignment by a permutation. We can write a permutation ϕ as(

1 2 . . . n

ϕ(1) ϕ(2) . . . ϕ(n)

)
,

which means that 1 is mapped to ϕ(1), 2 is mapped to ϕ(2), . . . , n is mapped to ϕ(n). In the
following, we shall describe a permutation ϕ just by ϕ(1), ϕ(2), . . . , ϕ(n). For example,
the permutation (

1 2 3 4 5 6 7
2 1 3 7 6 4 5

)
is denoted as ϕ = (2, 1, 3, 7, 6, 4, 5).

Permutations can also be written in cyclic form, i.e., as a family of one or more cycles

〈1, ϕ(1), ϕ(ϕ(1)), . . . 〉 . . . 〈k, ϕ(k), ϕ(ϕ(k)), . . . 〉

such that the first and last elements, say, k and l, of each cycle satisfy ϕ(l) = k. For example,
the permutation above has the cyclic representation (1, 2)(3)(4, 7, 5, 6). A permutation
represented by a single cycle is called cyclic permutation.

Every permutation ϕ of the set {1, 2, . . . , n} corresponds in a unique way to an n× n
permutation matrix Xϕ = (xij ) with

xij =
{

1 if j = ϕ(i),
0 otherwise.

1
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ϕ = (
2, 4, 3, 1

)

Xϕ =

⎛⎜⎜⎝
0 1 0 0
0 0 0 1
0 0 1 0
1 0 0 0

⎞⎟⎟⎠

a a′

b b′

c c′

d d ′

Figure 1.1. Different representations of assignments.

Permutation matrices are characterized by the system of linear equations

n∑
j=1

xij = 1 (i = 1, 2, . . . , n), (1.1)

n∑
i=1

xij = 1 (j = 1, 2, . . . , n), (1.2)

and the condition
xij ∈ {0, 1} for all i, j = 1, 2, . . . , n. (1.3)

The first set of equations (1.1) says that every row of a permutation matrix sums to 1. The
second set of equations (1.2) says that every column of a permutation matrix has a sum of
1. Finally, (1.3) says that a permutation matrix has only the entries 0 and 1. In particular,
a permutation matrix has exactly n 1-entries, one in every row and in every column. The
relations (1.1)–(1.3) are called assignment constraints.

Let Sn denote the set of all assignments (permutations) of n items. This set has n!
elements. In Section 2.2 we shall investigate the structure of Sn in more detail.

Bipartite graphs offer another possibility for describing assignments. A graph G =
(U, V ;E) with disjoint vertex sets U and V and edge set E is called bipartite if every edge
connects a vertex ofU with a vertex of V and there are no edges which have both endpoints
in U and in V . A matching M in G is a subset of the edges such that every vertex of G
meets at most one edge of the matching. Let us suppose that the number of vertices in U
and V equals n, i.e., |U | = |V | = n. If in this case every vertex of G coincides with an
edge of the matching M , the matching M is called a perfect matching. Obviously, every
assignment can be represented as a perfect matching, as shown in Figure 1.1.

A first important question is the following. Suppose that a bipartite graph G =
(U, V ;E) with edge set E and vertex sets U and V is given. We ask whether there exists a
perfect matching M ⊆ E. In other words, does there exist a set of n edges in G such that
every vertex coincides with exactly one edge? This problem is known as bipartite perfect
matching problem and plays a fundamental role in the theory of assignment problems.

In 1935 Philip Hall (1904–1982) gave a necessary and sufficient condition for the
existence of a perfect matching. In 1949 the famous mathematician Hermann Weyl (1885–
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1955) gave a nice interpretation of the perfect matching problem. Let us view the vertices
inU as young ladies and the vertices in V as young men. An edge [i, j ] indicates that lady i
is a friend of j . A perfect matching corresponds to a marriage of all young ladies and young
men where a couple can only be married if the partners are friends. The 1935 result by
Hall is known as the marriage theorem. This theorem, however, does not directly provide
an efficient method for finding a perfect matching. In the early years of mathematical
programming, labeling techniques were used to construct a perfect matching inO(n3) time.
These methods were refined later by several authors. Well known is the approach of Hopcroft
and Karp [376], who showed that a perfect matching can be found in O(n5/2) time. We
shall discuss their algorithm and improvements thereof in detail in Chapter 3.

Flows in networks offer another opportunity for describing assignments. Let G be
the bipartite graph introduced above. We embedG in a network N = (N,A, q) with node
set N , arc set A, and arc capacities q. The node set N consists of a source s, a sink t , and
the vertices of U ∪ V . The source is connected to every node in U by an arc of capacity
1, and every node in V is connected to the sink by an arc of capacity 1. Moreover, every
edge in E is directed from U to V and supplied with capacity 1. A flow in network N is a
function f : A→ R with∑

(i,j)∈A
f (i, j) =

∑
(j,k)∈A

f (j, k) for all j ∈ U ∪ V, (1.4)

0 ≤ f (i, j) ≤ q(i, j) for all (i, j) ∈ A. (1.5)

The constraints (1.4) and (1.5) are called flow conservation constraints and capacity con-
straints, respectively. The equalities (1.4) say that the total incoming flow in node j ,
j �= s, t , equals the total flow which leaves that node. The capacity constraints say that
the flow is nonnegative and must obey the arc capacities. The value z(f ) of flow f is
defined as z(f ) = ∑

(s,i)∈A f (s, i). The maximum network flow problem asks for a flow
with maximum value z(f ). Obviously, an integral flow in the special network constructed
above corresponds to a matching in G. If the flow has the value n, then it corresponds to a
perfect matching inG. Figure 1.2 shows a maximum (perfect) matching in a bipartite graph
and the corresponding maximum flow in a network.

Another possibility for describing assignments is offered by matroid theory. LetE be
a finite nonempty set, called ground set, and let F be a collection of subsets F ⊆ E, called
independent sets. The system (E,F) is called a matroid if it fulfills the three following
matroid axioms:

(M1) ∅ ∈ F .

(M2) F ′ ⊆ F and F ∈ F imply F ′ ∈ F .

(M3) For any two sets F and F ′ in F with |F | < |F ′| there exists an e ∈ F ′ \ F such that
F ∪ {e} ∈ F .

To give an example, letG = (U, V ;E) be a bipartite graph. We define F1 as the collection
of all subsets F of E which have the property that every vertex of U coincides with at most
one edge of F . It is obvious that (E,F1) fulfills the matroid axioms (M1)–(M3).
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a a′

b b′

c c′

d d ′

a a′

b b′

s t

c c′

d d ′

Figure 1.2. Perfect matching and corresponding network flow model.

Now, let (E,F1) and (E,F2) be two matroids defined on the same ground set E. A
setF lies in the intersection of the two matroids (E,F1) and (E,F2) ifF ∈ F1 andF ∈ F2.

To continue our example, let F2 be the collection of all subsets F ofE which have the
property that every vertex of V coincides with at most one edge of F . Thus any matching
corresponds to a set F ∈ F1 ∩ F2, and, vice versa, every set F ∈ F1 ∩ F2 corresponds
to a matching. If we assume |U | = |V | = n, then every perfect matching (assignment)
corresponds to a set F ∈ F1 ∩ F2 with |F | = n.

More about matroids can be found for example in the book by Welsh [662].

1.2 Linear assignment problems
So far we have discussed different ways to describe assignments. Moreover, the perfect
matching problem mentioned above settles the question of the existence of an assignment.
Now we are going to discuss optimization problems with respect to assignments. Since there
are in general many assignments possible, we are interested in the best suited assignment
for the problem under investigation. Therefore, we must state our goal by specifying an
objective function. Given an n × n cost matrix C = (cij ), where cij measures the cost
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of assigning i to j , we ask for an assignment with minimum total cost, i.e., the objective
function

n∑
i=1

ciϕ(i)

is to be minimized. The linear sum assignment problem (LSAP) can then be stated as

min
ϕ∈Sn

n∑
i=1

ciϕ(i). (1.6)

A typical case in which such a linear sum assignment problem occurs is the following
situation.

Example 1.1. Suppose that n jobs are to be assigned to nmachines (or workers) in the best
possible way. Let us assume that machine j needs cij time units in order to process job
i. We want to minimize the total completion time. If we assume that the machines work
in series, we have to minimize the linear sum objective function

∑n
i=1 ciϕ(i). If we assume

that the machines work in parallel, we have to minimize the bottleneck objective function
max1≤i≤n ciϕ(i).

This example shows that there are different objective functions of interest. When a
cost is to be minimized, usually a sum objective is used. If a time is to be minimized, a
so-called bottleneck objective function of the form max1≤i≤n ciϕ(i) is often used. Although
this function is not written in linear form, the optimization problem with such an objective
function is called “linear” in contrast to the quadratic problems introduced in Section 1.3.
The linear bottleneck assignment problem (LBAP) can be written as

min
ϕ∈Sn

max
1≤i≤n

ciϕ(i). (1.7)

If we describe permutations by the corresponding permutation matrices X = (xij ),
an LSAP can be modeled as

min
n∑
i=1

n∑
j=1

cij xij

s.t.
n∑
j=1

xij = 1 (i = 1, . . . , n),

n∑
i=1

xij = 1 (j = 1, . . . , n),

xij ∈ {0, 1} (i, j = 1, . . . , n).
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Similarly, an LBAP can be written as

min max
1≤i,j≤n

cij xij

s.t.
n∑
j=1

xij = 1 (i = 1, . . . , n),

n∑
i=1

xij = 1 (j = 1, . . . , n),

xij ∈ {0, 1} (i, j = 1, . . . , n).

In Section 6.3 on algebraic assignment problems, it will be pointed out that both the
LSAP and the LBAP can be viewed as special cases of a more general model, the so-called
algebraic assignment problem. In that section we shall state a general method for solving
algebraic assignment problems.

Sometimes linear assignment problems are stated as weighted perfect matching prob-
lems. Consider, for example, a bipartite graph G = (U, V ;E) where every edge e ∈ E
has a nonnegative weight c(e). We may ask for a perfect matching in G where the sum of
all weights is a minimum. This weighted perfect matching problem is nothing else than a
linear assignment problem where the cost matrix may have some forbidden entries. The
forbidden entries correspond to edges which are not present in the edge set E ofG. On the
other hand, any LSAP can be formulated as a weighted perfect matching problem: these
two problems are equivalent.

The LSAP can also be seen as a special case of the famous Hitchcock-Koopmans
transportation problem (see Hitchcock [369]). Given the bipartite graph above, let the
vertices i ∈ U represent sources capable of supplying positive integer amounts ai and the
vertices j ∈ V represent sinks having positive integer demands bj with

∑
i ai =

∑
j bj .

The transportation problem is to find the least cost transportation pattern from the sources
to the sinks. The special case where all the supply amounts and demands are equal to one
is thus LSAP.

Linear assignment problems can also be viewed as min-cost network flow problems
in special graphs. Let a network N = (N,A, q) with node set N , arc set A, and arc
capacities q be given. We assume in addition that a unit flow along arc (i, j) ∈ A incurs
cost cij . The cost of a flow f is defined as

c(f ) =
∑
(i,j)∈A

cijf (i, j). (1.8)

Let us use the flow representation of assignments and let us assume that a unit flow along
any arc (i, j) with i �= s, j �= t in the corresponding network incurs cost cij , whereas it
incurs cost 0 along any arc (s, i) leaving the source and any arc (j, t) entering the sink. Then
the assignment problem is equivalent to finding a maximum flow of value n with minimum
cost. Such problems are called min-cost network flow problems.
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Linear assignment problems can also be viewed as special matroid intersection prob-
lems. Let two matroids (E,F1) and (E,F2) be defined on the same finite ground set E.
Moreover, every e ∈ E has a cost c(e). The matroid intersection problem asks for a set
F ∈ F1 ∩ F2 with maximum cost:

max
F∈F1∩F2

∑
e∈F

c(e). (1.9)

In order to relate this problem to a linear assignment problem, we consider a complete
bipartite graph G = (U, V ;E) with |U | = |V | = n. If (E,F1) and (E,F2) are defined as
special matroids as in Section 1.1, then the linear assignment problem can be written as a
matroid intersection problem. More about matroid intersection problems can be found for
example in the book by Lawler [448].

Matching problems, network flow problems, and matroid problems are three important
areas of combinatorial optimization which lead in different directions, such as matchings in
non-bipartite graphs, flows in general networks, and general matroid theory. Assignment
problems lie in the intersection of these fields. Therefore, methods from all of these fields
can be used for and applied to assignment problems.

Efficient methods for solving linear sum and bottleneck assignment problems will be
described in Chapter 4 and Chapter 6, respectively.

1.3 Quadratic assignment problems
Linear objective functions are not the only important objectives for assignment problems.
In practice, assignment problems with a quadratic objective function play an important role.

Example 1.2. A set of n facilities has to be allocated to a set of n locations. We are given
three n × n input matrices: A = (aik), B = (bjl), and C = (cij ), where aik is the flow
between facility i and facility k, bjl is the distance between location j and location l, and
cij is the cost of placing facility i at location j . We assume that the total cost depends on
the flow between facilities multiplied by their distance and on the cost for placing a facility
at a certain site. Each product aikbϕ(i)ϕ(k) represents the flow between facilities i and k
multiplied by their distance when facility i is assigned to location ϕ(i) and facility k is
assigned to location ϕ(k). The objective is to assign each facility to a location such that the
total cost is minimized.

The objective function of Example 1.2 can be written as

min
ϕ∈Sn

n∑
i=1

n∑
k=1

aikbϕ(i)ϕ(k) +
n∑
i=1

ciϕ(i). (1.10)
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When we express the permutations by permutation matricesX = (xij ), the quadratic
assignment problem (QAP) can be modeled as a quadratic integer program of the form

min
n∑
i=1

n∑
j=1

n∑
k=1

n∑
l=1

aikbjlxij xkl +
n∑
i=1

n∑
j=1

cij xij

s.t.
n∑
j=1

xij = 1 (i = 1, 2, . . . , n),

n∑
i=1

xij = 1 (j = 1, 2, . . . , n),

xij ∈ {0, 1} (i, j = 1, 2, . . . , n).

In Chapters 7 and 8 we deal with quadratic assignment problems in detail.
There is an important difference between linear and quadratic assignment problems.

For linear assignment problems, there exist efficient, polynomial-time solution methods.
These allow us to solve problems with large values of n. On the other hand, quadratic
assignment problems are so-called NP-hard problems (see, e.g., Garey and Johnson [300]).
This means that an optimal solution can only be found by (implicit) enumeration of all
possibilities unless P = NP . Quadratic assignment problems belong even to the core of
NP-hard problems in the sense that it is even impossible to find an approximate solution
within some constant factor from the optimum value in polynomial time unless P = NP .
The largest benchmark instances of quadratic assignment problems for which an optimal
solution has been determined have a size around n ≈ 30. For this reason, many heuristics
have been proposed for quadratic assignment problems, which yield a more or less good
suboptimal solution. Several of these heuristics are discussed in Chapter 8. Computational
experiments show that many of the heuristics yield good suboptimal solutions. This effect
can be explained by the asymptotic behavior of quadratic assignment problems, which is
discussed in Section 9.2.

Sometimes, cubic and bi-quadratic (quartic) objective functions are minimized over
the set of assignments. This leads to cubic and bi-quadratic assignment problems, which
are discussed in Section 9.3.

1.4 Multi-index assignment problems
In a timetabling problem the assignment of n courses to n time slots and to n rooms is
required. Let cijk denote the cost for assigning course i to time slot j in room k. We want
to find an assignment ϕ of the courses to time slots and an assignment ψ of the courses to
the rooms such that the total cost is at a minimum. This leads to the so-called axial 3-index
assignment problem

min
ϕ,ψ∈Sn

n∑
i=1

ci ϕ(i) ψ(i). (1.11)
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Figure 1.3. Axial (a) and planar (b) 3-index assignment problems.

We can write this 3-index assignment problem as an integer linear program in the following
way:

min
n∑
i=1

n∑
j=1

n∑
k=1

cijkxijk

s.t.
n∑
j=1

n∑
k=1

xijk = 1 (i = 1, 2, . . . , n),

n∑
i=1

n∑
k=1

xijk = 1 (j = 1, 2, . . . , n),

n∑
i=1

n∑
j=1

xijk = 1 (k = 1, 2, . . . , n),

xijk ∈ {0, 1} (i, j, k = 1, 2, . . . , n).

Figure 1.3(a) gives a three-dimensional intuition of the constraints: a “1” on a face of the
matrix means that exactly one 1 must be in that face.

Karp [407] showed that the axial 3-index assignment problem is NP-hard. We outline
axial 3-index assignment problems in Section 10.2.

A similar problem arises if we are looking for Latin squares, i.e., square arrays of size
n where every position is filled by one of the numbers 1, 2, . . . , n such that every row and
column of the square contains all numbers. For example, a Latin square of size 3 may have
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the form

2 1 3
1 3 2
3 2 1

.

Latin squares are feasible solutions of so-called planar 3-index assignment problems,
which can be formulated in the following way. We say that n permutations ϕ1, ϕ2, . . . , ϕn
are mutually distinct if ϕr(i) �= ϕs(i) for any i = 1, 2, . . . , n and r �= s. The problem is to
find n mutually distinct permutations such that

n∑
i=1

n∑
k=1

ciϕk(i)k (1.12)

is a minimum. The corresponding integer linear program is

min
n∑
i=1

n∑
j=1

n∑
k=1

cijkxijk

s.t.
n∑
k=1

xijk = 1 (i, j = 1, 2, . . . , n),

n∑
i=1

xijk = 1 (j, k = 1, 2, . . . , n),

n∑
j=1

xijk = 1 (i, k = 1, 2, . . . , n),

xijk ∈ {0, 1} (i, j, k = 1, 2, . . . , n).

Let L = (lij ) be the Latin square of size n. Then, for i, j = 1, . . . , n, lij is the (unique)
index value k such that xijk = 1 in a feasible solution.

This problem is even more difficult to solve than the axial 3-index assignment problem.
The name “planar assignment problem” stems from the following fact: the variables xijk can
be viewed as cells of a cube. A solution xijk is feasible for the planar assignment problem
if its 1-entries form, in every horizontal or vertical plane of this cube, an assignment. For
example, if we fix index i = 3, then x3jk is a permutation matrix. The same holds for xi2k
if we fix, for instance, index j = 2.

Figure 1.3(b) gives a three-dimensional intuition of the constraints: a “1” on a line
of the matrix means that exactly one 1 must be in that line. For example, the 3 × 3
Latin square above provides the following solution to the corresponding planar 3-index
assignment problem: x12k = x21k = x33k = 1 for k = 1, x11k = x23k = x32k = 1 for k = 2,
x13k = x22k = x31k = 1 for k = 3, and xijk = 0 elsewhere.

We discuss planar 3-index assignment problems in Section 10.3. Recently, k-index
assignments with k > 3 have been considered. They arise, for example, when flying objects
are tracked. We discuss them shortly in Section 10.4.
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1.5 Research lines for assignment problems
In the previous sections we discussed optimization problems in connection with assignments.
This field is still active and comprises several lines of research. Perhaps the most important,
and also the main task of this book, is to provide efficient and fast solution methods for
assignment problems. As was pointed out, linear assignment problems can be solved by
fast, polynomial-time algorithms, whereas quadratic assignment problems and multi-index
assignment problems are NP-hard. Therefore, only implicit enumeration algorithms are
known for solving them exactly. Since enumeration algorithms are not very efficient, there
is a particular need for good heuristics, i.e., heuristics which yield a near optimal solution
in a reasonable amount of time. Such heuristics for QAPs are discussed in Section 8.2.
There is also an interesting second approach. One can ask whether assignment problems
are solved more quickly if their cost matrices have special properties. Several such matrix
properties are known, both for linear and quadratic assignment problems. There are also
many open questions in this field. We discuss special cases of linear assignment problems
in Section 5.2 and special cases of the QAP in Section 8.4.

Another line of research concerns the asymptotic behavior of assignment problems.
Assume that the cost coefficients of an assignment problem are independent and identically
distributed random variables in [0, 1]. What can be said about the expected optimal solution
value, provided the size of the problems tends to infinity? In Section 5.1 we deal with
the expected optimum value of the linear sum assignment problem, and in Section 9.2
we address the asymptotic behavior of quadratic assignment problems. There is a large
qualitative difference between linear and quadratic assignment problems: whereas for linear
assignment problems the difference between best and worst solution value tends to infinity as
the problem size goes to infinity, quadratic assignment problems show the strange behavior
that the ratio between best and worst objective function value tends to 1 as the size of
the problem approaches infinity. We identify a condition which is responsible for that
phenomenon. This strange asymptotic behavior, which can also be explained by tools of
statistical mechanics, is discussed in Section 9.2.
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Chapter 2

Theoretical foundations

2.1 The marriage theorem and the existence of perfect
matchings

Let G = (U, V ;E) be a bipartite graph with vertex sets U = {1, 2, . . . , n} and V =
{1, 2, . . . , s} and edge set E. Every edge [i, j ] has one vertex in U and the other vertex
in V . A subset M of E is called a matching if every vertex of G coincides with at most
one edge from M . An edge e = [i, j ] ∈ M matches vertex i with vertex j . In this case,
the vertices i and j are called matched. The cardinality |M| of M is called cardinality
of the matching. A matching is called maximal if it cannot be enlarged by any edge of
the graph. A matching is called maximum if it has as many edges as possible, i.e., it has
maximum cardinality. Note that a maximal matching may not be maximum (see Figure
2.1), but every maximum matching is obviously maximal. A matchingM is called a perfect
matching if every vertex ofG coincides with exactly one edge fromM , i.e., every vertex of
G is matched. An obvious condition for the existence of a perfect matching in the bipartite
graph G = (U, V ;E) is that the vertex sets U and V have the same number of elements,
i.e., |U | = |V |. Clearly, every perfect matching is a maximum matching and a maximal
matching.

Matchings, maximum matchings, and perfect matchings can be defined in a straight-
forward way for any finite, undirected graph. Due to a famous result by Edmonds [247],
a maximum cardinality matching in an arbitrary graph can be found in polynomial time.
Since this part of matching theory is not directly connected with assignments, we refer the
interested reader to Schrijver [599] for a thorough treatment of this subject.

The adjacency matrix of a bipartite graph G = (U, V ;E) is a |U | × |V | matrix
A = (aij ) defined by

aij =
{

1 if [i, j ] ∈ E,
0 otherwise.

(2.1)

If we are interested in a perfect matching, we must require that |U | = |V | = n holds.
A perfect matching corresponds in this case to a selection of n 1-entries in A, one in every
row and column.

13
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a a′

b b′

c c′

d d ′

a a′

b b′

c c′

d d ′

Figure 2.1. The left figure shows a maximal matching which cannot be extended
by any edge. The right figure shows a maximum matching of larger size.

The permanent of matrix A, per(A), is defined by

per(A) =
∑
ϕ∈Sn

a1ϕ(1)a2ϕ(2) . . . anϕ(n).

Since the product a1ϕ(1)a2ϕ(2) . . . anϕ(n) equals 1 if and only if ϕ is an assignment (perfect
matching), the permanent per(A) counts the different perfect matchings inG. The numerical
evaluation of a permanent (and therefore finding the number of different perfect matchings
in a graph G) is #P-complete (see Valiant [645]). This implies that finding the number of
different perfect matchings in G is at least as hard as any NP-complete problem.

Hall’s marriage theorem states a necessary and sufficient condition for the existence
of a perfect matching in a bipartite graph. We state it first in a slightly more general form.
For a vertex i ∈ U , letN(i) denote the set of its neighbors, i.e., the set of all vertices j ∈ V
which are connected with i by an edge in E. When we view the vertices in U as young
ladies and the vertices in V as young men, the setN(i) contains the friends of i. Moreover,
for any subset U ′ of U let N(U ′) =⋃

i∈U ′ N(i).

Theorem 2.1. (Hall [360], 1935.) Let G = (U, V ;E) be a bipartite graph. It is possible
to match every vertex of U with a vertex of V if and only if for all subsets U ′ of U

|U ′| ≤ |N(U ′)| (Hall’s condition). (2.2)

Remark: The theorem says that, in our interpretation, each lady can marry one of her
friends. If we assume in addition that |U | = |V |, we can express Theorem 2.1 as follows.

Theorem 2.2. (Marriage theorem.) Let G = (U, V ;E) be a bipartite graph with |U | =
|V |. There exists a perfect matching (marriage) inG if and only ifG fulfills Hall’s condition
(2.2).

Remark: This means that, under the additional assumption |U | = |V |, all ladies and men
can marry.
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Proof. We prove Theorem 2.1. Hall’s condition is obviously necessary for the existence
of a matching which matches all vertices in U . Therefore, we have only to show that this
condition is also sufficient. We prove the sufficiency by induction on the number of elements
in |U |. If |U | = 1, the only lady can surely marry one of her friends. So, let us suppose that
the theorem holds for all bipartite graphs with |U | = k and letG = (U, V ;E) be a bipartite
graph with |U | = k+ 1. We assume thatG fulfills Hall’s condition (2.2). We consider two
cases.

Case 1: |U ′| < |N(U ′)| holds for all nonempty proper subsets U ′ of U . In this case we
match an arbitrary vertex i with one of its neighbors, say, j . By deleting i and j and all
incident edges, we get a new graph G = (U, V ;E) with |U | = k. Graph G still fulfills
Hall’s condition, since every vertex i lost at most one neighbor. Therefore, G contains a
matching of size |U | − 1. Adding the edge [i, j ] we get a matching of size |U | in G.

Case 2: There is a nonempty proper subset U ′ for which Hall’s condition holds with
equality: |U ′| = |N(U ′)|. Due to our induction, we can match each i ∈ U ′ with an
appropriate j ∈ N(U ′). Now we delete the sets U ′ in U , N(U ′) in V and the edges of E
incident with these vertices. We get a new graph G̃ = (Ũ , Ṽ ; Ẽ) and have to show that
Hall’s condition still holds in the new graph. Suppose it does not. Then there exists a subset
W of Ũ whose neighborhood NG̃(W) in G̃ fulfills |W | > |NG̃(W)|. Thus we get, using
NG̃(W) = N(W) \N(U ′),

|N(U ′ ∪W)| = |N(U ′)| + |N(W) \N(U ′)| < |U ′| + |W | = |U ′ ∪W |.
But this means that Hall’s condition does not hold in G, which is a contradiction.

Remark: When every man and every lady ranks the members of the opposite sex with a
total ordering, we can define the stable marriage (matching) problem as follows: Assign
each man to a lady so that there is no pair of a man and a lady who both prefer the other to
their actual partner. In other words, for any pair of a man m and a woman w not married
together, either m prefers his wife to w or w prefers her husband to m. A polynomial-time
algorithm for this problem is due to Gale and Shapley [298]. We refer the interested reader
to the book by Gusfield and Irving [350] for a thorough treatment of this subject.

Theorem 2.2 immediately yields the following observation. Agraph is called k-regular
if every vertex i has degree d(i) = k.

Corollary 2.3. Every k-regular bipartite graph (k ≥ 1) has a perfect matching.

Proof. Let G = (U, V ;E) be a k-regular bipartite graph. As

k|U | =
∑
j∈U

d(j) =
∑
j∈V

d(j) = k|V |

we have |U | = |V |. Now let ∅ �= U ′ ⊂ U . LetEU ′ be the set of edges incident withU ′ and
let EN(U ′) be the set of edges incident with the neighbors of set U ′. Clearly EU ′ ⊆ EN(U ′).
Therefore, k|U ′| = |EU ′ | ≤ |EN(U ′)| = k|N(U ′)|, which implies |U ′| ≤ |N(U ′)|. Thus
Hall’s condition (2.2) is fulfilled.



book
2008/12/11
page 16

16 Chapter 2. Theoretical Foundations

We can easily express Hall’s theorem in the language of 0− 1 matrices by using the
adjacency matrix of graphG. Let us assume that |U | = |V | = n. If the adjacency matrixA
contains n 1-entries, one in every row and column (which correspond to a perfect matching),
we say that matrix A contains a permutation matrix. Hall’s condition (2.2) says that for
k = 0, 1, . . . , n− 1 matrix A does not contain a (k+ 1)× (n− k) submatrix of 0 elements,
since otherwise the k + 1 vertices corresponding to the rows of this submatrix would have
less than k + 1 neighbors. So we get the following theorem, equivalent to Theorem 2.1.

Theorem 2.4. (Frobenius [290], 1917.) Let A be an arbitrary n × n matrix with entries
0 and 1. Matrix A contains a permutation matrix if and only if, for k = 0, 1, . . . , n − 1,
matrix A does not contain a (k + 1)× (n− k) submatrix of 0 elements.

In other words, we can express Theorem 2.4 in the following way.

Corollary 2.5. Every (k + 1) × (n − k) submatrix of any n × n permutation matrix P
contains at least one 1-entry.

In 1916 König proved a theorem on matchings which turns out to be one of the
cornerstones of algorithms for assignment problems. Before we state König’s matching
theorem and prove that it is equivalent to Hall’s marriage theorem, we need the following
definition (see Figure 2.2).

Definition 2.6. Given a bipartite graph G, a vertex cover (or transversal set) C in G is a
subset of the vertices of G such that every edge of G coincides with at least one vertex in
this set C.

Theorem 2.7. (König’s matching theorem [425], 1916.) In a bipartite graph the minimum
number of vertices in a vertex cover equals the maximum cardinality of a matching:

min
C vertex cover

|C| = max
M matching

|M|.

Historical note. Hall’s marriage theorem developed from a question in algebra. In 1910
Miller [492] showed that the left and right residual classes of an arbitrary subgroup of a
finite group have a common system of representatives. On the other hand, in 1917 Frobe-
nius [290] showed Theorem 2.4 in connection with determinants. He already noticed the
relationship with König’s matching theorem of 1916, but considered it of little value. In
1924 van der Waerden [655] noticed that Miller’s theorem is based on a combinatorial
argument and is closely related to König’s matching theorem [425]. Based on this ob-
servation, Hall proved, in 1935, the above Theorem 2.1 which we call today, according to
an interpretation of Weyl [663], the marriage theorem. For more details see Schrijver [600].

We now show that König’s matching theorem is equivalent to Hall’s theorem.

Theorem 2.8. Theorems 2.1 and 2.7 are equivalent.
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Figure 2.2. Maximum matching (bold edges) and minimum vertex cover (square
vertices).

Proof.
1. Hall’s theorem implies König’s matching theorem. Trivially, any matching M and any
vertex cover C fulfill |M| ≤ |C|. Thus we have to prove that there is a matching M
whose size is equal to the size of a minimum vertex cover, i.e., a vertex cover of minimum
cardinality.

Let C be a minimum vertex cover in the bipartite graphG. We define a new bipartite
graph G′ = (U ′, V ′;E′) by U ′ = U ∩ C, V ′ = V \ C, and E′ = {[i, j ] : [i, j ] ∈
E ∩ (U ′ × V ′)}. Assume that this graph G′ does not fulfill Hall’s condition (2.2). In this
case, according to Hall’s theorem, there is a subset W ⊆ U ′ with |W | > |N(W)|. Now,
C ′ = (U ′ \W) ∪ N(W) ∪ (V ∩ C) is a vertex cover in G. Namely, every edge with one
vertex in U ∩ C has either one vertex in U ′ \W or one vertex in N(W). All other edges
have one vertex in V ∩ C. Thus we get

|C ′| = |U ′ \W |+|N(W)|+|V ∩C| < |U ′ \W |+|W |+|V ∩C| = |U∩C|+|V ∩C| = |C|.
But this is in contradiction to C being a minimum vertex cover.

Therefore, every vertex ofU∩C can be matched with a vertex ofV \C. An analogous
argument shows that every vertex of V ∩ C can be matched with a vertex of U \ C. This
proves that there exists a matching M with |M| = |C|.
2. König’s matching theorem implies Hall’s theorem. Let G = (U, V ;E) be a bipartite
graph which fulfills Hall’s condition (2.2). This means in particular, that every vertex i ∈ U
coincides with an edge e ∈ E. We know that inG the cardinality of a minimum vertex cover
equals the cardinality of a maximum matching. We show thatU is a minimum vertex cover.
Let C be any vertex cover in G. If U ′ = U \C �= ∅, then no edge with one endpoint in U ′
can have its other endpoint in V \C, sinceC is a vertex cover. Thus we getN(U ′) ⊆ V ∩C
and

|C| = |U ∩ C| + |V ∩ C| ≥ |U ∩ C| + |N(U ′)| ≥ |U ∩ C| + |U ′| = |U |.
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According to König’s matching theorem there exists a matching with |U | edges, i.e., every
vertex of U will be matched.

In algorithms for the linear assignment problem we will make use of the follow-
ing equivalent formulation of König’s matching theorem. Given a bipartite graph G =
(U, V ;E) with |U | = |V | = n, we define the complementary adjacency matrix B of G as
an n× n matrix B = (bij ) where

bij =
{

0 if [i, j ] ∈ E,
1 otherwise.

(2.3)

This means that if the adjacency matrix A has an entry aij = 0, then bij = 1 and vice
versa. A zero cover is a subset of the rows and columns of matrix B which contains all
the 0 elements of B. A row (resp. column) which is an element of a zero cover is called a
covered row (resp. covered column). A minimum zero cover is a zero cover with a minimum
number of covered rows and columns. A minimum zero cover is directly connected to a
vertex cover in the bipartite graph G = (U, V ;E). If the vertex cover contains a vertex
i ∈ U , then the corresponding row of matrix B is covered. If the vertex cover contains a
vertex j ∈ V , then the corresponding column of B is covered. Thus every vertex cover
immediately leads to a zero cover in B and vice versa. Now we get the following.

Proposition 2.9. There exists an assignment ϕ with biϕ(i) = 0 for all i = 1, . . . , n if and
only if the minimum zero cover has n elements.

König’s theorem is a special case of Ford and Fulkerson’s max-flow min-cut theorem
[213]. Let us consider a network N = (N,A, q) with node set N and arc set A. Every
arc (i, j) has a capacity q(i, j) ≥ 0. (Infinite capacities q(i, j) = ∞ are admitted.) We
distinguish two special nodes, the source s and the sink t . Without loss of generality we
may assume that there is no arc entering the source and there is no arc leaving the sink. An
(s,t)-flow in the network N is a function f : A→ R with∑

(i,j)∈A
f (i, j) =

∑
(j,k)∈A

f (j, k) for all j ∈ N \ {s, t}, (2.4)

0 ≤ f (i, j) ≤ q(i, j) for all (i, j) ∈ A. (2.5)

In the following, we call an (s, t)-flow a flow. Constraints (2.4) (flow conservation con-
straints) impose that the total flow entering any node j , j �= s, t , be equal to the total flow
leaving that node. Constraints (2.5) (capacity constraints) impose that the flow in any arc
be nonnegative and does not exceed the arc capacity. The maximum network flow problem
asks for a flow with maximum value z(f ) where

z(f ) =
∑
(s,i)∈A

f (s, i)

⎛⎝= ∑
(i,t)∈A

f (i, t)

⎞⎠ . (2.6)

An (s,t)-cut C in network N is induced by a partition (X,X) of node set N such that
s ∈ X and t ∈ X. We will denote by δ+(X) and δ−(X) the sets of arcs crossing the cut in
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the two directions:

δ+(X) = {(i, j) ∈ A : i ∈ X, j ∈ X},
δ−(X) = {(i, j) ∈ A : i ∈ X, j ∈ X}.

The value v(C) of the cut is then defined as

v(C) =
∑

(i,j)∈δ+(X)
q(i, j). (2.7)

Note that every directed path from the source to the sink contains at least one arc of δ+(X)
and that the flow conservation constraints imply

z(f ) =
∑

(i,j)∈δ+(X)
f (i, j)−

∑
(i,j)∈δ−(X)

f (i, j). (2.8)

Lemma 2.10. The value z(f ) of an arbitrary (s,t)-flow is always bounded by the value
v(C) of an arbitrary (s,t)-cut.

Proof. All paths going from s to t use at least one of the arcs of δ+(X). The thesis follows
from (2.7) and (2.8).

Now we state the following.

Theorem 2.11. (Ford-Fulkerson’s max-flow min-cut theorem [276], 1956.) The value of
a maximum (s,t)-flow equals the value of a minimum (s,t)-cut.

Proof. The theorem is trivial for z(f ) = ∞. Therefore, we assume that z(f ) is finite. Due
to Lemma 2.10 we have only to show that there are a flow f and a cutC induced by (X,X),
with z(f ) = v(C). Let f be a maximum flow. We define a set X by the following three
conditions:

1. s ∈ X;

2. if i ∈ X and f (i, j) < q(i, j), then j ∈ X (arc (i, j) is called a forward arc);

3. if i ∈ X and f (j, i) > 0, then j ∈ X (arc (j, i) is called a backward arc).

In other words,X is the subset of nodes ofN that can be reached from s by traversing unsat-
urated arcs (forward arcs) in their original direction and arcs with positive flow (backward
arcs) in the reverse direction.

First, we prove that (X,X) defines a cut, i.e., that t ∈ X. Assume to the contrary
that t ∈ X. In this case there is a sequence of nodes in X with s = n0, n1, n2, . . . , n� = t .
Either (nk, nk+1) is a forward arc in A or (nk+1, nk) is a backward arc in A. Let F denote
the set of all forward arcs and let B denote the set of all backward arcs in this sequence. We
define

ε1 = min
(i,j)∈F

q(i, j)− f (i, j)
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and
ε2 = min

(i,j)∈B
f (i, j).

Let ε = min(ε1, ε2). Due to the construction we get ε > 0. Now we modify the flow f

by increasing the flow values on all forward arcs in F by ε and by decreasing the flow on
all backward arcs in B by ε. It is easy to check that we get another feasible flow which
obeys the flow conservation constraints and the capacity constraints, but now has a value
z(f )+ ε. This is a contradiction to the assumption that flow f has been a maximum flow.

According to the definition of set X we have:

• an arc (i, j) with i ∈ X, j ∈ X fulfills f (i, j) = q(i, j);
• an arc (i, j) with i ∈ X, j ∈ X fulfills f (i, j) = 0.

Thus
∑

(i,j)∈δ+(X) f (i, j) = v(C) and
∑

(i,j)∈δ−(X) f (i, j) = 0, and therefore (2.8) gives
z(f ) = v(C).

The cut C induced by (X,X) in the network N = (N,A, q) also offers a way
to construct a vertex cover in the underlying bipartite graph G = (U, V ;E), as well as
a zero cover of the complementary adjacency matrix. Recall that the node set of N is
N = U ∪ V ∪ {s, t}, while its arc set A is produced by all edges of E when directed from
U to V (with infinite capacity), plus arcs (s, i) (i ∈ U) and (j, t) (j ∈ V ) (all with unit
capacity).

Proposition 2.12. LetG be a bipartite graph and let C be the cut induced by (X,X) in the
corresponding network N .

1. A vertex cover of G is given by all vertices i ∈ U ∩X and all vertices j ∈ V ∩X.

2. A minimum zero cover of the complementary adjacency matrix of G is given by all
rows i with i ∈ X and all columns j with j ∈ X.

Example 2.13. Consider the bipartite graph given in Figure 2.3. The corresponding com-
plementary adjacency matrix has the form

B =

⎛⎜⎜⎝
0 0 0 0
1 0 1 1
1 0 1 1
1 0 1 1

⎞⎟⎟⎠ . (2.9)

Obviously, all zero elements can be covered by the first row (corresponding to vertex
a ∈ U ) and the second column (corresponding to vertex b′ ∈ V ). Now, a minimum
cut of the corresponding network is shown in Figure 2.4: the minimum cut is given by
X = {s, b, c, d, b′} and X = {a, a′, c′, d ′, t}. Set X contains only one index of U , namely,
a; set X contains only one index of V , namely, b′. Thus the vertex cover is given by vertex
a and vertex b′.
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a a′

b b′

c c′

d d ′

Figure 2.3. Vertex cover in Example 2.13.

X

a a′

b b′

s t

c c′

d d ′

Figure 2.4. A maximum flow and a minimum cut in the network of Example 2.13.
The forward arcs crossing the cut are dotted.

Now we are going to show that Ford-Fulkerson’s max-flow min-cut theorem implies
König’s theorem. Let G = (U, V ;E) be a bipartite graph. We embed G in the network
N = (N,A, c). The node set N consists of a source s, a sink t , and the vertices of U ∪ V .
The source is connected to every node in U by an arc of capacity 1, every node in V is
connected to the sink by an arc of capacity 1, and every edge in E is directed from U to V
and supplied with infinite capacity. A maximum flow in this network is integral valued and
corresponds to a matching in G with maximum cardinality z(f ). Due to Ford-Fulkerson’s
theorem there is a cut C in the network N with a finite value which equals z(f ). Since all
arcs (i, j)with i ∈ U and j ∈ V have an infinite capacity, the minimum cut can only contain
arcs from the source to a node in U or from a node in V to the sink. This cut corresponds
to a vertex cover of the bipartite graph G: If there were an edge [i, j ] ∈ G where neither
vertex i nor vertex j are covered, then there would be a path (s, i, j, t) in the network N
which has no arc in the cutset C in contradiction to C being a cut in N .

We are closing this section by showing that any matching can be enlarged in a certain
way, which turns out to be crucial for maximum matching algorithms. Namely, let any
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young lady i ∈ U ′ ⊆ U marry one of her friends. If this matching M is not already a
maximum cardinality matching in G = (U, V ;E), then there always exists a matching
M ′ of larger cardinality where all ladies i ∈ U ′ remain married, but now possibly to other
friends. More formally, we have the following.

Theorem 2.14. Given any matching M in G = (U, V ;E), there always exists a maximum
matching in G such that all vertices that are matched in M remain matched.

This theorem, whose proof will be given later, shows that though a maximal matching
cannot be extended by just adding another edge, one can find a maximum matching such
that all previously matched vertices remain matched.

Theorem 2.14 can be seen as a consequence of the augmentation lemma, Lemma 3.3,
discussed in Section 3.2, as well as a special case of the following theorem by Mendelsohn
and Dulmage. Recall that the symmetric difference of two setsA andB is (A\B)∪ (B \A).

Theorem 2.15. (Mendelsohn-Dulmage [487], 1958.) Let M1 and M2 be two matchings
in the bipartite graph G = (U, V ;E). Then there exists a matching M ⊆ M1 ∪M2 such
thatM matches all vertices of U which are matched byM1 and all vertices of V which are
matched by M2.

Proof. LetG′ be that subgraph ofG whose edges are given by the symmetric difference of
M1 and M2. The components of G′ are of five types:

1. (even) cycles whose edges alternate between M1 and M2;

2. paths of odd length, starting from a vertex in U which is matched by M1 to a vertex
in V which is not matched by M2;

3. paths of odd length, starting from a vertex in V which is matched by M2 to a vertex
in U which is not matched by M1;

4. paths of even length, starting from a vertex in U which is matched byM1 to a vertex
in U which is not matched by M1;

5. paths of even length, starting from a vertex in V which is matched by M2 to a vertex
in V which is not matched by M2.

In all five cases the edges alternate between the two given matchings. We construct the
matching M which fulfills the requirements of the theorem in the following way. First, we
set M = M1 ∩M2. For each component in G′ which is a cycle C, we add the matching
edges C ∩M1 to M . Further, for each path in G′ we add the first, third, fifth, . . . edge of
the path to M . It is easy to see that all vertices in U which were originally matched by M1

remain matched. Moreover, all vertices in V which were originally matched byM2 remain
also matched by M .

The following example illustrates the proof of the Mendelsohn-Dulmage theorem.

Example 2.16. Figure 2.5(a) contains a graphG = (U, V ;E)with two matchings: match-
ing M1 is drawn with solid lines, matching M2 is drawn with dashed lines. The shaded
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Figure 2.5. Example for the Mendelsohn-Dulmage theorem: (a) original match-
ings M1 (solid lines) and M2 (dashed lines); (b) final matching.

vertices on the left side are incident with edges of matching M1, the shaded vertices on the
right side are incident with edges of matchingM2. We want to find a matching in this graph
such that all shaded vertices are matched.

The bipartite graph with edges of the symmetric difference ofM1 andM2 is obtained
by deleting the edge from vertex g to vertex g′ in the graph shown above. The symmetric
difference contains

• the cycle (h, h′, i, i ′);

• the odd-length path (a, a′, b, c′) starting in theM1-matched vertex a ∈ U and leading
to an unmatched vertex in V ;

• the odd-length path (d ′, e) starting from an M2-matched vertex in V and leading to
an unmatched vertex of U ;

• the even-length path (c, e′, f ) starting from an M1-matched vertex of U and leading
to an unmatched vertex of U ;

• the even-length path (b′, d, f ′) starting from anM2-matched vertex of V and leading
to an unmatched vertex of V .

We initialize the new matching with edge [g, g′] (= M1 ∩ M2), then we add [h, h′] and
[i, i ′] from the cycle, and the first, third, . . . edges of the paths, thus obtaining a matching
with all shaded vertices matched, as shown in Figure 2.5(b).

We are now going to prove Theorem 2.14.
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Figure 2.6. Construction of a maximum matching which contains all matched
vertices of an arbitrary given matching.

Proof of Theorem 2.14. First, we apply Theorem 2.15 to the given matching M and an
arbitrary maximum matching M̂ . Thus we get a maximum matching M̃ which matches all
vertices in U which were previously matched by M . Next, we apply once more Theorem
2.14 to M̃ and the original matchingM . Now we get (possibly another) maximum matching
contained in M̃ ∪M which keeps matched all vertices of U and those vertices of V which
were already matched by the given M . Thus a maximum matching has been found which
matches all vertices which were previously matched by M .

The following example illustrates the procedure that produces a maximum matching
which leaves matched the originally matched vertices.

Example 2.17. Consider the bipartite graph shown in Figure 2.6(a). The bold lines show
the given matching M . The matched vertices are shaded. The dashed lines in this figure
show an arbitrary maximum matching. A first application of Theorem 2.14 leads to the
dashed maximum matching of Figure 2.6(b): all originally matched vertices on the left side
are now also matched in the maximum matching. Now we apply Theorem 2.14 a second
time to the maximum matching of Figure 2.6(b). The result is shown by the dashed lines
and shaded vertices in Figure 2.6(c).

2.2 The assignment polytope
A doubly stochastic matrix X is an n× n matrix whose entries fulfill

n∑
j=1

xij = 1 (i = 1, 2, . . . , n), (2.10)

n∑
i=1

xij = 1 (j = 1, 2, . . . , n), (2.11)

xij ≥ 0 (i, j = 1, 2, . . . , n). (2.12)
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Every permutation matrix is a doubly stochastic matrix. Every assignment ϕ of n items can
thus be described by a doubly stochastic matrix with xij ∈ {0, 1} for i, j = 1, 2, . . . , n. The
set of all doubly stochastic matrices forms the so-called assignment polytope PA. Birkhoff
[100] showed that the assignments uniquely correspond to the vertices of PA. Thus every
doubly stochastic matrix can be written as a convex combination of permutation matrices.

Theorem 2.18. (Birkhoff [100], 1946.) The vertices of the assignment polytope uniquely
correspond to permutation matrices.

Historical note. The Birkhoff theorem is implicitly contained in a 1931 theorem due to
Egerváry [253]. See Dell’Amico and Martello [217].

Before we prove Birkhoff’s theorem we show the following lemma (see also
Corollary 2.5).

Lemma 2.19. For any k ∈ {0, 1, . . . , n−1}, if a square matrix R with nonnegative entries
and equal row and column sums, say, equal to α, contains a (k + 1) × (n − k) submatrix
of 0 elements, then R = 0.

Proof. By permuting the rows and columns of R we can arrange the entries of R in the
following form

n−k−1

k+1

n−k k⎛⎝ R1 R2

0 R3

⎞⎠ .

The sum of all coefficients in the first n− k columns is (n− k)α; the sum of all coefficients
in the last k + 1 rows is (k + 1)α. Further, the sum of all elements in R is nα. We get

nα =
n∑
i=1

n∑
j=1

rij ≥
n∑
i=1

n−k∑
j=1

rij +
n∑

i=n−k

n∑
j=1

rij = (n− k)α + (k + 1)α = (n+ 1)α.

This implies α = 0 and therefore R = 0.

Proof of Birkhoff’s theorem. Let X be an arbitrary doubly stochastic matrix. Matrix X
does not contain any (k + 1)× (n− k) submatrix of 0 elements due to Lemma 2.19, since
otherwise X = 0 contradicting that matrix X is doubly stochastic. Then, according to the
Frobenius theorem, Theorem 2.4, there exists a permutation matrix P1 = (pij ) with the
following property: if pij = 1, then xij > 0. Let λ1 be the smallest positive entry of X for
which pij = 1 holds. Then X − λ1P1 is a matrix with nonnegative entries and equal row
and column sums. We repeat this process as long as there is no (k+ 1)× (n− k) submatrix
of 0 elements. Thus we get

X = λ1P1 + λ2P2 + · · · + λrPr + R (2.13)

with positive values λ1, λ2, . . . , λr and permutation matrices P1, P2, . . . , Pr . The matrix R
has nonnegative entries, equal row and column sums α = 1−λ1−λ2−· · ·−λr(≥ 0), and
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contains a (k + 1) × (n − k) submatrix of 0 elements. Thus, due to Lemma 2.19, R = 0.
Therefore, λ1+λ2+· · ·+λr = 1 and matrixX is a convex combination of the permutation
matrices P1, P2, . . . , Pr .

The following example shows the decomposition of a doubly stochastic matrix as
explained in the proof to Birkhoff’s theorem.

Example 2.20. Consider the doubly stochastic matrix

X =
⎛⎝ 1/2 1/3 1/6

1/3 1/3 1/3
1/6 1/3 1/2

⎞⎠ .
We choose as first permutation matrix

P1 =
⎛⎝ 1 0 0

0 1 0
0 0 1

⎞⎠ .
The corresponding value λ1 becomes λ1 = min(1/2, 1/3, 1/2) = 1/3. Thus we get

X − λ1P1 =
⎛⎝ 1/6 1/3 1/6

1/3 0 1/3
1/6 1/3 1/6

⎞⎠ .
Next we choose

P2 =
⎛⎝ 1 0 0

0 0 1
0 1 0

⎞⎠
and get for the corresponding value λ2 = min(1/6, 1/3, 1/3) = 1/6. Now we get

X − λ1P1 − λ2P2 =
⎛⎝ 0 1/3 1/6

1/3 0 1/6
1/6 1/6 1/6

⎞⎠
which can be decomposed into

1/6 ·
⎛⎝ 0 1 0

1 0 0
0 0 1

⎞⎠+ 1/6 ·
⎛⎝ 0 1 0

0 0 1
1 0 0

⎞⎠+ 1/6 ·
⎛⎝ 0 0 1

1 0 0
0 1 0

⎞⎠ ,
so the doubly stochastic matrix X can be decomposed in a convex combination of five
permutation matrices.

The dimension dim P of a polytope P = {x ∈ R
d : Ax = b, x ≥ 0} is the dimension

of the smallest affine subspace of R
d containing P . Geometrically, any single equation of

the system Ax = b corresponds to a hyperplane in R
d of dimension d − 1. Therefore, the

intersection of k linearly independent hyperplanes in R
d is an affine subspace of dimension

d − k and we get
dim P = d − rank(A).
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The assignment polytope

PA =
{
x ∈ R

n2 :
n∑
j=1

xij = 1 for 1 ≤ i ≤ n;
n∑
i=1

xij = 1 for 1 ≤ j ≤ n; x ≥ 0

}

has the coefficient matrix

A =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 · · · 1
1 1 · · · 1

· · ·
1 1 · · · 1

1 1 1
1 1 1
· · · · · · · · · · · ·

1 1 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (2.14)

MatrixA can be viewed as the vertex-edge incidence matrix of the complete bipartite
graph Kn,n = (U, V ;E) with |U | = |V | = n and E = [i, j ] for all i ∈ U, j ∈ V . The
first n rows correspond to the vertices of U ; the last n rows correspond to the vertices in V .
Every column corresponds to an edge. The sum of the first n rows of A equals the sum of
the last n rows. So, rank(A) < 2n. On the other hand, it is easy to see that the first 2n− 1
rows are linearly independent: (i) delete the last row of A; (ii) the first n columns, together
with columns kn+ 1 (k = 1, 2, . . . , n− 1), form a system of 2n− 1 linearly independent
column vectors.

Therefore, rank(A) = 2n − 1 and dim P = n2 − (2n − 1) = (n − 1)2. Due to a
famous result of Carathéodory, any x ∈ P can be written as a convex combination of at
most dim P + 1 vertices of P . Thus we get the following.

Proposition 2.21. The assignment polytope has the dimension (n − 1)2. Any doubly
stochastic matrix can be written as a convex combination of at most n2−2n+2 permutation
matrices.

The following proposition relies on the fact that the matrix matroid generated by A
and the graphic matroid corresponding to Kn,n are isomorphic. (The interested reader is
referred to Welsh [662].)

Proposition 2.22. Every subset of linearly independent columns of matrix A corresponds
to a subgraph of Kn,n which does not contain any cycle.

Proof. We show that the columns are linearly dependent if the corresponding subgraph G
contains a cycle and vice versa.

1. Assume that G contains a cycle. Since G is bipartite, the cycle has an even number of
edges which we can color red and blue in an alternating way. Let a[ij ] denote the column
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of matrix A which corresponds to edge [i, j ]. Now we get∑
[i,j ] blue

a[ij ] =
∑
[i,j ] red

a[ij ] (2.15)

since every vertex of the cycle coincides with a red and a blue edge. This shows that the
corresponding column vectors are linearly dependent.

2. Let {a[ij ] : [i, j ] ∈ D} be a set of linearly dependent columns of matrix A. Then there
are coefficients α[ij ], not all equal to 0, such that∑

[i,j ]∈D
α[ij ]a[ij ] = 0.

Let D′ = {[i, j ] : α[ij ] �= 0}. Then every vertex which coincides with an edge in D′ must
also coincide with another edge in D′. Thus starting from an arbitrary edge in D′ one can
form an infinite sequence of edges where the endpoint of one edge is the starting point of
the next edge. Since |D′| <∞, this sequence of edges must contain a cycle.

A subgraph T of a graph G is called a spanning tree if it is connected (i.e., there
is a path between any two vertices) and has no cycle. Since a spanning tree of a graph
with r vertices has r − 1 edges, a spanning tree T of Kn,n has 2n − 1 edges. According
to Proposition 2.22, there is a one-to-one correspondence between the spanning trees of
Kn,n and the submatrices of A with 2n− 1 linearly independent columns. This one-to-one
correspondence plays a fundamental role when we solve linear assignment problems by
linear programming techniques, as can be seen in detail in Section 4.5.2.

Given an m× n matrix A and the polytope P = {x ∈ R
n : Ax = b, x ≥ 0}, let us

consider a linear program of the form

min{c′x : Ax = b, x ≥ 0}. (2.16)

We assume that matrixA has full rankm, i.e., the rows of matrixA are linearly independent.
A subset B of m indices corresponding to m linearly independent columns of A is called
a basis. The columns of B can be joined to form the basic matrix AB . Similarly, the
components xj of the vector x such that column j is in B form the vector xB . Obviously,
a basic matrix is a regular m×m matrix. Therefore, the equation system ABxB = b has a
unique solution xB . The basis B is called feasible if xB ≥ 0. A solution xB and xj = 0 for
j �∈ B is called a basic solution. If the basis B is feasible, the corresponding basic solution
is also called feasible and corresponds to a vertex of the polytope P . Different bases may
correspond to the same vertex of P . In this case we call the basic solution degenerated.

The main theorem of linear programming says that if a linear program attains a finite
optimum solution, then there exists a vertex of the underlying polyhedral set {x : Ax =
b, x ≥ 0} in which the optimum is attained. Thus Birkhoff’s theorem has an important
consequence for linear sum assignment problems. It enables us to relax the constraints

xij ∈ {0, 1} for i, j = 1, 2, . . . , n (2.17)

to
0 ≤ xij ≤ 1 for i, j = 1, 2, . . . , n
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since every feasible basic solution of the linear program

min
n∑
i=1

n∑
j=1

cij xij (2.18)

s.t.
n∑
j=1

xij = 1 (i = 1, 2, . . . , n), (2.19)

n∑
i=1

xij = 1 (j = 1, 2, . . . , n), (2.20)

0 ≤ xij ≤ 1 (i, j = 1, 2, . . . , n) (2.21)

corresponds to a vertex of the assignment polytope, i.e., it is a permutation matrix which
fullfills the integrality constraints (2.17). Due to this property, linear sum assignment prob-
lems can be solved via linear programming techniques. The next proposition provides a
graph theoretic illustration of basic solutions of linear assignment problems.

Proposition 2.23. There is a one-to-one correspondence between the basic solutions of a
linear assignment problem (2.18)–(2.21) and the spanning trees of the complete bipartite
graph Kn,n. Every feasible basis corresponds to a spanning tree which contains a perfect
matching of Kn,n.

Proof. The first part is an immediate consequence of Proposition 2.22 and the remarks
following its proof. Thus every basis B corresponds uniquely to a spanning tree TB and
vice versa. In a basic solution only variables ofB can have a positive value. Since a feasible
basic solution corresponds to a vertex of the assignment polytope, we have x[ij ] = 1 if and
only if the edges [i, j ] form a perfect matching in Kn,n. Therefore, the perfect matching
defined by x[ij ] = 1 is a subset of the edges of TB .

The last two propositions are closely related to another proof that every basic solution
of a linear assignment problem is integer valued. We say that a regular n × n matrix A is
unimodular if det(A) = ±1. Anm×nmatrixA is called totally unimodular if every regular
k × k submatrix has a determinant 1 or −1. If the right-hand side vector b of an equation
system ABx = b is integer valued and the regular matrix AB is unimodular, then Cramer’s
rule implies immediately that the solution x of this equation system is also integer valued.
We are going to show that the coefficient matrix (2.14) of a linear assignment problem is
totally unimodular. Therefore, every basic matrix is unimodular and every basic solution
of the assignment problem is integer valued. This also yields another proof of Birkhoff’s
theorem.

Proposition 2.24. The coefficient matrix (2.14) of an assignment problem is totally uni-
modular.

Proof. Certainly, any regular 1 × 1 submatrix of A has determinant 1. We prove this
proposition by induction and assume that it holds for all matrices of size k × k or smaller.
Let D be any (k + 1)× (k + 1) submatrix of matrix A. If matrix D contains a 0-column,
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then D is singular, i.e., detD = 0. Now assume that every column contains two different
1 entries, implying that the first of these 1 entries comes from the upper part of A (first n
rows) and the second comes from the last n rows. Then the sum of the rows coming from
the upper part equals the sum of the remaining rows. This shows that the row vectors are
linearly dependent and again detD = 0. So, let us assume that one column of C contains
only one 1 entry, say, aij . Let Dij be the minor formed by deleting row i and column j
from matrix D. Then detD = ±aij det(Dij ) = ± det(Dij ). But det(Dij ) is either 0 or ±1
according to the induction. Therefore detD ∈ {0,±1}.

An alternative proof of Proposition 2.24 is given in Section 4.1.1.
The next propositions, due to Balinski and Russakoff [65], describe the structure of

the assignment polytope in greater detail. We shall answer the question how many basic
solutions correspond to one vertex of the assignment polytope, and we will describe the
neighborhood structure of the assignment polytope. First, we need a classical result by
Cayley [175] on the number of different spanning trees in a complete graph Kn.

Theorem 2.25. (Cayley [175], 1889.) The complete graph Kn has nn−2 different spanning
trees.

Proof. (This elegant proof was given by Pitman [550] 110 years after the first proof by
Cayley.) Instead of trees we consider labeled rooted trees on n vertices: a labeled rooted
tree is a tree with one distinguished vertex as the root. The arcs are oriented such that all
paths in the tree lead to the root. Every arc has a label from {1, 2, . . . , n − 1} and no two
arcs have the same label. There are (n− 1)! n possibilities to transform a tree in a labeled
rooted tree as there are n choices for the root and (n − 1)! choices to distribute the labels
on the arcs. If we denote by Tn the total number of different spanning trees in Kn, we get
as the total number of different labeled spanning rooted trees

(n− 1)! n Tn. (2.22)

There is another way to count all labeled rooted trees: we start with n isolated vertices
and have n(n−1) choices to draw an arc with label 1. After having inserted k arcs, we have
the following situation (see Figure 2.7): We have r = n− k connected components where
every component has just one root. When we insert the next arc with label k + 1, this arc
must start in a vertex with outdegree 0 of one of the components (i.e., a root) and can end
in any vertex of a different component. Let n1, n2, . . . , nr be the number of vertices in the
current connected components. Therefore, we have

(n− n1)+ (n− n2)+ · · · + (n− nr) = rn− (n1 + n2 + · · · + nr) = (n− k)n− n
possibilities to draw an arc with label k + 1. This yields

n−2∏
k=0

n(n− k − 1) = nn−1(n− 1)! (2.23)

labeled rooted trees in total. Comparing (2.22) with (2.23) we get

Tn = nn−2.
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1
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5

Figure 2.7. Construction of a labeled rooted tree after the insertion of 5 arcs. As
n = 10, we have 10− 5 = 5 connected components.

With the help of Cayley’s theorem on the number of spanning trees in a complete graph,
Balinski and Russakoff [65] computed the number of different bases which correspond to
the same vertex of the assignment polytope as follows.

Proposition 2.26. Each vertex of the assignment polytope corresponds to 2n−1nn−2 different
feasible bases.

Proof. Let X be a vertex of the assignment polytope PA, and let MX be the corresponding
perfect matching in the complete bipartite graphKn,n. Every feasible basis associated with
vertex X corresponds to a spanning tree in Kn,n which contains all matched edges of MX.
Now we contract every matched edge to a vertex and obtain by this operation the complete
graph Kn. A basis corresponds now to a spanning tree in Kn. Due to Cayley’s theorem,
the complete graph Kn contains nn−2 spanning trees. Every edge e of such a spanning tree
connects two vertices of Kn, i.e., two matching edges of MX. This can be done in two
different ways. Namely, if the edge e connects the matching edges [i, j ] and [k, l], then
either e = [i, l] or e = [k, j ]. Thus there are 2n−1nn−2 different spanning trees containing
the perfect matching MX in the complete bipartite graph Kn,n.

Proposition 2.26 shows that the basic solutions of the linear assignment problem are
highly degenerated. This leads to some difficulties when applying a primal simplex method
to linear assignment problems, as can be seen in Section 4.5.2.

In [65], Balinski and Russakoff investigated the polyhedral structure of the assignment
polytope. In particular they identified the adjacency of vertices on the polytope and the
diameter of PA. In the following we give an account on their main results.

Two distinct vertices X and Y of the assignment polytope are said to be adjacent (or
to be neighbors) if there are bases BX and BY (called adjacent bases) corresponding to X
and Y , respectively, which differ in exactly one column. An edge of the polytope connects
two adjacent vertices. Let MX and MY denote the perfect matchings corresponding to X
and Y , respectively. Then we get the following.

Proposition 2.27. Two distinct verticesX and Y of the assignment polytope are adjacent if
and only if the edges of MX ∪MY contain only one cycle.



book
2008/12/11
page 32

32 Chapter 2. Theoretical Foundations

Proof. For every basisBX of vertexX, letEX be the edge set of the corresponding spanning
tree. Obviously, MX ⊂ EX.

1. Let X and Y be two adjacent vertices on the assignment polytope. Since X �= Y , the
subgraph of Kn,n consisting of all edges of MX and MY contains at least one cycle. Let us
assume that it contains more than one cycle. Then the subgraph formed by the edges of EX
andEY for any bases BX of vertexX and BY of vertex Y also contains more than one cycle.
But this contradicts the definition of adjacent vertices.

2. Conversely, let the subgraph G of Kn,n consisting of all edges of MX and MY contain
just one cycle C and possibly isolated edges [i, j ] ∈ I . Choose a subset F of further edges
from Kn,n which connect the isolated edges and the cycle C so that the graph consisting
of the edges C ∪ I ∪ F is connected and still has the only cycle C. Let [r, s] ∈ C ∩MX.
Then there exists an adjacent edge [s, t] in the cycle which belongs to MY . The set EX =
C ∪ I ∪ F \ {[s, t]} corresponds to a feasible basis of vertex X. On the other hand, the set
EY = C ∪ I ∪ F \ {[r, s]} corresponds to a feasible basis of vertex Y . The bases BX and
BY differ in only one element. Therefore, the vertices X and Y are adjacent.

Next we enumerate the neighbors of a vertex.

Proposition 2.28. Every vertex of the assignment polytope PA has

n−2∑
k=0

(
n

k

)
(n− k − 1)! (2.24)

neighbors.

Proof. The assignment polytope is vertex symmetric, i.e., every vertex has the same number
of neighbors, since by renaming the right-hand vertices of the bipartite graph Kn,n any
perfect matching can be mapped to the perfect matching M = {[i, i ′] : i = 1, 2, . . . , n}.
Due to Proposition 2.27 we have to count the number of perfect matchings which have
0, 1, 2, . . . , n− 2 edges in common with M and form just one cycle with the edges of M .
The number of perfect matchings which have no edge in common with M equals (n− 1)!
(the number of different cycles with n vertices). Similarly, there are

(
n

1

)
(n − 2)! perfect

matchings which have one edge in common withM and form just one cycle with the edges
ofM . In general, there are

(
n

k

)
(n−k−1)! perfect matchings which have k edges in common

with M and form just one cycle with M . Adding up these numbers, we get (2.24).

Adjacent vertices on a polytope are joined by an edge of the polytope. Let d(X, Y )
be the smallest number of edges on the polytope needed to reach vertex Y from vertex X.
The diameter diam(P ) of a polytope P is defined as

diam(P ) = max
X,Y

d(X, Y ). (2.25)

Obviously, PA has a diameter of 1 for n = 2 and n = 3 since in these cases any two different
vertices of PA are neighbors.
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Proposition 2.29. For n ≥ 4, the diameter of the assignment polytope is 2.

Proof. Let us consider two different verticesX and Y of an assignment polytope with n ≥ 4
which are not adjacent. We have to show that there exists a vertex Z which is a neighbor
of X and a neighbor of Y . Recall that the perfect matchings corresponding to X and Y are
denoted by MX and MY , respectively. We distinguish two cases.

Case 1. MX ∩MY = ∅, i.e., all components of the bipartite graph with edge set MX ∪MY

are cyclesCk , k = 1, 2, . . . , p. SinceX and Y are not adjacent, we get at least two different
cycles according to Proposition 2.27. So, p ≥ 2. We remove an arbitrary edge ek ∈ MY

from each cycle Ck . Thus we get a subgraph of Kn,n which consists of single paths Pk ,
k = 1, 2, . . . , p. By adding p appropriate edges fk from Kn,n these single paths can be
joined together to form one large cycle C which contains all 2n vertices. Note that the
edges ek and fk also form one cycle C1 in which edges ek and edges fk alternate. Now, by
deleting an arbitrary edge fk in cycle C, we get a spanning tree which contains all edges of
MX. Thus this spanning tree defines a basis for vertex X. If we remove an arbitrary edge
e ∈ MX from cycle C, we get another spanning tree which contains a perfect matching.
This perfect matching consists of the edges fk (k = 1, 2, . . . , p) and the edges ofMY which
still belong to cycle C. We denote the corresponding vertex of the assignment polytope by
Z. Obviously, Z is adjacent to X since the corresponding two spanning trees differ in only
one edge. But Z is also adjacent to Y since MZ ∪MY contains one single cycle, namely,
C1.

Case 2. MX ∩MY �= ∅, i.e., the bipartite graph with edge set MX ∪MY contains at least
two cycles and single edges. In this case we fix the assignments of the single edges and
apply the procedure of Case 1 to the remaining vertices. This again yields a vertex Z which
is adjacent to both X and Y .

Example 2.30. Let vertex X of the assignment polytope correspond to the permutation
ϕ1 = (2, 1, 4, 3), and let vertex Y correspond to the permutation ϕ2 = (1, 2, 3, 4). The
two vertices X and Y are not adjacent on the assignment polytope since the set MX ∪MY

decomposes in two cycles. According to the construction in the proof of Proposition 2.29,
we delete the matching edges [2, 2′] and [3, 3′] of MY and introduce two new edges [2, 3′]
and [3, 2′]. This leads to the cycle C defined in the proof of Proposition 2.29. By removing
edge [1, 2′] ∈ MX we obtain the new vertex Z which corresponds to the permutation
ϕ3 = (1, 3, 2, 4). It can be seen that on the assignment polytope vertex Z is adjacent both
to vertex X and to vertex Y .

Balinski and Russakoff [65] showed, moreover, that any pair of feasible bases of the
linear assignment problem is connected by a path of at most 2n − 1 neighboring feasible
bases. This proves that the Hirsch conjecture holds for the linear assignment problem.

Hirsch conjecture. Given any two bases B1 and B2 of a linear program, there exists a
sequence of rank(B1) adjacent feasible bases leading from B1 to B2.

Naddef [508] proved that the Hirsch conjecture is true for any 0-1 polytope, while Klee
and Walkup [420] showed that it is false for unbounded polyhedra. For general bounded
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polyhedra this conjecture is still open. For a survey on the Hirsch conjecture see Klee and
Kleinschmidt [419].

A polytope is called Hamiltonian if there exists a path along the edges of the polytope
which visits all vertices exactly once and returns to the original starting point. Balinski
and Russakoff [65] show by an explicit construction of such a Hamiltonian cycle that the
assignment polytope is Hamiltonian. In a series of papers, Brualdi and Gibson [116, 117,
118, 119, 120] derived further results on the assignment polytope.
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Chapter 3

Bipartite matching
algorithms

3.1 Bipartite matching
In the introductory chapters it turned out that finding a maximum cardinality matching in
a bipartite graph plays a crucial role for assignment problems. Therefore, we discuss in
this chapter various efficient methods for finding maximum matchings in bipartite graphs.
Let G = (U, V ;E) be a bipartite graph with vertex sets U = {1, 2, . . . , n} and V =
{1, 2, . . . , s} and assume n ≤ s. The classical method uses simple labeling strategies for
finding augmenting paths which finally lead to a maximum matching. This basic method
has time complexity O(|U ||E|). In the next section we discuss the labeling method and
give some hints on how this algorithm can be sped up in practice by some simple heuristics.
Hopcroft and Karp [376] improved on the time complexity by constructing augmenting
paths in parallel. They proved that a maximum cardinality matching inG can be found with
O(|E|√|U |) operations. We discuss the approach by Hopcroft and Karp in Section 3.3. In
1991, Alt, Blum, Mehlhorn, and Paul [27] further improved on the complexity of maximum
cardinality algorithms by using bit-operations. We discuss their approach in Section 3.4.

The maximum cardinality bipartite matching problem becomes particularly simple
if the underlying bipartite graph is convex. A graph G is called convex if the existence
of edges [i, j ] and [k, j ] with i < k implies that G also contains all edges [h, j ] with
i < h < k. In this case Glover [316] stated a simple algorithm which finds a maximum
cardinality matching in O(n + s) time. Since many problems in practice lead to convex
bipartite graphs, this case is of special interest; see Section 3.5.

In 1947 Tutte [643] pointed out a close relationship between perfect matchings and
determinants of certain skew symmetric matrices. In Section 3.6 we investigate the relation
between maximum matchings and the rank of certain matrices. This leads to fast (proba-
bilistic) algorithms for determining the cardinality of a maximum matching and for finding
a minimum vertex cover. We close this chapter by dealing with applications of maximum
bipartite matchings, namely, the fleet assignment problem in the airline industry (Section
3.8.1) and the time-slot assignment problem arising in telecommunication via satellites
(Section 3.8.2).

35
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Unless otherwise specified, throughout this chapter we will assume, without loss of
generality, that n = |U | ≤ |V |. We will denote |E| by m.

3.2 A labeling method for finding a maximum cardinality
matching

Let a bipartite graph G = (U, V ;E) and a matching M in this graph be given (M might
even be empty). Remember that an edge of E is called a matching edge if it belongs to
M , and a non-matching edge otherwise. A path whose edges are alternately matching and
non-matching is called an alternating path.

Definition 3.1. (Augmenting path.) An alternating path i1, j1, i2, j2, . . . , ik, jk with i1,
i2, . . . , ik ∈ U and j1, j2, . . . , jk ∈ V is called an augmenting path P for the matching M
if the vertices i1 and jk are unmatched, i.e., no matching edge meets these vertices.

Since the first and the last vertex in an augmenting path are unmatched, an augmenting
path starts and ends with an edge not in M . Every augmenting path i1, j1, i2, j2, . . . , ik, jk
has an odd length, namely, it contains k non-matching edges and k − 1 matching edges.
A single non-matching edge whose endpoints are not matched is an augmenting path of
length 1. The name augmenting path stems from the augmentation operation described in
Definition 3.2 below.

In the following we frequently use operations between matchings and augmenting
paths. For the sake of simplicity, we will use the symbol P to denote both the ordered
sequence of the vertices met by the augmenting path (as in P = (i1, j1, i2, j2, . . . , ik, jk);
see Definition 3.1) and the corresponding edge set, i.e., P = {[i1, j1], [j1, i2], [i2, j2], . . . ,
[ik, jk]}.

Let us also recall that the symmetric difference of two sets A and B is defined as

A� B = (A \ B) ∪ (B \ A).
Definition 3.2. (Augmentation.) LetP be an augmenting path with respect to the matching
M . Then the matching augmented by P is obtained by the following two rules:

1. the non-matching and matching edges in P change their role: all previously non-
matching edges of M ∩ P now become matching and all previously matching edges
of M ∩ P become non-matching;

2. all matching edges of M which do not lie on the path P remain matching edges.

By observing that augmenting a matching M by a path P consists of nothing more
than taking the symmetric difference of the two involved edge sets M and P , we denote
this operation as M � P .

Figure 3.1(a) shows a matching M . Figure 3.1(b) shows the augmented matching
M � P produced by path P = (b, b′, c, c′, d, d ′).
Lemma 3.3. (Augmentation lemma, Berge [85], 1957.) IfM is not a maximum matching
in G, then there exists an augmenting path P with respect to M , and M ′ = M � P is a
matching in G with |M ′| = |M| + 1.
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a a′

b b′

c c′

d d ′

(a)

a a′

b b′

c c′

d d ′

(b)

Figure 3.1. (a) Matching M; (b) augmented matching M � P , for path P =
(b, b′, c, c′, d, d ′).

Proof. Let M be the given matching and let M be any maximum cardinality matching. If
M is not maximum, then the symmetric difference of M and M is not empty and cannot
consist only of cycles or paths of even length, since M has more edges than M . Therefore,
there must exist a path P in the symmetric difference with odd length which starts and ends
with an edge ofM . This is an augmenting path with respect to the given matchingM . Due
to the definition of an augmenting path, it is straightforward that M ′ = M � P is again a
matching. Since k − 1 matching edges of M are exchanged against k edges not in M , the
new matching M ′ has size |M| + 1.

Remark: This lemma provides an alternative proof of Theorem 2.14.

Corollary 3.4. A matching M has a maximum cardinality if and only if there is no aug-
menting path with respect to M .

Due to Lemma 3.3 and Corollary 3.4, we can start with an arbitrary matching M
and augment this matching step-by-step by means of augmenting paths until a maximum
cardinality matching is reached. This can be done by labeling the vertices of the graphG in
a proper way. Let L (L stands for Left side) contain the unmatched vertices i ∈ U . Labeled
vertices on the Right side are collected in the set R. Initially, R := ∅. We start from an
i ∈ L on the left side, label all the unlabeled vertices j on the right side such that [i, j ] ∈ E
by i, and add them to R. If a labeled vertex j on the right-hand side is unmatched, we
have found an augmenting path and we get a new matching M � P with one more edge.
Otherwise we remove a vertex j from R: j is matched by an edge [ı, j ]. Next, vertex ı
is labeled by j and ı is added to L. Now we try to continue the augmenting path from the
newly labeled vertex ı. In this way either we find an augmenting path or we conclude that
no such path exists. In the latter case the matching already has maximum cardinality.

Augmenting paths are used extensively in the algorithms for the linear sum assignment
problem discussed in Chapter 4. In particular, Algorithm 3.1 is closely related to Procedure
Alternate(k) (Algorithm 4.2).
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Algorithm 3.1. Cardinality_matching.
O(nm) implementation of a labeling algorithm for finding a maximum cardinality matching.

let M be a matching in graph G = (U, V ;E) (possibly M = ∅);
let L contain all unmatched vertices of U ;
R := ∅;
while L ∪ R �= ∅ do

choose a vertex x from L ∪ R;
if x ∈ L then Scan_leftvertex(x) else Scan_rightvertex(x)

endwhile

Procedure Scan_leftvertex(x)
L := L \ {x};
while there exists an edge [x, j ] with j unlabeled do

label j as l(j) := x;
R := R ∪ {j}

endwhile

Procedure Scan_rightvertex(x)
R := R \ {x};
if there is a matching edge [i, x] then

label i as r(i) := x;
L := L ∪ {i}

else [comment: augmentation of the matching]
starting from x, find the alternating path P by backtracking the labels:
P := (. . . , r(l(x)), l(x), x);
M := M � P ;
let L contain all unmatched vertices of U ;
R := ∅;
cancel all labels

endif

At every augmentation, one additional vertex of U is matched. Therefore, there are
at most n augmentations. Moreover, every vertex is labeled at most once per augmentation.
Therefore, finding an augmenting path requires at mostO(m) steps, and this algorithm finds
a maximum cardinality matching in O(nm) time.

Example 3.5. Consider the bipartite graph given in Figure 3.2. We start with the empty
matching M = ∅. L = {a, b, c, d, e} consists of all vertices of U . We choose a ∈ L; its
neighbor a′ is unlabeled. Therefore, l(a′) = a. Now we choose a′ ∈ R and we get an
augmenting path P = (a, a′). Thus the edge [a, a′] becomes matched and we continue in
the same way by matching the vertices b, c, and d with b′, c′, and d ′, respectively. Now,
L = {e} and we label l(b′) = e. Thus R = {b′} and b is labeled by b′: r(b) = b′,
L = {b}. So we continue with vertex b and label l(a′) = b, l(d ′) = b. We now get
R = {a′, d ′}. If we choose a′ and then d ′, we get r(a) = a′, r(d) = d ′ and L = {a, d}.
We continue with a ∈ L, but cannot find a non-matching edge starting in a. So next,
d is chosen and we label l(c′) = d, l(e′) = d. Thus R = {c′, e′}. If we now select
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a a′

b b′

c c′

d d ′

e e′

Figure 3.2. Bipartite graph for Examples 3.5, 3.13, and 3.14.

e′, we have found an augmenting path P which can be retrieved by following the labels
starting with e′. We get P = (e, b′, b, d ′, d, e′). The augmentation leads to the matching
M = {[a, a′], [b, d ′], [c, c′], [d, e′], [e, b′]}. Since now L = ∅, we are done. M is a
maximum matching.

As was pointed out above, one can start the algorithm with the empty matching M .
In practice, however, it is often quite simple to find a matching of large cardinality. This
can accelerate the performance of the algorithm considerably, since in most cases only a
few augmentation steps will be necessary to find an optimal solution. A straightforward
way to create the first matchingM could be to scan the vertices of U one by one and match
an edge [i, j ] if j ∈ V is not already matched. A better method is the following greedy
procedure. Scan the vertices in increasing order of their degrees. Suppose that i ∈ U is
the next unmatched vertex. Choose as matching edge starting from i an edge [i, j ] where
vertex j is unmatched and has minimum degree. Similarly, starting from a vertex j ∈ V ,
choose a matching edge [i, j ] such that i is an unmatched vertex with minimum degree.
After having constructed a first matching in the way described above, the labeling algorithm
finds a maximum cardinality matching after growing only a few augmenting paths.

If we use this greedy approach in the example above, we immediately get a maximum
matching by scanning, in sequence, the vertices a, e, e′ (with degree 1), c′ (with degree
2), and b (with degree 3). After having constructed a first matching in the way described
above, the labeling algorithm finds a maximum cardinality matching after growing only a
few augmenting paths.

Note that the labeling algorithm described above also provides a minimum vertex
cover (see Definition 2.6) in graph G. The vertex cover is given by the unlabeled vertices
of U and the labeled vertices of V . This is trivial for Example 3.5, for which the minimum
vertex cover consists of all vertices of U . Consider instead the bipartite graph of Figure
2.3. At the last iteration, the only unlabeled vertex of U would be a, and the only labeled
vertex of V would be b′: {a, b′} is a minimum vertex cover.
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The labeling algorithm discussed above can also be interpreted in terms of network
flows. We embed G in a network N = (N,A, q) with node set N , arc set A, and arc
capacities q. The node set N consists of a source s, a sink t , and the vertices of U ∪ V .
The source is connected to every node in U by an arc of capacity 1, every node in V is
connected to the sink by an arc of capacity 1, and every edge inE is directed fromU toV and
supplied with infinite capacity (see, e.g., the graph of Figure 2.4). As we know, a maximum
cardinality matching inG corresponds to a maximum flow in network N . The labeling also
leads to a minimum cut (X,X) in the network corresponding to the graph G = (U, V ;E).
Those vertices which are labeled in the last round of the algorithm form, together with the
source s, the set X. The set X contains the unlabeled vertices and the sink (see Proposition
2.12). By considering again the graph of Figure 2.4, we have: X = {b, c, d, b′, s} and
X = {a, a′, c′, d ′, t}.

Let f be an arbitrary flow in N . We define the incremental network Nf with respect
to flow f as follows.

Definition 3.6. (Incremental network with respect to flowf .) The incremental network
with respect to flow f in the network N is the network Nf = (N,Af , qf ). It has two kinds
of arcs:

• forward arcs (i, j) if f (i, j) < q(i, j). Their capacity is defined as qf (i, j) =
q(i, j)− f (i, j);

• backward arcs (j, i) if f (i, j) > 0. The capacity of a backward arc is defined as
qf (j, i) = f (i, j).
Figure 3.3 shows a feasible flow (bold arcs), the corresponding incremental network,

and those arcs that are relevant for finding a maximum flow.
A directed path in Nf from source s to sink t is again called an augmenting path.

Ford-Fulkerson’s max-flow min-cut Theorem 2.11 implies that if f is a maximum flow,
then every path from the source to the sink contains an arc (i, j) with f (i, j) = q(i, j).
This means that if f is a maximum flow in N , then the incremental network Nf does not
contain a directed path from s to t , i.e., there is no augmenting path in Nf .

A flow�f in the incremental network is called an incremental flow. Let f be a flow in
N and let�f be a flow in the incremental network Nf . Then the augmented flow f ��f
is defined by

f ��f (i, j) =
{
f (i, j)+�f (i, j) if (i, j) is a forward arc,

f (i, j)−�f (j, i) if (j, i) is a backward arc.
(3.1)

Now we get the following.

Lemma 3.7. Let f be a flow in network N.

1. If �f is a flow in Nf , then f ��f is a flow in N .

2. For any two flows f and g in N whose flow values z(f ) and z(g) fulfill z(g) > z(f ),
there exists an incremental flow �f in Nf such that g = f ��f .
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a a′

b b′

s c c′ t

d d ′

e e′

b a′ a b′

s c c′ t

e d ′ d e′

b a′ a b′

s t

e d ′ d e′

(a)

(b)

(c)

Figure 3.3. The upper figure (a) shows a flow in a network stemming from a
maximum matching problem. Figure (b) shows the complete incremental network including
dashed arcs that never occur in an augmenting path. Figure (c) shows only those arcs that
are relevant for finding a maximum flow.

Proof.

1. Due to the definition of capacities of arcs in the incremental network and to (3.1), the
flow f��f fulfills the capacity constraints and the flow nonnegativity in network N .
Both the flow f and the incremental flow�f fulfill the flow conservation constraints
in all nodes of U ∪V . Therefore, an easy calculation shows that f ��f also fulfills
the flow conservation constraints in network N .

2. Define the incremental flow �f by

�f (i, j) =
{
g(i, j)− f (i, j) if g(i, j) ≥ f (i, j),
f (j, i)− g(j, i) if g(j, i) < f (j, i).

(3.2)
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It is easy to show that �f is an incremental flow and fulfills f ��f = g.

The elaborations above show that there is a one-to-one correspondence between aug-
menting paths with respect to a matching M and augmenting paths in the corresponding
incremental network Nf . There is only one difference between the augmentation steps
M � P and f ��f : in the latter the flow f (the matchingM) is augmented along several
augmenting paths in one step. This idea is used in the next section to show that the labeling
method can be sped up by creating several augmenting paths in parallel.

3.3 The Hopcroft–Karp algorithm
The idea of Hopcroft and Karp [376] was to augment a matching not only by one augmenting
path, but by a maximal system of vertex-disjoint augmenting paths of the same minimum
length. We call an augmenting path P with respect to a matchingM a shortest augmenting
path if the number of edges in P is a minimum. Since the symmetric difference is an
associative and commutative operation, we have

(M � P1)� P2 = (M � P2)� P1.

If two augmenting paths P1 and P2 with respect to M are vertex disjoint, the set M ′ =
(M � P1)� P2 is again a matching. So we can augment M simultaneously by P1 and P2

and get a larger new matchingM ′. This can easily be generalized to k vertex disjoint paths.

Definition 3.8. Let �M = (P1, P2, . . . , Pk) be a system of k pairwise vertex disjoint aug-
menting paths with respect to a matching M . Then

M ��M = (. . . ((M � P1)� P2) . . . )� Pk.
Since � is associative and commutative, the definition does not depend on the num-

bering of the paths. An augmentation is a special case of taking the symmetric difference
where the two involved sets have to fulfill additional properties. It will be clear from the
context whether we speak of an augmentation or just of taking a symmetric difference. In
particular, since P1, P2, . . . , Pk are vertex disjoint, we get

M ��M = M � (P1 ∪ P2 ∪ · · · ∪ Pk).
Lemma 3.9. LetM be a matching in the bipartite graphG and let�M = (P1, P2, . . . , Pk)

be a system of k vertex disjoint shortest augmenting paths with respect to M . Then any
augmenting path P ′ with respect to M ′ = M ��M has a length

|P ′| ≥ |P1| + 2|�M ∩ P ′|. (3.3)

Proof. Since P1, P2, . . . , Pk are shortest augmenting paths, they all have the same length.
LetM = M ′ �P ′. According to the Augmentation Lemma 3.3 we get |M| = |M| + k+ 1.
Therefore, the symmetric differenceM�M contains k+1 vertex disjoint augmenting paths
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Q1,Q2, . . . ,Qk+1 with respect to M . Due to the associativity of the symmetric difference
we get

M �M = M � ((M ��M)� P ′) = (M �M)� (�M � P ′) = �M � P ′.
Thus we get

|M �M| = |�M � P ′| ≥ |Q1| + |Q2| + · · · + |Qk+1| ≥ (k + 1)|P1|,
as all paths in�M have the same length |P1|. Since |�M�P ′| = |�M|+|P ′|−2|�M∩P ′|
and |�M| = k|P1|, we get |P ′| ≥ |P1| + 2|�M ∩ P ′|.

Now we consider a maximal system of vertex disjoint shortest augmenting paths with
respect to the matching M . This means that there does not exist any further vertex disjoint
augmenting path P with respect to M of the same minimum length. We do not assume
that this system is maximum, i.e., that it consists of a maximum number of vertex disjoint
shortest augmenting paths. Then we get the following lemma as consequence of Lemma 3.9.

Lemma 3.10. Let�M = (P1, P2, . . . , Pk) be a maximal system of vertex disjoint shortest
augmenting paths with respect to a matchingM and letM ′ = M ��M . If P ′ is a shortest
augmenting path with respect to M ′, then |P ′| ≥ |P1| + 2.

Proof. Let P ′ be a shortest path with respect toM ′. Let us assume that |P ′| = |P1|. Lemma
3.9 implies in this case that �M ∩ P ′ = ∅ and, therefore, �M and P ′ are edge disjoint.
Since �M is a maximal system of vertex disjoint shortest augmenting paths, the path P ′
has a vertex v in common with one of the paths of �M , say, with path P1, since otherwise
P ′ would be another shortest augmenting path with respect to M , which contradicts the
maximality of �M . This common vertex cannot be the first or the last vertex of the path
because P ′ is an augmenting path with respect to M � P1. Due to the structure of the
augmenting paths the common vertex is a matched vertex of set V . But then P1 and P ′
would also share an edge incident with v, namely, the corresponding edge ofM �P1. This
contradicts the fact that the two paths are edge disjoint. Therefore, we have |P ′| > |P1|.
Since every augmenting path has an odd length, we get |P ′| ≥ |P1| + 2.

For constructing a maximal system of shortest augmenting paths we introduce the
notion of a layered graph. LetG = (U, V ;E) be a bipartite graph with a matchingM . The
layered graph LM with respect to the matching M is defined as follows.

The first layer L0 contains all unmatched vertices of the set U . The second layer
L1 contains all vertices j ∈ V which are endpoints of a non-matching edge [i, j ] in G
with i ∈ L0. The corresponding edges are collected in the edge set E1. If L1 contains an
unmatched vertex of V , we stop and clean up the layered graph (see below for the meaning
of “clean up”). Otherwise every vertex j of L1 is matched by an edge [i, j ] ∈ M . These
edges form the edge set E2. The corresponding vertices i are now the vertices of layer L2.
Thus |L2| = |L1|. Now, we scan all non-matching edges [i, j ] with i ∈ L2 and j �∈ L1 and
add them to edge set E3. The corresponding vertices v form the vertices of layer L3. We
stop this process with the first layer Lh, h odd, which either contains an unmatched vertex
j ∈ V or is empty. In the latter case there does not exist an augmenting path with respect
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to the given matching M , implying that matching M is maximum. Otherwise we start to
clean up the layered graph: in the last layer all matched vertices are deleted together with
all incident edges. Thus in layer Lh−1 there may now be vertices from which no edge leads
to a vertex in layer Lh. Again, all such vertices and their incoming edges are deleted. This
process is continued until layerL0. Obviously, the cleaned layered graph can be constructed
inO(m) steps since every edge is considered at most twice. Figure 3.4, where we consider
the same example as in Figure 3.3, shows a matching and the corresponding layered graph.
In this case no cleaning occurs.

Now we orient all edges from layer Lk to layer Lk+1 (k = 0, 1, . . . , h− 1). Note that
every path from the first layer L0 to a vertex of the last layer Lh uses non-matching and
matching edges alternately and has a length equal to h. Since h is odd and every j ∈ Lh is
unmatched, every such path is an augmenting path with respect to the given matching M .
The length h is called the depth of the layered graph.

Next, we determine a maximal system of pairwise vertex disjoint augmenting paths in
the layered graph. This can be done by scanning the vertices of the layered graph in a depth
first search. We start the first path with an arbitrary edge between the first two layers and
continue it from layer to layer, until a vertex j in the last layer Lh is reached. This path is
the first augmenting path P1. For every vertex vk (k = 0, 1, . . . , h) on path P1, we delete all
edges not belonging to P1 which are incident with vertex vk . So, some vertices of the layers
L1, . . . , Lh may now have no incoming edge and some vertices of the layers L0 . . . ., Lh−1

may have no outgoing edge. We delete these vertices and their incident edges. This step
is repeated as many times as possible. Then we start again, if possible, from a new vertex
in the first layer to obtain another augmenting path. By scanning all edges of the layered
graphG just once, a maximal system�M of pairwise vertex disjoint augmenting paths can
be found.

From the layered graph of Figure 3.4 we first obtain path P1 = (b, a′, a, b′). Then we
delete edge [d, b′] and obtain the second path P2 = (e, d ′, d, e′). Augmenting the matching
by P1 and P2 produces the maximum matching.

All steps which lead from M to M ′ = M � �M are summarized as one iteration.
Thus one iteration starts with the construction of the layered network and the determination
of �M and takes O(m) operations. Whereas Algorithm 3.1 uses O(n) augmenting paths
in the worst case, the following theorem shows that we have onlyO(

√
n) augmentations if

we use maximal systems of vertex disjoint shortest augmenting paths.

Theorem 3.11. (Hopcroft–Karp [376], 1973.) Let G = (U, V ;E) be a bipartite graph
withm edges. Then a matching of maximum cardinality inG can be found withinO(m

√
n)

operations.

Proof. We are going to prove that the number of iterations is bounded by
√
n. LetM∗ be a

maximum cardinality matching inG. At each iteration the size of the matching increases by
at least 1. Thus if |M∗| ≤ √n, there is nothing to show. So let us assume that |M∗| > √n.
Then there is an iteration k∗ with |Mk∗ | < |M∗| − √n in which the matching Mk∗ reaches
for the first time a size of at least |M∗| − √n. After this iteration, there are at most

√
n

additional iterations. If we can show that Mk∗ has been obtained in
√
n iterations, then the

theorem is proven. We will prove this fact by showing that the layered graph at iteration k∗
has a depth less than 2

√
n+ 1.



book
2008/12/11
page 45

3.3. The Hopcroft–Karp Algorithm 45

a a′

b b′

c c′

d d ′

e e′

b a′ a b′

e d ′ d e′

L0 L1 L2 L3E1 E2 E3

Figure 3.4. Layered graph.

According to Theorem 2.14 there exists a maximum cardinality matching M∗ which
leaves matched all vertices of U which are matched in Mk∗ . Therefore, the symmetric
difference of Mk∗ and M∗ contains more than

√
n vertex disjoint augmenting paths which

start and end in an unmatched vertex with respect to Mk∗ . Not all of these paths can have
a length greater than 2

√
n + 1 since every path with such length contains more than

√
n

vertices of U . Since there are more than
√
n paths, this would mean that the augmenting

paths contain more than n different vertices of U , which is impossible. Therefore, there
exists at least one augmenting path with a length less than 2

√
n + 1. Since the layered

graph with respect to a matching contains only the shortest augmenting paths, the depth of
the layered graph with respect to the matching Mk∗ is less than 2

√
n+ 1, which proves the

theorem.

The same proof technique can be used to show the following proposition (see Gabow
and Tarjan [293]). If we replace

√
n by n/k in the proof of Theorem 3.11, we obtain the

following.

Proposition 3.12. Let G = (U, V ;E) be a bipartite graph with m edges. For any integer
k, k ≥ 1, a matching whose size differs from the size of a maximum matching by at most
n/k can be computed in O(km) time.
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We can summarize Hopcroft–Karp’s method in the following algorithm.

Algorithm 3.2. Hopcroft_Karp.
Hopcroft–Karp O(m

√
n) algorithm for finding a maximum cardinality matching.

let G = (U, V ;E) be a bipartite graph with initial (possibly empty) matching M;
let U0 contain all unmatched vertices of U ;
let V0 contain all unmatched vertices of V ;
while U0 �= ∅ do

Construct_layered_ graph;
Find_set_�M;
M := M ��M;
update sets U0, V0 of unmatched vertices

endwhile

Procedure Construct_layered_ graph
L0 := U0, k∗ := k := 0;
while Lk �= ∅ do

for each i ∈ Lk do N(i) := {j : [i, j ] ∈ E \M, j �∈ L1 ∪ L3 ∪ · · · ∪ Lk−1};
Lk+1 :=⋃

i∈Lk N(i);
if Lk+1 = ∅ then stop; [comment: M is a maximum matching]
if Lk+1 ∩ V0 �= ∅ then

k∗ := k + 1;
Lk+2 := ∅

else
Lk+2 := {ı : [ı, j ] ∈ M, j ∈ Lk+1}

endif ;
k := k + 2

endwhile

Procedure Find_set_�M
comment: find a maximal set �M of disjoint augmenting paths;
delete all vertices in Lk∗ \ V0;
mark all remaining vertices as unscanned;
k := 1; [comment: path counter]
while L0 �= ∅ do

choose x0 := i ∈ L0 and delete it in L0;
� := 0;
while � ≥ 0 do

while x� has an unscanned neighbor in L�+1 do
choose unscanned neighbor x�+1;
mark x�+1 as scanned;
� := �+ 1;
if � = k∗ then

Pk := (x0, x1, . . . , xk∗);
k := k + 1

endif
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a′ a c′

e b′ b

d ′ d e′

Figure 3.5. Incremental graph in the second iteration of Example 3.13.

endwhile;
if � < k∗ then � := �− 1 else � = −1

endwhile
endwhile;
return �M := (P1, P2, . . . , Pk−1)

Example 3.13. We illustrate this algorithm on the graph of Figure 3.2. We start with the
empty matching M = ∅. The first layered graph coincides with the given graph G =
(U, V ;E) with length k∗ = 1.

Procedure Find_set_�M finds as first path P1 = (a, a′). Vertex a is then deleted in
L0, and vertex a′ is scanned. Next we find path P2 = (b, b′), vertex b is deleted, vertex
b′ is scanned. Similarly we find the paths P3 = (c, c′) and P4 = (d, d ′). Finally, vertex
e has no unscanned neighbor. Thus �M becomes the union of paths P1, P2, P3, P4, the
augmentation step yields, as first nonempty matching,M = {[a, a′], [b, b′], [c, c′], [d, d ′]},
and sets U0 and V0 become U0 = {e} and V0 = {e′}.

The next layered graph starts with L0 = {e} and continues with L1 = {b′}, L2 = {b},
L3 = {a′, d ′}. The next neighbor of a′ is a; the next neighbor of d ′ is d. Thus L4 = {a, d}.
Vertex a has no neighbor and vertex d has two neighbors, c′ and e′ where e′ ∈ V0. Thus
L5 = {c′, e′} and k∗ = 5.

Procedure Find_set_�M first deletes the matched vertex c′ in L5 (see Figure 3.5) and
starts with x0 = e, x1 = b′, x2 = b, x3 = a′, x4 = a growing a first augmenting path.
Since x4 has no neighbor, we investigate x3, which also has no neighbor. Thus we come
to x2, whose only unscanned neighbor is vertex d ′. We get x3 = d ′, x4 = d and the only
remaining neighbor of x4, namely, vertex x5 = e′. Thus we obtain the single augmenting
path �M = P1 = (e, b′, b, d ′, d, e′) of length 5. The new augmentation step leads to the
matching M = {[a, a′], [b, d ′], [c, c′], [d, e′], [e, b′]}. Since we now have U0 = ∅, we are
done: M is a maximum matching.

3.4 Improvements by Alt, Blum, Mehlhorn, and Paul
Alt, Blum, Mehlhorn, and Paul [27] improved Hopcroft and Karp’s method for the case
of “dense” graphs by using a fast adjacency matrix scanning technique due to Cheriyan,
Hagerup, and Mehlhorn [183]. Thus they obtained an algorithm which finds a maximum
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bipartite matching inO(n1.5
√
m/ log n) time, where n = |U |+|V |. Throughout this section

we number the vertices inU by {1, 2, . . . , n1} and the vertices inV by {n1+1, n1+2, . . . , n}.
The heart of this algorithm is a function c(j), which either returns an arc (i, j) such

that vertex i lies in the layer immediately preceding the layer of vertex j in the layered
graph or states that no such vertex exists. Since the concept of a layered graph relies on
oriented graphs, we orient the non-matching edges [i, j ] from left to right, i.e., (i, j), and
the matching edges from right to left, i.e., (j, i). In order to get c(j) fast, we store two
binary matrices, namely, a (�√n � + 2)× n matrix L = (lkj ), the level matrix, defined by

lkj =
{

1 if vertex j lies in layer k,

0 otherwise
(3.4)

and the adjacency matrix A of the directed graph defined above. We have c(j) = i if and
only if aij l(k−1),i = 1, where k is the level of vertex j . The trick is to store the two binary
matrices L and A in blocks of length log n, as RAM words. In this way function c(j) can
be evaluated in O(n/ log n) time by using elementary binary operations.

Alt, Blum, Mehlhorn, and Paul start from the empty matching inG = (U, V ;E)with
n vertices and m edges. All edges are oriented from U to V . They determine augmenting
paths until the layered graph has a length of

√
m log n/n. With the matching found so far they

continue with Hopcroft and Karp’s method. Their method is summarized in Algorithm 3.3.

Algorithm 3.3. Revised_cardinality_matching.
Alt, Blum, Mehlhorn, and Paul O(n1.5

√
m/ log n) algorithm for finding a maximum cardi-

nality matching.

let a bipartite graph G = (U, V ;E) be given;
n := |U | + |V |, m := |E|;
M := ∅; [comment: all vertices are unmatched]
K := 1; [comment: K is the index of the highest level]
for each pair (k, j) with k ∈ {0, 1, 2, 3} and j ∈ U ∪ V do lkj := 0;
comment: L = (lkj ) is the level matrix;
for each i ∈ U do layer(i) := 0, l0i := 1;
for each j ∈ V do layer(j) := 1, l1j := 1;
for each i ∈ U do for each j ∈ V do

if [i, j ] ∈ E then aij := 1 else aij := 0;
comment: the n× n matrix A is the adjacency matrix of the graph;
while K ≤ √

m log n/n do
while ∃ unmatched r ∈ V with layer(r) = K do

P := (r); [comment: P is the current path]
while P �= ∅ do

r := last vertex of P ;
if r is unmatched and layer(r) = 0 then [comment: P is augmenting]

M := M � P ;
comment: reverse the direction of the arcs;
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for each arc (i, r) ∈ P do ari := 1, air := 0;
P := ∅

else
if c(r) �= nil then add i = c(r) as last vertex to path P
else

remove r from P ;
llayer(r),r := 0;

layer(r) := layer(r)+ 2;
llayer(r),r := 1

endif
endif

endwhile
endwhile;
if both U and V contain unmatched vertices then

K := K + 2;
comment: provide two new rows for the level matrix;
for each x ∈ U ∪ V do lK+1,x := lK+2,x := 0;

else
stop; [comment: M is a maximum matching]

endif
endwhile;
comment: find the remaining augmenting paths;
execute Algorithm Hopcroft_Karp

Procedure c(r)
if air · llayer(r)−1,i = 0 for all i ∈ U ∪ V then

c(r) := nil;
else

c(r) := i for a vertex i with air · l(layer(r)−1),i = 1;
endif

Example 3.14. We illustrate Algorithm 3.3 as before on the graph depicted in Figure 3.2.
We start with the empty matching M = ∅. At the beginning, the level matrix L and the
layer array have the form

a b c d e a′ b′ c′ d ′ e′

L =

⎛⎜⎜⎝
1 1 1 1 1 0 0 0 0 0
0 0 0 0 0 1 1 1 1 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

⎞⎟⎟⎠ ,
layer = ( 0 0 0 0 0 1 1 1 1 1 ) .
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The first adjacency matrix is

A =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 1 0 1 0
0 0 0 0 0 1 0 1 1 0
0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Moreover, the bound on the length of the layered graph to be considered is equal to√
m log n/n ≈ 1.66 (by computing log on the natural basis e). This means that this al-

gorithm turns to the Hopcroft–Karp procedure as soon as the layered graph has two or more
layers. In order to illustrate the way the algorithm constructs layer by layer, we do not use
this bound in this example, but continue until we have reached a maximum matching.

We start with the first unmatched vertex on level 1, namely, with vertex a′, and we
initially get the path P = (a′). Procedure c(a′) returns c(a′) = a. Thus P becomes
P = (a′, a). Hence, we obtain a first matching edge [a, a′] which we orient from a′ to a.
The adjacency matrix is updated accordingly. In the next steps we get the matching edges
[b, b′], [c, c′], and [d, d ′]. All corresponding arcs are directed from right to left.

The following iteration starts with r := e′ and we obtain P = (e′, d). Since c(d) =
nil, the vertex d is deleted from P and its level is increased to 2. Thus we obtain the new
level matrix

L =

⎛⎜⎜⎝
1 1 1 0 1 0 0 0 0 0
0 0 0 0 0 1 1 1 1 1
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

⎞⎟⎟⎠ .

Next vertex e′ is investigated. Since c(e′) = nil, vertex e′ is deleted in P and its level is
increased to 3.

The new level matrix is

L =

⎛⎜⎜⎝
1 1 1 0 1 0 0 0 0 0
0 0 0 0 0 1 1 1 1 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1

⎞⎟⎟⎠
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and the current adjacency matrix is

A =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 1 1 0 1
0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Since there is no unmatched vertex in layer 1, we increase K to 3 and continue again
with e′. We get P = (e′, d, d ′, b). Now vertex b is evaluated, and we get c(b) = nil.
Therefore, the layer of b is increased to 2 and b is deleted in P . Since c(d ′) = c, we obtain
P = (e′, d, d ′, c). The evaluation of vertex c yields again nil. Therefore, c is deleted in P
and its level is increased to 2. Now d ′, d, and e′ are consecutively deleted in P , the level of
d ′ is increased to 3, the level of d is increased to 4, and the level of e′ is increased to 5.

Thus we obtain the new level matrix

L =

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 1 1 0 0
0 1 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠ .

We continue with K = 5 and P = (e′). Successively we get P = (e′, d, d ′, b, b′, e).
Thus another augmenting path is reached, which after augmentation yields the maximum
matching.

The validity of Algorithm 3.3 relies on the following facts.

Lemma 3.15. During execution of Algorithm 3.3 the following statements remain true.

1. i ∈ U if and only if layer(i) is even.

2. Any P = (v0, v1, . . . , vq) is a path in the current layered graph which starts in an
unmatched vertex v0 ∈ V . Moreover, layer(v�) = K − � for � = 0, 1, . . . , q.

3. All unmatched vertices of V are in layers K or K + 2.

4. Every arc (i, j) of the incremental graph fulfills layer(i) ≤ layer(j)+ 1.

5. The algorithm increases the matching M along a shortest augmenting path.

Proof. Obviously, all points of Lemma 3.15 hold at the beginning of the algorithm. Since
the layers are always increased by 2, the first statement is true. The second statement
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holds due to the definition of Procedure c(r). When a vertex is relabeled, that is, its layer
is changed, it must be on the path P . Thus no unmatched vertex in layer K + 2 can be
relabeled. When K is increased by 2, there is no unmatched vertex in layer K . This settles
the third assertion. It is also easy to see that the relabeling strategy keeps the property that
every arc (i, j) of the incremental graph fulfills layer(i) ≤ layer(j) + 1. Namely, before
the relabeling we have either layer(i) + 1 = layer(j) or layer(j) + 1 = layer(i). In the
first case vertex i and in the second case vertex j might be relabeled. In both cases, after
the relabeling of the corresponding vertex we get layer(i) ≤ layer(j) + 1. Therefore, the
fourth statement is still fulfilled after the relabeling.

When the last vertex of path P reaches an unmatched vertex in layer 0, we get an
augmenting path. This is a shortest augmenting path since due to the relabeling procedure
any shorter augmenting path would have been found in an earlier iteration. (A vertex is
only relabeled if it has no predecessor in the previous layer.) Thus the fifth statement is also
true.

Let us turn to the complexity of Algorithm 3.3. When the while-loop of the algorithm
ends with matchingM , then all remaining augmenting paths, if any, have a length of at least√
m log n/n+1. The incremental graph with respect toM must contain at least |M∗|− |M|

vertex disjoint paths, where M∗ denotes a maximum cardinality matching. Therefore, we
get (|M∗|−|M|)√m log n/n < n and |M| > |M∗|−n/√m log n/n. Thus the matchingM
can be completed by Hopcroft–Karp’s algorithm with at most n1.5/

√
m log n phases, each

of which takes O(m) time. For fixed layer K we call at most O(n) times Procedure c(r)
due to the fourth statement of Lemma 3.15. Since Procedure c(r) takes O(n/ log n) time,
we get as total complexity

O(n2/ log n ·√m log n/n+ n1.5m/
√
m log n) = O(n√mn/ log n).

Thus we have shown the following.

Theorem 3.16. (Alt, Blum, Mehlhorn, and Paul [27], 1991.) Let G = (U, V ;E) be a
bipartite graph with n vertices. Then a matching of maximum cardinality inG can be found
within O(n1.5

√
m/ log n) operations.

A different algorithm, based on the compression of graph G via its partition into
bipartite cliques, was proposed by Feder and Motwani [268]. Its time complexity is
O(
√
nm log(n2/m)/ log n).

3.5 Matchings in convex bipartite graphs
In the case of convex bipartite graphs the maximum cardinality matching problem can be
solved by simple linear time algorithms.

Throughout this section we assume that G = (U, V ;E) is a convex bipartite graph
with |U | = n, |V | = s and |E| = m.

Definition 3.17. (Convex bipartite graph.) The bipartite graph G = (U, V ;E) is called
convex if the vertices of set V can be re-numbered such that the neighbors of every vertex
i ∈ U form an interval, i.e., the neighborhood N(i) of any vertex i ∈ U has the form
N(i) = {j, j + 1, j + 2, . . . , h} ⊆ V .
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1 1′

2 2′

3 3′

4 4′

1 1′

2 2′

3 3′

4 4′

Figure 3.6. Convex bipartite graph at left and doubly convex bipartite graph at right.

GraphG is a doubly convex bipartite graph ifG is a convex bipartite graph, and also
the vertices of set U can be renumbered such that the neighbors of every vertex j ∈ V form
an interval, i.e., N(j) = {k, k + 1, k + 2, . . . , l}.

Figure 3.6 shows a convex and a doubly convex bipartite graph. Obviously, the
property of being convex depends on a suited numbering of the vertices in V (and also of
U in the doubly convex case). Such a numbering can be found in O(m+ n+ s) time with
the help of PQ-trees introduced by Booth and Lueker [108]. For the left graph, there is
no way to rearrange the vertices of U such that the graph becomes doubly convex. Thus
doubly convex graphs form a strict subset of convex graphs.

3.5.1 Algorithms

Glover [316] developed a simple algorithm for finding a maximum matching in a convex
bipartite graph provided the graph is already given such that all sets of neighbors of vertices
in U form intervals.

Algorithm 3.4. Convex.
Glover’s algorithm for finding a maximum cardinality matching in a convex bipartite graph.

let G = (U, V ;E) be a bipartite graph where the vertices of V = {1, 2, . . . , s} are such
that the neighborhoods of vertices of U form intervals;
M := ∅;
for each i ∈ U do α(i) := max{j ∈ V : [i, j ] ∈ E};
for j := 1 to s do [comment: j ∈ V ]

if j has an unmatched neighbor then
find an unmatched neighbor i(j) ∈ U with minimum value α(i);
add edge [i(j), j ] to M

endif
endfor
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1 1′

2 2′

3 3′

4 4′

Figure 3.7. Convex bipartite graph used in Example 3.18.

The following example illustrates Algorithm 3.4 on the convex graph of Figure 3.7.

Example 3.18. For the vertices inU we get α(1) = 3, α(2) = 3, α(3) = 1, and α(4) = 4.
Thus the maximum matching becomes M = ([3, 1′], [1, 2′], [2, 3′], [4, 4′]).

Proposition 3.19. Glover’s algorithm finds a maximum cardinality matching in a convex
graph.

Proof. We will show that there exists a maximum matching M that contains the first edge,
say, [i, j ] with j = 1, found by Glover’s algorithm. If we delete in G the vertices i and j
and their incident edges, we get again a convex bipartite graph G which contains all edges
of M = M \ {[i, j ]}. Thus M is a maximum matching in G. Moreover, the relative order
of the values α(i) is kept for the remaining vertices. Thus we can apply the same argument
as in the previous step, which shows that the matching found by Glover’s algorithm is a
maximum cardinality matching.

Let [i, j ] be the first edge determined by Algorithm 3.4 and assume that the maximum
matching M ′ does not contain this edge. If vertex i is unmatched in M ′, then there is a
matching edge [k, j ] inM ′. By replacing this edge inM ′ by the edge [i, j ], we get another
maximum matching. A similar transformation can be performed if vertex j is unmatched
in M ′. Now assume that both vertices i and j are matched in M ′, i.e., M ′ contains the two
edges [i, l] and [k, j ]. Since G is convex, and due to the rule that i is chosen as neighbor
of vertex j with minimum value α(i), we get

j < l ≤ α(i) ≤ α(k).
Due to the convexity of G, there exists the (non-matching) edge [k, l] in G. Now we
exchange in M ′ the edges [k, j ] and [i, l] against the edges [i, j ] and [k, l] and get in this
way a maximum cardinality matching which contains the edge [i, j ].

Lipski and Preparata [462] describe a detailed implementation for Glover’s algorithm
and prove that their implementation solves the problem inO(nA(n)+s) time, whereA(n) is
the extremely slow growing inverse Ackermann function. By using a special data structure,
Gabow and Tarjan [296] improved on this complexity and showed that the convex maximum
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cardinality matching problem can be solved in linear time O(n + s), provided for every
i ∈ U the first and last entries in N(i) are given.

In the case of doubly convex graphs, Glover’s algorithm can still be simplified (see
Glover [316]).

Proposition 3.20. At any iteration of Algorithm 3.4, for the current vertex j ∈ V either
the first or the last unmatched neighbor has the minimum α(i) value among the matched
neighbors.

Proof. If a vertex of V has only one or two unmatched neighbors in U , there is nothing to
prove. Otherwise, let j ∈ V be a vertex whose first and last unmatched neighbors in U are
ifirst and ilast, respectively, and for which we have

ifirst < i < ilast and α(i) < min(α(ifirst), α(ilast)).

Let a′ be that vertex of V which corresponds to min(α(ifirst), α(ilast)). Vertex a′ is connected
with ifirst and ilast and, therefore, due to the convexity of the neighbors of vertices in V , also
with vertex i. This is a contradiction to α(i) < min(α(ifirst), α(ilast)).

Using this property, Lipski and Preparata [462] described a comparatively simple
algorithm which solves the maximum matching problem in doubly convex bipartite graphs
in linear time O(n+ s).

3.5.2 Applications

Convex bipartite graphs arise in several applications. One of them is the following ter-
minal assignment problem in the design of layouts for integrated circuits. In the terminal
assignment problem, any of n entry terminals positioned in the upper row of a channel are
to be assigned to one of s exit terminals positioned in the lower row in such a way that
the maximum number of connections (nets) that cross any vertical line is minimum; see
Figure 3.8. This maximum number of connections is called the density of the assignment.
The density is a measure of the width of the channel that is required to route the nets, see,
e.g., Preparata and Lipski [559].

A terminal assignment problem is defined by the sequence of entry positions p1 <

p2 < · · · < pn on a horizontal line and the sequence of exit positions q1 < q2 < · · · < qs
with n ≤ s on another horizontal line. Entry and exit positions can be viewed as vertex
sets U and V of a bipartite graph G with edge set {[i, j ] : i ∈ U, j ∈ V }. A terminal
assignment ϕ corresponds to a maximum matching in this graphG: every entry position pi
is matched to an exit position qj = ϕ(pi). Since G is complete and n ≤ s, there is always
a maximum matching of cardinality n. The local density dx of a terminal assignment at
position x is defined as the number of nets (matching edges) which cross position x (see
Figure 3.8):

dx = |{i : pi < x < ϕ(pi) or pi > x > ϕ(pi)}|.
The density d of an assignment ϕ is the maximum local density over all positions x:

d = max
x
dx.
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yx

entry terminals

exit terminals

Figure 3.8. The local density at location x is 3; the local density at location y is
4. The density d of this assignment is d = 4.

It is easy to see that one can assume that two matching edges do not cross in an optimal
terminal assignment. Uncrossing does not increase the density. Therefore, we can assume
that in an optimal terminal assignment i < k implies ϕ(pi) < ϕ(pk). This remark can be
used to show the following lemma by Rendl and Rote [590].

Lemma 3.21. An uncrossed terminal assignment has density not greater than d if and only
if for all i the number of entries between x = pi and y = ϕ(pi) is less than d:

|{k : pi < pk < ϕ(pi)}| < d

and
|{k : ϕ(pi) < pk < pi}| < d.

The proof of this simple lemma is left to the reader. Suppose now that we are interested
in checking whether a terminal assignment of density d does exist. Lemma 3.21 enables
us to say beforehand which exit terminals can possibly be assigned to each entry terminal.
The possible exit terminals form an interval (see Figure 3.9). The entry terminals which are
connected to a specific exit terminal also form an interval. Thus we get a doubly convex
bipartite graph and we have to check whether it is possible to find in this graph a matching of
cardinality n. As mentioned in Section 3.5, this can be performed by Lipski and Preparata’s
algorithm [462] in linear timeO(n+s). This result is used by Rendl and Rote [590] to show
that the multilayer terminal assignment problem, where the entries may lie in an arbitrary
number of different layers, can be solved in linear time.

Motivated by the terminal assignment problem, Atallah and Hambrusch [48] inves-
tigated bipartite matchings of minimum density. Let again a sequence of entry positions
p1 < p2 < · · · < pn and a sequence of exit positions q1 < q2 < · · · < qs be given on two
(different) horizontal lines. In addition, let E be a given set of edges which connect entries
with exits. We ask for a maximum matching with minimum density which only uses edges
of the given edge set E. Atallah and Hambrusch showed by reduction from the monotone
3-SAT problem that this problem is NP-hard even if the degree of every entry vertex is
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entry terminals

exit terminals

Figure 3.9. This graph shows entry vertices on the upper line and exit vertices
on the lower line. The edges are chosen according to Lemma 3.21 for testing whether a
terminal assignment with density d = 2 does exist.

2, i.e., every entry vertex is connected to two exit vertices. In the case that the underlying
bipartite graph is complete, Atallah and Hambrusch designed an efficient algorithm which
finds the minimum density in linear time O(n+ s).

Malucelli [477] considered a problem of scheduling synchronization in transit net-
works. Given n transportation lines, we want to define the departure time of each line i,
within a given time window [si, ei], so that the average waiting time of the passengers at the
transit points is minimized. The problem, which has a quadratic objective function (hence
is discussed in Section 9.4.2), can be modeled on a convex bipartite graph G = (U, V ;E)
where U contains one vertex for each line, V contains one vertex for each line departure
time, and E has an edge [i, j ] for each line i and each feasible starting time j ∈ [si, ei].

3.6 Maximum matchings and matrix algorithms
There are close connections between maximum matchings and the rank of matrices. Tutte
[643] pointed out that the existence of a perfect matching in a graph G can be checked by
evaluating the determinant of a certain skew symmetric matrix, the so-called Tutte matrix
of G. We exploit here an idea of Edmonds [248] which leads not only to fast probabilistic
algorithms for finding maximum matchings in bipartite graphs, but also enables us to find
a minimum vertex cover in a fast way.

Let G = (U, V ;E) be a bipartite graph with |U | = n, |V | = s and |E| = m.
Following an idea by Edmonds [248], we associate withG an (n× s)matrix A(G) = (aij )
with indeterminate entries xij if [i, j ] ∈ E and aij = 0 if [i, j ] �∈ E. Obviously, matrix
A(G) is a generalized adjacency matrix and there exists a matching of cardinality c if we can
rearrange c rows and columns in A such that each diagonal element of the corresponding
c×c submatrix is an indeterminate entry xij . In other words, the maximum rank of matrixA
over the field F [xi1j1 , . . . , ximjm ] equals the cardinality of a maximum matching (Edmonds
[248]).

Ibarra, Moran, and Hui [385] showed that simultaneously finding a maximal indepen-
dent set of rows and a maximal independent set of columns of a real (n× s)matrix A (with
n ≤ s) can be performed byO(nβ−1s) arithmetic operations on the matrix elements. Here,
O(nβ) is the complexity for multiplying two n × n matrices. Coppersmith and Winograd
[197] showed that matrix multiplication is possible with β = 2.376.



book
2008/12/11
page 58

58 Chapter 3. Bipartite Matching Algorithms

Based on these observations, Ibarra and Moran [384] showed the following theorem.

Theorem 3.22. In each bipartite graph G = (U, V ;E) with |U | = n and |V | = s, the
cardinality of a maximum matching and the matched vertices can be found by O(nβ−1s)

arithmetic operations, whereO(nβ) is the time complexity for multiplying twon×nmatrices.

Several comments are due. First, since the algorithm of Ibarra, Moran, and Hui
[385] cannot handle indeterminates as matrix entries, Ibarra and Moran [384] proposed
replacing the indeterminates by large integers (see below). Thus the arithmetic operations
involve large integers. Therefore, the bitwise complexity for determining the size of a max-
imum matching using exact arithmetic becomes Õ(nβ−1s), where Õ(f (·)) is defined as
O(f (·) logk(f (·))) for some constant k. It follows thatO(nβ−1s logk(nβ−1s)) is asymptot-
ically the best complexity currently known for finding the size of a maximum matching in
a bipartite graph. Second, the algorithm of Ibarra and Moran does not provide a maximum
matching, as it only finds a regular submatrix ofA of maximum size. Thus we can determine
the size of a maximum matching and find the matched vertices.

As mentioned above, the results of [385] cannot be applied directly to the matrix
A(G), whose entries are 0’s and indeterminates. Therefore, Ibarra and Moran proposed
replacing the indeterminates xi1j1 , . . . , ximjm by numbers c1, c2, . . . , cm with cm ≥ 2 and
ci ≥ c2

i+1 for i = 1, 2, . . . , m− 1.

Example 3.23. The matrix

A =
⎛⎝ x1 x2 0

0 0 x3

x4 0 x5

⎞⎠
can be replaced by the matrix

A =
⎛⎝ 422500 625 0

0 0 25
4 0 2

⎞⎠

The validity of the method is based on a lemma by Ibarra and Moran [384].

Lemma 3.24. If the n × n matrix A(G) has rank n, then the matrix A, where all inde-
terminates xikjk of A(G) are replaced by numbers ck fulfilling cm ≥ 2 and cl ≥ c2

l+1 for
l = 1, 2, . . . , m− 1, also has rank n.

Based on Theorem 3.22, Ibarra and Moran [384] developed a probabilistic algorithm
for finding the cardinality of a maximum matching inG = (U, V ;E) with |U | = |V | = n.
When the algorithm performs K iterations, it takes O(Kn2.376 log3 n) time and finds the
cardinality of a maximum matching with probability at least (1− 1/2K).

A simpler approach can be used for testing whether a given bipartite graph has a
perfect matching. The following probabilistic algorithm by Lovász [466] tests whether a
given bipartite graphG = (U, V ;E), with |U | = |V | = n and |E| = m, contains a perfect
matching and provides the correct answer with probability at least (1− 1/mK).
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Algorithm 3.5. Test_perfect_matching.
Probabilistic algorithm for testing whether a bipartite graph has a perfect matching.

let G = (U, V ;E) be a bipartite graph with edge set E = {e1, e2, . . . , em};
K := maximum number of iterations;
for k := 1 to K do

randomly generate values of xe, e ∈ E, from the set {1, 2, . . . , m2};
for each e = [i, j ] ∈ E do aij := xe;
for each [i, j ] �∈ E do aij := 0;
if detA(G) �= 0 then return yes [comment: G contains a perfect matching]

endfor;
comment: G contains with probability (1− 1/mK) no perfect matching;
return no

Due to Coppersmith and Winograd [197] the determinant of an n × n matrix can be
computed in O(n2.376) time. The algorithm errs if it yields the value 0 for the determinant
but detA(G) is not identically equal to 0. This happens if the generated random numbers
hit by chance a root of the polynomial detA(G). According to a result by Schwartz [604]
this happens with probability equal to 1/|E|. Thus the algorithm errs after K repetitions
with probability (1/|E|)K .

Note that this probabilistic algorithm does not provide a perfect matching either. It
only asserts with high probability the existence of a perfect matching in the given bipartite
graphG. Asimilar parallel algorithm, which provides the matching, too, is due to Mulmuley,
Vazirani, and Vazirani [501]. Their algorithm requiresO(n3.5m) processors to find a perfect
matching in O(log2 n) time.

3.7 Perfect matchings in bipartite random graphs
The probability that a sparse bipartite graphG = (U, V ;E) with |U | = |V | = n contains a
perfect matching is very high provided it contains no isolated vertices, i.e., vertices which
are not incident with any edge. In this section we specify two models for bipartite random
graphs and prove results on the existence of a perfect matching. These results will be used
later for the construction of fast algorithms for linear assignment problems which rely on
thinning out the edge set of G.

For bounding probabilities we make use of Stirling’s formula

√
2πn

(n
e

)n ≤ n! ≤ e 1
12n

√
2πn

(n
e

)n
, (3.5)

which implies

n! ≥ 2
√
n
(n
e

)n ≥ (n
e

)n
. (3.6)

Therefore, we get for any integers k and n with 1 ≤ k ≤ n(
n

k

)
≤ n(n− 1) · · · (n− k + 1)

k! ≤ nk

k! ≤
(en
k

)k
. (3.7)
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In the first model we consider vertex setsU and V with |U | = |V | = n. Any of the possible
n2 edges exists with probability p. For example, if p = 1/2, we may toss a coin for each of
the n2 possible edges and insert the edge inGwhenever we see “head.” Instead of specifying
the probability for an edge, we may alternately insert N edges randomly. Then we get a
bipartite random graph with edge probability p = N/n2. Now we can prove the following
result, which goes back to Bollobás and Thomason [105]. It is stated in a form which allows
an immediate application to random bottleneck assignment problems (Pferschy [543]).

Theorem 3.25. Let G = (U, V ;E) with |U | = |V | = n be a bipartite random graph
without isolated vertices and at least n log n edges. Then G contains a perfect matching
with probability greater than 1−O(1/√n log n).

Proof. Let G be a bipartite random graph without isolated vertices (which can easily
be attained by inserting at least one edge for every vertex) and let p = log n/n be the
probability for an edge. We assume that G has no perfect matching. According to Hall’s
theorem, Theorem 2.1, there exists a subsetU ′ ofU with |U ′| > |N(U ′)| and, by symmetry,
there also exists a subset V ′ of V with |V ′| > |N(V ′)|. Let A be a subset of U or V of
smallest cardinality which violates Hall’s condition (2.2). It is easy to see that the subgraph
ofG induced by the vertices ofA andN(A) is connected since otherwiseA could be replaced
by a proper subset. Moreover, |N(A)| = |A| − 1 due to the minimum cardinality of set A
(as otherwise we could delete vertices of A). As a connected set contains a spanning tree,
the induced bipartite graph (A,N(A);EA) has at least 2|A| − 2 edges. Now we show

|A| ≤ �(n+ 1)/2�. (3.8)

Namely, if A ⊂ U , then B = V \ N(A) violates Hall’s condition (2.2) as N(B) ⊂ U \ A.
Hence,

|A| ≤ |B| = |V | − |N(A)| = n− |A| + 1,

which shows (3.8).
Now let Fk denote the event that there is a subset A of U or V in G such that

k = |A| ≤ (n + 1)/2, |A| = |N(A)| + 1 and the subgraph induced by A and N(A) is
connected. We have to show that

P

(
n1⋃
k=2

Fk

)
≤ O(1/√n log n), (3.9)

where P(e) denotes the probability of event e and n1 = �(n + 1)/2�. The probability that
there exist subsetsA1 ofU andA2 of V inGwith k = |A1| = |A2|+1 such that the induced
subgraph (A1, A2;EA1) has at least 2k − 2 edges and no vertex of A1 is joined to a vertex
of V \ A2 is at most (

k(k − 1)

2k − 2

)
p2k−2(1− p)k(n−k+1). (3.10)

Since we have 2
(
n

k

)
choices for set A1 with |A1| = k and

(
n

k−1

)
more choices for A2, we get

n1∑
k=2

P(Fk) ≤ 2
n1∑
k=2

(
n

k

)(
n

k − 1

)(
k(k − 1)

2k − 2

)
p2k−2(1− p)k(n−k+1). (3.11)



book
2008/12/11
page 61

3.7. Perfect Matchings in Bipartite Random Graphs 61

Using (3.7) and the fact that p = log n/n we get

n1∑
k=2

P(Fk) ≤ 2
n1∑
k=2

(en
k

)k ( en

k − 1

)k−1 (
ek

2

)2k−2 ( log n

n

)2k−2 (
1− log n

n

)k(n−k+1)

.

(3.12)
Next we bound the last factor as follows:

k(n− k + 1) = n
(
k − k2

n
+ k

n

)
and, as (

1+ a

n

)n ≤ ea for every a, (3.13)

we have (
1− log n

n

)n
≤ e− log n = 1

n
.

Thus (
1− log n

n

)k(n−k+1)

≤
(

1

n

)k− k2

n
+ k
n

≤ n k2

n
−k. (3.14)

Summarizing, we get

n1∑
k=2

P(Fk) ≤
n1∑
k=2

e4k−3kk−2(log n)2k−2n1−k+ k2

n

(k − 1)k−122k−3
. (3.15)

Since, for k ≥ 2,
8

e2

( e
4

)k ≤ 1

and
kk−2

(k − 1)k−1
= 1

k

(
1+ 1

k − 1

)k−1

<
e

k
< e,

we get
n1∑
k=2

P(Fk) ≤
n1∑
k=2

(e log n)3kn1−k+ k2

n . (3.16)

As
lim
n→∞ n

1/n = 1,

by straightforward manipulations of

ak = (e log n)3kn1−k+ k2

n

it can be shown that there exist constants C1 and C2 such that

a2 <
C1√
n log n
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and

ak <
C2

n
√
n log n

for k = 3, . . . , n1,

which concludes the proof.

Another possibility to generate bipartite random graphs is the following. For every
vertex of the sets U and V , we randomly insert d (d ≥ 1) directed arcs. In this way the
random graph will have no isolated vertex. Since |U | = |V | = n, a perfect matching in
this directed bipartite graph is a subset of n arcs such that every vertex has either indegree
1 and outdegree 0 or outdegree 1 and indegree 0. Note that it does not make sense to
randomly generate an undirected regular bipartite graph (i.e., an undirected graph in which
every vertex has the same degree d) since every such graph contains a perfect matching (see
Corollary 2.3). Walkup [657] proved the following.

Theorem 3.26. Let G = (U, V ;E) with |U | = |V | = n be a bipartite random graph
generated as above with outdegree d at each node. For d = 1 the probability P(n, 1)
that G contains a perfect matching goes to 0 as n tends to infinity, whereas for d ≥ 2 the
probability P(n, d) that G contains a perfect matching goes to 1 as n approaches ∞. In
particular, we have the following.

1. P(n, 1) ≤ 3
√
n
(

2
e

)n
.

2. 1− P(n, 2) ≤ 1
5n .

3. 1− P(n, d) ≤ 1
122

(
d
n

)(d+1)(d−2)
for d ≥ 3.

Proof. We will fully prove statements 1 and 3, while for statement 2 we will only prove a
weaker bound.

Case d = 1. There are n! perfect matchings and, for each of them, there are 2n ways of
assigning directions to the edges. Since d = 1, the probability of a single arc is 1/n. Thus
the probability P(n, 1) of the existence of a perfect matching is bounded by

2nn!
(

1

n

)n
.

Using (3.5) we get

P(n, 1) ≤ e 1
12n

√
2πn

(
2

e

)n
≤ 3
√
n

(
2

e

)n
.

This shows that limn→∞ P(n, 1) = 0.

Case d ≥ 2. Let βdn (k) be the probability that, in the undirected bipartite graph G =
(U, V ;E) where every vertex has the outdegree d, a set A of k vertices in U has at most
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k − 1 neighbors in V . According to Hall’s theorem the probability that G has no perfect
matching is bounded by

n∑
k=1

βdn (k).

There are
(
n

k

)
possibilities for subsets A of U with k vertices and

(
n

k−1

)
possibilities for

subsets N(A) of V with k − 1 vertices. For any vertex of a fixed set A,(
k−1
d

)(
n

d

)
is the probability that all arcs leaving this vertex terminate in a given set B with k − 1
vertices. Similarly, for every vertex not in B,(

n−k
d

)(
n

d

)
is the probability that all arcs leaving this vertex do not point to the set A. Thus we get for
βdn (k)

βdn (k) =
(
n

k

)(
n

k − 1

)((
k−1
d

)(
n

d

) )k ((
n−k
d

)(
n

d

) )n−k+1

. (3.17)

Note that, due to the construction of the random graphs, βdn (k) = 0 for k ≤ d and k ≥
n− d + 1. Moreover,

βdn (k) = βdn (n− k + 1).

For d = 2, in particular, (3.17) reads

(
n

k

)2
k

n− k + 1

((
k−1

2

)k(n−k
2

)n−k+1(
n

2

)n+1

)
. (3.18)

Since for d = 2 and 1 ≤ n ≤ 4 we have β2
n(k) = 0, we may assume that n ≥ 5. Since for

0 < x < 1 we have ex ≤ 1/(1− x), we get

e
1

12n ≤ e 1
60 ≤ 60

59
.

Thus Stirling’s formula (3.5) applied to the numerator and the denominator of
(
n

k

)2 =(
n!

k!(n−k)!
)2

yields

β2
n(k) ≤

1

2π

(
60

59

)2 (
k − 1

k

)k (
k − 2

k

)k (
n− k − 1

n− k
)n−k (

n

n− 1

)n−1

×
(

(n− k − 1)n

(n− k + 1)(n− 1)2

)
.
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Four applications of (3.13) yield for d = 2

β2
n(k) ≤

1

122n
. (3.19)

We have thus proved that, for d = 2, we have 1 − P(n, 2) ≤ 1
122 . For the sharper bound

the reader is referred to Walkup [657].
Now let d ≥ 3. In the following computations we assume 2 ≤ s < d < r ≤ n. From

n(r − s) ≤ r(n− s)
we get immediately

nd−2(r − 2) · · · (r − d + 1) ≤ rd−2(n− 2) · · · (n− d + 1).

This yields (
r

d

)(
n

d

) ≤ ( r
n

)d−2
(
r

2

)(
n

2

) . (3.20)

Thus we get

βdn (k) ≤
(
k − 1

n

)k(d−2) (
n− k
n

)(n−k+1)(d−2)

β2
n(k). (3.21)

Let
b(k) = (k − 1)k(n− k)n−k+1.

We are going to show that b(k) is nonincreasing for d + 1 ≤ k ≤ (n + 1)/2 by showing
that log b(k) = k log(k − 1) + (n − k + 1) log(n − k) is nonincreasing. To this end it is
enough to evaluate the first derivative of function log b(k):

d

dk
log b(k) = − log

(
n− k
k − 1

)
+ 1

k − 1

(
1− k − 1

n− k
)
. (3.22)

Since log x ≥ 1− 1/x for x ≥ 1, we have

d

dk
log b(k) ≤ 0,

and, therefore, b(k) is nonincreasing, which implies that the same holds for βdn (k). This
means that

n∑
k=1

βdn (k) ≤ nβdn (d + 1) ≤ n
(
d

n

)(d+1)(d−2) (
n− d − 1

n

)(n−d−1)(d−2) 1

122n

≤ 1

122

(
d

n

)(d+1)(d−2)

.

3.8 Applications of maximum matching problems
Besides being a fundamental theoretical problem, maximum matching arises in some inter-
esting real-world applications.
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Figure 3.10. Figure (a) shows a network with (a minimum number) of node disjoint
paths (bold) which cover all nodes; Figure (b) shows the corresponding maximum matching.

3.8.1 Vehicle scheduling problems

In transportation science the following problem plays an important role. In an airline
network (or a railway network or a bus network) a certain set of trips must be served. What
is the minimum number of vehicles (aircrafts in this case) needed to serve all trips?

This problem can be modeled as a disjoint path problem in a network N = (N,A)

with node set N and arc set A. Usually, one has a daily or weekly schedule. Every trip
(e.g., Monday morning trip from A to B) is modeled as a node in this network. Two nodes
i and j are joined by an arc (i, j) if it is possible to serve trip j immediately after trip i by
the same vehicle. The trips which are served by one vehicle form, therefore, a directed path
in the graph. In order to serve all trips with as few vehicles as possible, we have to find a
minimum number of node-disjoint paths in N which cover all nodes. An example is shown
in Figure 3.10(a).

We now transform this problem to a maximum matching problem in a bipartite graph
G = (U, V ;E): For every node i ∈ N in which some arc starts we generate a vertex i ∈ U ,
and for every node j ∈ N in which some arc ends we generate a vertex j ∈ V . Every arc
(i, j) ∈ A leads to an edge [i, j ] ∈ E. A matching in G leads to arcs in N which form
node disjoint paths, since the matched vertices correspond to nodes of N whose indegree
and outdegree is at most 1. Thus we get the following.

Proposition 3.27. Every system of node disjoint paths in N corresponds to a matching in
G and vice versa.

Let us assume that k node disjoint paths in N cover all nodes. Every path in N leaves
two vertices ofG unmatched. Thus minimizing the number of paths amounts to maximizing
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the cardinality of the corresponding matching in G. Thus we have shown that a maximum
matching inG corresponds to a minimum number of node disjoint paths in the network N .
Figure 3.10(b) illustrates the connection between the node disjoint paths of Figure 3.10(a)
and matchings.

It is also possible and meaningful to weight the connections (i, j). For example, it
makes a difference if trip j starts 30 minutes after the arrival of the vehicle in the terminal
point of trip i or if it starts 3 hours later. To deal with this issue, we can introduce weights
cij where a small weight describes a good connection. This leads to a maximum match-
ing problem with minimum total weight, i.e., to the linear assignment problem treated in
Chapter 4.

The reader is referred to Fischetti, Lodi, Martello, and Toth [271] for a general treat-
ment of vehicle scheduling problems and to Cordeau, Toth, and Vigo [198] for a survey on
applications to train scheduling. A case study in connection with German intercity trains
was described by Neng [511]. Recently, Grönkvist [341] gave a fleet management model,
along with a number of possible solution approaches, for an airline company.

3.8.2 Time slot assignment problem

In telecommunication systems using satellites the data to be remitted are first buffered in the
ground station, then remitted in very short data bursts to the satellite where they are amplified
and sent back to Earth. Onboard the satellite there are n transponders which connect the
sending stations with the receiving stations. In the so-called time division multiple access
(TDMA) technique these n× n connections change in very short time intervals of variable
length λ. The switch mode describes, for each n × n connection, which sending stations
are momentarily connected with which receiving stations. We can model the switch mode
by a permutation matrix with exactly one 1-entry in every row and column. The row and
columns of the permutation matrix P = (pij ) correspond to the (currently) participating
Earth stations. Since we have n transponders onboard the satellite, only n Earth stations
can send and remit data at the same time. Thus we can assume that P has n rows and
columns. The entry pij = 1 means that currently the ith Earth station remits data to the
j th participating Earth station. The n × n traffic matrix T = (tij ), T ≥ 0 (elementwise),
contains the information about the times needed to transfer the required data from station
i to station j . After applying switch mode Pk for a time interval of length λk , the traffic
matrix is changed to T − λkPk . The time slot assignment problem asks for switch modes
and lengths of the corresponding time intervals such that all data are remitted in the shortest
possible time:

min
∑
k

λk (3.23)

s.t.
∑
k

λkPk≥ T elementwise, (3.24)

λk ≥ 0. (3.25)

Historical note. The algorithm we are going to introduce was first discovered in 1931
by Egerváry [253] (see Dell’Amico and Martello [217]) and includes an idea to prove the
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famous Birkhoff theorem, Theorem 2.18. As also shown in [217], the same algorithm
was later rediscovered many times in different contexts, like open shop scheduling and
telecommunications.

First, we show how to modify the traffic matrix T so that it has constant row and
column sums. Let t∗ be the maximum value of the row and column sums and observe that
no two elements of the same row or column can be remitted at the same time, so t∗ is a
lower bound for min

∑
k λk . We can fill up the matrix in the following straightforward way

by adding dummy elements sij such that in matrix T +S all row and column sums are equal
to t∗. We will prove that the solution we obtain for the problem has value t∗; hence, it is
not affected by the transformation of matrix T .

Algorithm 3.6. Equalize_sums.
Obtain a matrix with equal row and column sums.

for i := 1 to n do Ri :=∑n
j=1 tij ;

for j := 1 to n do Cj :=∑n
i=1 tij ;

t∗ := max (maxi Ri, maxj Cj );
for i := 1 to n do ai := t∗ − Ri ;
for j := 1 to n do bj := t∗ − Cj ;
for i := 1 to n do

for j := 1 to n do
sij := min(ai, bj );
ai := ai − sij ;
bj := bj − sij

endfor
endfor
T := T + S

Therefore, the matrix (1/t∗) · T produced by the algorithm is doubly stochastic. Due
to Birkhoff’s theorem, Theorem 2.18, a doubly stochastic matrix is the convex combination
of permutation matrices. Thus we can write the traffic matrix T as a nonnegative linear
combination (weighted sum) of switch modes. The sum of weights equals t∗, i.e., the optimal
solution value of (3.23)–(3.25). Since every point of a convex set in R

d can be written as
a linear combination of d + 1 extreme points of this convex set and the dimension of the
assignment polytope equals d = (n− 1)2, matrix T is decomposed in at most n2 − 2n+ 2
different switch modes (which are as permutation matrices extreme points of the assignment
polytope).

The actual decomposition of the traffic matrix produced by Algorithm 3.6 can be
found as follows.

Algorithm 3.7. Decompose.
Decomposition of traffic matrices.

k := 1;
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while T �= 0 do
construct a bipartite graph G with |U | = |V | = n and an edge [i, j ] iff tij > 0;
find a perfect matching ϕk in G, corresponding to a switch mode Pk;
λk := min{tiϕk(i) : i = 1, 2, . . . , n};
T := T − λkPk;
k := k + 1

endwhile

Note that at every iteration we have a matrix T with constant row and column sums.
Therefore, there exists a perfect matching and it can be found by any maximum matching
algorithm. The first maximum matching can be found in O(n5/2) steps. For every edge
which is deleted an augmenting path has to be determined which takes O(n2) operations.
Since we have O(n2) steps we get a total complexity of O(n4) operations. The following
example illustrates this decomposition method.

Example 3.28. Let the traffic matrix be

T =
⎛⎝ 4 7 1

3 1 0
2 1 1

⎞⎠ .
The maximum row and column sum is t∗ = 12. UsingAlgorithm 3.6 we define a = (0, 8, 8)
and b = (3, 3, 10) and we add the following matrix S to T

S =
⎛⎝ 0 0 0

3 3 2
0 0 8

⎞⎠ .
We get a new traffic matrix with equal row and column sums:

T =
⎛⎝ 4 7 1

6 4 2
2 1 9

⎞⎠ .
We choose as the first perfect matching ϕ1 = (1, 2, 3), i.e., the switch mode

P1 =
⎛⎝ 1 0 0

0 1 0
0 0 1

⎞⎠ .
Thus λ1 := min{4, 4, 9} = 4.We now set T = T − 4 · P1 and get

T =
⎛⎝ 0 7 1

6 0 2
2 1 5

⎞⎠ .
As the next perfect matching we use ϕ2 = (2, 3, 1), i.e., the switch mode

P2 =
⎛⎝ 0 1 0

0 0 1
1 0 0

⎞⎠ .
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Thus λ2 := min{7, 2, 2} = 2. The reduction of T leads to

T =
⎛⎝ 0 5 1

6 0 0
0 1 5

⎞⎠ .
The next two steps yield ϕ3 = (2, 1, 3) with λ3 = 5 and ϕ4 = (3, 1, 2) with λ4 = 1. Thus
we get an optimal decomposition

T =
⎛⎝ 4 7 1

6 4 2
2 1 9

⎞⎠

= 4 ·
⎛⎝ 1 0 0

0 1 0
0 0 1

⎞⎠+ 2 ·
⎛⎝ 0 1 0

0 0 1
1 0 0

⎞⎠+ 5 ·
⎛⎝ 0 1 0

1 0 0
0 0 1

⎞⎠+ 1 ·
⎛⎝ 0 0 1

1 0 0
0 1 0

⎞⎠ .

Unfortunately this mathematically nice decomposition does not yield a technically
feasible solution, since it uses too many switch modes which cannot be realized. Therefore,
one has to restrict the number of switch modes. But with the additional restriction that the
number of switch modes is O(n) the time slot assignment problem becomes NP-hard, as
shown by Rendl [571] (see Section 10.3.1). Thus one has to solve the constraint time slot
assignment problem by heuristics (see, e.g., the comments on balanced linear assignment
problems at the end of Section 6.5).

Another possibility consists in considering a different model. According to a pro-
posal of Lewandowski, Liu, and Liu [454], a system of 2n switch modes P1, . . . , Pn and
Q1, . . . ,Qn could be fixed onboard the satellite, where any pair of matrices Pk and Ql has
just one 1-element in common and

n∑
k=1

Pk =
n∑
l=1

Ql = 1,

where 1 is the matrix with 1-entries only. Let p(k)ij and q(l)ij denote the elements of Pk
and Ql , respectively. Both sets of matrices Pk(k = 1, 2, . . . , n) and Ql(l = 1, 2, . . . , n)
describe feasible solutions to the planar 3-index assignment problem (see Section 1.4) given
by xijk = p(k)ij (or xijk = q(k)ij ) for i, j, k = 1, 2, . . . , n, hence, they correspond to two Latin
squares LP and LQ. Two Latin squares A and B are orthogonal if the pairs (aij , bij ) are all
distinct. Since any pair of matrices Pk and Ql has just one 1-element in common, LP and
LQ are orthogonal Latin squares.

Historical note. Euler tried to find a pair of orthogonal Latin squares for n = 6, but failed.
He conjectured that no such pair exists for n = 4k + 2 (k ≥ 1 integer). In 1901 Tarry
[634] showed that the conjecture holds for n = 6. However, in 1960, Bose, Shrikhande,
and Parker [110] proved that Euler’s conjecture is false by showing that there exists a pair
of orthogonal Latin squares for all n ≥ 3, n �= 6.
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The problem of decomposing a traffic matrix T into a weighted sum of permutation
matrices corresponding to two orthogonal Latin squares can also be formulated as

min
n∑
k=1

(λk + μk) (3.26)

s.t.
n∑
k=1

(λkp
(k)
ij + μkq(k)ij ) ≥ tij (i, j = 1, 2, . . . , n), (3.27)

λk, μk ≥ 0 (k = 1, 2, . . . , n). (3.28)

Following Burkard [129] we can dualize this linear program by introducingn2 dual variables
sij . Thus we get

max
n∑
i=1

n∑
j=1

tij sij

s.t.
n∑
i=1

n∑
j=1

p
(k)
ij sij ≤ 1 (k = 1, 2, . . . , n),

n∑
i=1

n∑
j=1

q
(l)
ij sij ≤ 1 (l = 1, 2, . . . , n),

sij ≥ 0 (i, j = 1, 2, . . . , n).

According to Theorem 4.2 of Heller and Tompkins [368], the coefficient matrix of this
problem is totally unimodular. Therefore, we can replace sij ≥ 0 with sij ∈ {0, 1}. This
and the orthogonality of the Latin squares enables us to introduce new variables vkl defined
by

vkl =
{

1 if ∃ (i, j) : sij = 1 and pkij = qlij = 1,

0 otherwise.

By introducing new cost coefficients

ukl = tij for pkij = qlij ,
we get the following linear assignment problem, which is equivalent to (3.26)–(3.28):

max
n∑
k=1

n∑
l=1

uklvkl

s.t.
n∑
k=1

vkl ≤ 1 (l = 1, . . . , n),

n∑
l=1

vkl ≤ 1 (k = 1, . . . , n),

vkl ∈ {0, 1} (k, l = 1, . . . , n).
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Thus we have proven the following.

Proposition 3.29. The optimal decomposition of a traffic matrix into a system of 2n per-
mutation matrices corresponding to two orthogonal Latin squares can be found by means
of a linear sum assignment problem in O(n3) time.
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Chapter 4

Linear sum assignment
problem

4.1 Introduction
The linear sum assignment problem (LSAP) is one of the most famous problems in linear
programming and in combinatorial optimization. Informally speaking, we are given an
n× n cost matrix C = (cij ) and we want to match each row to a different column in such
a way that the sum of the corresponding entries is minimized. In other words, we want to
select n elements of C so that there is exactly one element in each row and one in each
column and the sum of the corresponding costs is a minimum.

Alternatively, one can define LSAP through a graph theory model. Define a bipartite
graphG = (U, V ;E) having a vertex ofU for each row, a vertex of V for each column, and
cost cij associated with edge [i, j ] (i, j = 1, 2, . . . , n): The problem is then to determine a
minimum cost perfect matching in G (weighted bipartite matching problem: find a subset
of edges such that each vertex belongs to exactly one edge and the sum of the costs of these
edges is a minimum).

Without loss of generality, we assume that the costs cij are nonnegative. Cases with
negative costs can be handled by adding to each element of C the value χ = −mini,j {cij }:
Since we need to select one element per row, any solution of value z for the original cost
matrix corresponds to a solution of value z+nχ for the transformed cost matrix. In this way
we can manage the maximization version of the problem by solving LSAP on a transformed
instance having costs c̃ij = −cij . Let us also observe that most preprocessing algorithms
(see, e.g., Algorithm 4.1), which are preliminary executed on LSAP instances in order to
accelerate the solution algorithms, produce a nonnegative cost matrix.

We also assume in general that the values inC are finite, with some cij possibly having
a very large value (<∞) when assigning i to j is forbidden. In the case of sparse matrices,
where a very large number of (i, j) assignments is forbidden, we denote by m the number
of admitted (i, j) assignments and, in graph G = (U, V ;E) above, we only include in E
the edges corresponding to them, so |E| = m.

Most of the algorithms we present work for general cost matrices, although special
approaches, such as those based on cost-scaling (see Section 4.2.3), require an integer cost
matrix. For such cases we denote by C the maximum cij value.

73



book
2008/12/11
page 74

74 Chapter 4. Linear Sum Assignment Problem

4.1.1 Mathematical model

By introducing a binary matrix X = (xij ) such that

xij =
{

1 if row i is assigned to column j ,

0 otherwise,

LSAP can be modeled as

min
n∑
i=1

n∑
j=1

cij xij (4.1)

s.t.
n∑
j=1

xij = 1 (i = 1, 2, . . . , n), (4.2)

n∑
i=1

xij = 1 (j = 1, 2, . . . , n), (4.3)

xij ∈ {0, 1} (i, j = 1, 2, . . . , n). (4.4)

Note that the resulting matrix X is a permutation matrix (see Section 1.1).
The 2n× n2 matrix defined by the left-hand sides of the assignment constraints (4.2)

and (4.3) is the incidence matrix of the bipartite graph G introduced above. It has a row
i for each vertex i ∈ U , a row n + j for each vertex j ∈ V , and a column for each edge
[i, j ] ∈ E: The entries in this column are 1 in rows i and n+j and 0 elsewhere. This matrix,
shown in Figure 4.1, has the nice combinatorial property of being totally unimodular.

x11 · · · x1n x21 · · · x2n · · · xn1 · · · xnn

1

n

n+ 1

2n

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 · · · 1
1 1 · · · 1

· · ·
1 1 · · · 1

1 1 1
1 1 1
· · · · · · · · · · · ·

1 1 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
Figure 4.1. Node-edge incidence matrix of G.

Definition 4.1. An integer matrix is totally unimodular if the determinant of every square
submatrix has value 0, +1, or −1.

We will use the following sufficient condition due to Heller and Tompkins [368].

Theorem 4.2. An integer matrix A with aij = 0,±1 is totally unimodular if no more than
two non-zero entries appear in any column and if its rows can be partitioned into two sets,
I1 and I2, such that
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1. if a column has two entries of the same sign, their rows are in different sets;

2. if a column has two entries of different signs, their rows are in the same set.

It is then easy to see that the matrix defined by (4.2) and (4.3) satisfies the condition
above with I1 = {1, 2, . . . , n} and I2 = {n+1, n+2, . . . , 2n}. Since it is known that a linear
program with integer right-hand sides and totally unimodular constraint matrix always has
an integer optimal solution, this shows that LSAP is equivalent to its continuous relaxation,
given by (4.1)–(4.3) and

xij ≥ 0 (i, j = 1, 2, . . . , n). (4.5)

The same result was proved, in a different way, by Birkhoff [100] (see Theorem 2.18 and
Proposition 2.24).

4.1.2 Complementary slackness

By associating dual variables ui and vj with assignment constraints (4.2) and (4.3), respec-
tively, the dual problem is

max
n∑
i=1

ui +
n∑
j=1

vj (4.6)

s.t. ui + vj ≤ cij (i, j = 1, 2, . . . , n). (4.7)

By duality theory, a pair of solutions respectively feasible for the primal and the dual is
optimal if and only if (complementary slackness)

xij (cij − ui − vj ) = 0 (i, j = 1, 2, . . . , n). (4.8)

The values

cij = cij − ui − vj (i, j = 1, 2, . . . , n) (4.9)

are the linear programming reduced costs. This transformation fromC toC is a special case
of what is known as “admissible transformation,” which is formally stated in Chapter 6,
Definition 6.19. Indeed, for any feasible primal solution X, the transformed objective
function is

n∑
i=1

n∑
j=1

(cij − ui − vj )xij =
n∑
i=1

n∑
j=1

cij xij −
n∑
i=1

ui

n∑
j=1

xij −
n∑
j=1

vj

n∑
i=1

xij

=
n∑
i=1

n∑
j=1

cij xij −
n∑
i=1

ui −
n∑
j=1

vj , (4.10)

i.e., for any feasible solution X the objective function values induced by C and C differ by
the same constant

∑n
i=1 ui +

∑n
j=1 vj .



book
2008/12/11
page 76

76 Chapter 4. Linear Sum Assignment Problem

The algorithms for LSAP are based on different approaches: a first class of methods
directly solves the primal problem, a second one solves the dual, and a third one uses
an intermediate approach (primal-dual). Most of these methods adopt a preprocessing
phase to determine a feasible dual solution and a partial primal solution (where less than n
rows are assigned) satisfying the complementary slackness conditions. A basicO(n2) time
implementation of this phase is given in Algorithm 4.1, which stores the partial assignment
both in X and in

row(j) =
{
i if column j is assigned to row i,

0 if column j is not assigned,
(j = 1, 2, . . . , n). (4.11)

Note that the reduced costs given by the resulting dual variables are nonnegative.

Algorithm 4.1. Procedure Basic_preprocessing.
Feasible dual solution and partial primal solution.

for i := 1 to n do for j := 1 to n do xij := 0;
comment: row and column reduction;
for i := 1 to n do ui := min{cij : j = 1, 2, . . . , n};
for j := 1 to n do vj := min{cij − ui : i = 1, 2, . . . , n};
comment: find a partial feasible solution;
for j := 1 to n do row(j) := 0;
for i := 1 to n do

for j := 1 to n do
if (row(j) = 0 and cij − ui − vj = 0) then

xij := 1, row(j) := i;
break

endif
endfor

endfor

In the following we will frequently store a (partial) assignment in ϕ that implements
the inverse of row (see Section 1.1), i.e.,

ϕ(i) =
{
j if row i is assigned to column j,

0 if row i is not assigned,
(i = 1, 2, . . . , n). (4.12)

The ui and vj values determined by the first two statements satisfy the dual constraints
(4.7). The xij values subsequently obtained ensure satisfaction of complementary slackness
conditions (4.8), while for the primal constraints (4.1) and (4.2) the ≤ sign holds instead
of =. Note that an alternative algorithm could first perform the column reduction and
then the row reduction, generally obtaining different reduced costs and assignments. We
illustrate Basic_preprocessing through a numerical example, to be resumed several times
in the following.

Example 4.3. Given the input matrixC below, we obtain the dual variables u and v (shown
on the left and on the top) and the corresponding reduced cost matrix C:
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0 2 0 0

7
2
1
2

⎛⎜⎜⎝
7 9 8 9
2 8 5 7
1 6 6 9
3 6 2 2

⎞⎟⎟⎠
C

⎛⎜⎜⎝
0 0 1 2
0 4 3 5
0 3 5 8
1 2 0 0

⎞⎟⎟⎠ .
C

We then obtain row = (1, 0, 4, 0) (thus ϕ = (1, 0, 0, 3)) and the partial assignment
shown by the underlined zeroes in C.

4.1.3 Historical notes, books, and surveys

The first algorithm for LSAP was presented in 1946 by Easterfield [245]: it is a non-
polynomial O(2nn2) time approach, based on iterated application of a particular class of
admissible transformations (see Section 6.3). Easterfield did not give a name to the problem
(the title of the paper is “A combinatorial algorithm”), nor did it Thorndike [638] who,
in a 1950 paper (“The problem of classification of personnel”), proposed three heuristic
algorithms for LSAP. The current name appeared for the first time in 1952, in the paper
“The personnel assignment problem” by Votaw and Orden [653]. Further historical details
on the early years of LSAP and the Hungarian algorithm can be found in Schrijver [599,
Chapter 17], Frank [277], and Schrijver [600].

Primal-dual algorithms have been the first polynomial-time methods for LSAP. The
famous Hungarian algorithm, presented in the mid-1950s by Kuhn [438, 440], in its original
formulation solves the problem in O(n4) time. A variation of this algorithm was presented
by Munkres [502]: he showed that his method requires at most (11n3 + 12n2 + 31n)/6
operations, where, however, some operations are “scan a line,” thus leaving an O(n4)

overall time complexity. Other O(n4) time algorithms were later proposed by Iri [386]
and Desler and Hakimi [232]. In 1960 Silver [609, 610] gave the first computer code
for LSAP, a modified version of the Munkres algorithm, written in Algol. The best time
complexity for a Hungarian algorithm isO(n3) (see the implementation proposed by Lawler
[448] in 1976). The first O(n3) algorithm for LSAP had, however, appeared in a 1969
paper by Dinic and Kronrod [235] that was ignored for many years. In the early 1970s
Tomizawa [640] and Edmonds and Karp [250] showed that shortest path computations on the
reduced costs produce anO(n3) time algorithm for LSAP. Computer implementations of the
Hungarian algorithm adopting shortest path techniques (e.g., the codes proposed in the 1980s
by Burkard and Derigs [145], Jonker and Volgenant [392], and Carpaneto, Martello, and
Toth [165]) have for many years been the most successful tools for the practical solution of
LSAP instances. In the mid-1980s Gabow [295] used the cost scaling technique, developed
in the early 1970s by Edmonds and Karp [250], for obtaining a cost-scaling Hungarian
algorithm for LSAP. The weakly polynomial time complexity of the resulting algorithm,
O(n3/4m log C), was later improved by Gabow and Tarjan [297] to O(

√
n m log(nC)).

Detailed descriptions of primal-dual methods are given in Sections 4.2 and 4.4.
The first primal simplex algorithms, proposed in the mid-1970s by Cunningham [205]

and Barr, Glover, and Klingman [68], required exponential time due to the high degeneracy
of the linear program associated with LSAP. A few years later Roohy-Laleh [589] modified
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the Cunningham algorithm to obtain an O(n5) time complexity, while in 1993 Akgül [19]
proposed an O(n3) time primal simplex algorithm. Primal methods are described in Sec-
tion 4.5. The first primal (non-simplex) algorithm was proposed in 1964 by Balinski and
Gomory [64]. It iteratively improves, through alternating paths, a feasible assignment and
a dual (infeasible) solution satisfying complementary slackness and solves the problem in
O(n4) time. Other primal algorithms were given in the following years by Srinivasan and
Thompson [619, 620] and Klein [421]. The latter paper introduced the “cycle canceling”
technique, which was very important for the solution of min-cost flow problems. (Such a
technique had however been studied for the first time by Robinson [587] in 1949.) AnO(n3)

primal algorithm was obtained in 1978 by Cunningham and Marsh [208] by generalizing
the Klein idea.

The first dual (non-simplex) algorithm for LSAP appeared in the already mentioned
1969 paper by Dinic and Kronrod [235], discussed in Section 4.3. This method is also the
basis of the dual algorithm presented in 1980 by Hung and Rom [382], in which a series
of relaxed problems (where constraints (4.3) are disregarded) is solved by updating the
current solution through shortest paths until the solution becomes feasible for LSAP. This
algorithm too has time complexityO(n3). In 1981 Bertsekas [86] proposed a dual algorithm
having pseudo-polynomial time complexity but high average efficiency in practice (the
auction algorithm). Polynomial-time auction algorithms were later obtained by Bertsekas
and Eckstein [92] and by Orlin and Ahuja [515], who combined auction and a particular
scaling technique (known as ε-relaxation). The time complexity of the latter algorithm
is O(

√
n m log(nC)), equal to that of the primal-dual scaling algorithm by Gabow and

Tarjan [297]. The same time complexity characterizes the computationally very effective
algorithms developed in the mid-1990s by Goldberg and Kennedy [328], who adopted a
scaling technique (pseudoflow) originally developed for min-cost flow problems. The most
famous dual simplex algorithms for LSAP are the so-called signature methods, proposed
in the mid-1980s by Balinski [62] and Goldfarb [334]. These algorithms have O(n3) time
complexity, and it can be shown that they are substantially equivalent to the dual (non-
simplex) approach by Hung and Rom [382]. Dual methods are discussed in Section 4.6.

The latest relevant theoretical result for LSAP was obtained in the new millennium
by Kao, Lam, Sung, and Ting [403] who closed a long standing gap between the time
complexity of LSAP and that of the maximum cardinality matching problem. Their result
is discussed in Section 4.7.

The 1980s saw the diffusion of parallel computers. In the following years many
sequential methods for LSAP (especially auction, shortest path, and primal simplex algo-
rithms) have been parallelized and computationally tested on parallel machines. We describe
these topics in Section 4.11.

Starting in the late 1970s, many books and surveys on LSAP have been proposed in
the literature. The first survey was presented by Burkard [128], who included a summary of
results on the structure of the associated polytope. The book by Burkard and Derigs [145]
considers various assignment-type problems and includes, among others, a Fortran program
implementing a variant of the shortest augmenting path algorithm proposed by Tomizawa
[640] (see Sections 4.4.1 and 4.9). Derigs [226] presented an extensive survey on the
shortest augmenting path technique (see Section 4.4), discussing and relating to it all classical
algorithms and examining the results of an extensive computational experience, performed
over 14 Fortran codes. Martello and Toth [481] reviewed LSAP and other linear assignment-
type problems and analyzed the performance of different algorithms through computational
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experiments. The book by Bertsekas [88] on relaxation and auction techniques (see Section
4.6.3) includes several implementations of algorithms for LSAP and the corresponding
Fortran listings (also downloadable from the internet). The survey by Akgül [18] analyzes
the main solution approaches and discusses their relationships. The volume edited by
Johnson and McGeoch [390] includes several papers on implementations of algorithms for
LSAP proposed at the first DIMACS Implementation Challenge. A specialized survey on
the probabilistic analysis of simple online and offline heuristic algorithms for LSAP can be
found in Faigle [264].

In 1997 Dell’Amico and Martello [219] presented an annotated bibliography, with
special attention to results obtained in the 1980s and the 1990s. The extensive survey by
Burkard and Çela [138] gives the state-of-the-art on LSAP and other linear assignment
problems with other objective functions like the algebraic, bottleneck, balanced, axial, and
planar assignment problems (see Chapters 6 and 10). Dell’Amico and Toth [220] presented
extensive computational experiments with the eight most popular computer codes for dense
instances of LSAP. Burkard [132] surveyed recent developments in the fields of bipartite
matchings (see Chapter 3), LSAP, and quadratic assignment problems (see Chapter 7).
Linear and non-linear assignment problems are discussed in a recent survey by Pentico [541].

Chapters on LSAPcan also be found, e.g., in Murty [507, Chapter 3],Ahuja, Magnanti,
and Orlin [11, Chapter 12], Jungnickel [399, Chapter 13], Korte and Vygen [428, Chapter
11], and Schrijver [599, Chapters 17 and 18].

4.2 Primal-dual algorithms
The genesis of these methods was reported by the author, H. W. Kuhn [441]. In 1953,
while reading the classical graph theory book by König [426], Theorie der Endlichen und
Unendlichen Graphen, he encountered an efficient algorithm for determining the maximum
cardinality matching of a bipartite graph. This problem is equivalent to an LSAP with 0-1
costs, and a footnote in König’s book pointed to a paper by Egerváry [253] (in Hungarian)
for a generalization of the result to general cost matrices. Kuhn then spent two weeks
translating Egerváry’s paper, with the aid of a Hungarian dictionary, finding a method to
reduce a general LSAP to a finite number of LSAPs with 0-1 costs. (The translated paper can
be found in Kuhn [439].) The combination of Egerváry’s reduction and König’s maximum
cardinality matching algorithm produced an efficient algorithm for solving LSAP [438, 440]
that Kuhn called the “Hungarian method” in honor of these two Hungarian mathematicians.
These two famous papers were recently reprinted in the 50th anniversary of the original
publication, together with an editorial note from H. W. Kuhn [442, 443].

(We mention here that Egerváry’s paper [253] also contains a second nice result that
directly provides an efficient algorithm for solving the preemptive open shop scheduling
problem. This algorithm was independently rediscovered many times in the following years.
See Section 3.8.2 and Dell’Amico and Martello [217] for more details.)

4.2.1 The Hungarian algorithm

The Hungarian algorithm is recognized as a predecessor of the primal-dual method for linear
programming, designed one year later by Dantzig, Ford, and Fulkerson [212]. It starts with
a feasible dual solution u, v satisfying (4.7) and a partial primal solution (in which less
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than n rows are assigned) satisfying the complementary slackness conditions (4.8) with
respect to u, v. Each iteration solves a restricted primal problem independent of the costs,
trying to increase the cardinality of the current assignment by operating on the partial graph
of G = (U, V ;E) that only contains the edges of E having zero reduced costs. If the
attempt is successful, a new primal solution in which one more row is assigned is obtained.
Otherwise, the current dual solution is updated so that new edges having zero reduced costs
are obtained.

In order to describe the algorithm we need some basic definitions. The current partial
assignment defines on G a set of assigned edges and the corresponding set of assigned
vertices. An alternating path (see Section 3.2) is an elementary path whose edges are
alternately not assigned and assigned. An alternating tree rooted in a vertex k is a tree in
which all paths emanating from k are alternating. An augmenting path is an alternating
path whose initial and terminal edges (and, hence, vertices) are not assigned. The restricted
problem of the Hungarian algorithm consists of searching for an augmenting path in the
bipartite partial graphG0 = (U, V ;E0) that only contains edges [i, j ] such that cij = 0. If
such a path P is found, the improved assignment is obtained by interchanging unassigned
and assigned edges along P , i.e., by setting xij = 1 for the (�|P |/2�+ 1) unassigned edges
[i, j ] of P (odd edges) and xij = 0 for the �|P |/2� assigned edges [i, j ] of P (even edges).

The “Dijkstra-like” procedure given in Algorithm 4.2 (see Dijkstra [234]) looks for
an alternating and possibly augmenting path starting at a given unassigned vertex k ∈ U by
progressively growing an alternating tree rooted in k. It is also closely related to Algorithm
3.1 of Section 3.2 for bipartite matching. At any iteration, a vertex is labeled (if it belongs to
a path emanating from k) or unlabeled. A labeled vertex of V can be scanned (if it has been
used for extending the tree) or unscanned. In this implementation, labeling and scanning
coincide for a vertex of U . Set LV stores the currently labeled vertices of V , while sets SU
and SV store the currently scanned vertices of U and V , respectively.

Algorithm 4.2. Procedure Alternate(k).
Find an alternating tree rooted at an unassigned vertex k ∈ U .

SU := LV := SV := ∅;
fail := false, sink := 0, i := k;
while (fail = false and sink = 0) do

SU := SU ∪ {i};
for each j ∈ V \ LV : cij − ui − vj = 0 do predj := i, LV := LV ∪ {j};
if LV \ SV = ∅ then fail := true
else

let j be any vertex in LV \ SV ;
SV := SV ∪ {j};
if row(j) = 0 then sink := j else i := row(j)

endif
endwhile
return sink

Each iteration consists of two phases. The unique candidate vertex i ∈ U is first
labeled and scanned (i = k at the first iteration). The scanning consists in extending the tree
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Figure 4.2. (a) Graph G0; (b) alternating tree; (c) new graph G0.

by assigning i as predecessor to all unlabeled vertices j ∈ V for which [i, j ] ∈ E0 and in
labeling these vertices. In the second phase, a labeled unscanned vertex j ∈ V is selected
and scanned by adding the unique edge [row(j), j ] ∈ E0 to the tree. Vertex row(j) ∈ U
then becomes the candidate for the next iteration. The execution can terminate, in this
second phase, in two possible situations: (i) if the selected vertex j ∈ V is not assigned,
we have obtained an augmenting path from k to j ; (ii) if V contains no labeled unscanned
vertex the current tree cannot grow any longer.

Each iteration of the main loop requires O(n) time. At each iteration, a different
vertex j ∈ LV \ SV is selected and added to SV so a different vertex i = row(j) is
considered. It follows that the time complexity of Alternate(k) is O(n2).

Example 4.4. We continue from Example 4.3. Let us start from the reduced cost matrix
C and arrays u, v, and row we have obtained and assume that k = 2. Figure 4.2(a) shows
the bipartite partial graph G0 = (U, V ;E0), with thick lines denoting the current partial
assignment. Procedure Alternate(k) produces:

SU = LV = SV = ∅, fail = false, sink = 0;

i = 2: SU = {2}, pred1 = 2, LV = {1};
j = 1: SV = {1};

i = 1: SU = {2, 1}, pred2 = 1, LV = {1, 2};
j = 2: SV = {1, 2}, sink = 2.

We have thus obtained an augmenting tree (in this case a path) which is shown by the arrows
in Figure 4.2(b). A new solution (see Figure 4.2(c)), obtained by interchanging unassigned
and assigned edges along the augmenting path is: x12 = x21 = x43 = 1 (and xij = 0
elsewhere).
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The Hungarian method is given in Algorithm 4.3. Let (u, v) be the current feasible
dual solution. The current assignment is stored in arrays row and ϕ (see (4.11),(4.12)). On
exit, the solution matrix X is

xij =
{

1 if ϕ(i) = j ,

0 otherwise.

Arrays u, v, row, and ϕ can either be initialized to zero or through a preprocessing phase
such as, e.g., Procedure Basic_preprocessing of Section 4.1.2. We denote with U ⊆ U the
set of assigned vertices of U .

Algorithm 4.3. Hungarian.
Basic O(n4) Hungarian algorithm.

initialize u, v, row, ϕ and U ;
while |U | < n do

let k be any vertex in U \ U ;
while k �∈ U do

sink :=Alternate(k);
if sink > 0 then [comment: increase the primal solution]

U := U ∪ {k}, j := sink;
repeat

i := predj , row(j) := i, h := ϕ(i), ϕ(i) := j , j := h
until i = k

else [comment: update the dual solution]
δ := min{cij − ui − vj : i ∈ SU, j ∈ V \ LV };
for each i ∈ SU do ui := ui + δ;
for each j ∈ LV do vj := vj − δ

endif
endwhile

endwhile

At each iteration of the outer loop, an unassigned vertex ofU is selected and assigned
through the inner loop, i.e., through a series of calls to Procedure Alternate(k) followed
by an updating of the dual variables, until an augmenting path is obtained. Whenever
Alternate(k) fails in producing an augmenting path, the dual variables corresponding to the
labeled vertices are updated by determining the minimum reduced cost δ (δ > 0) of an edge
connecting a labeled vertex of U to an unlabeled vertex of V . We show that this updating
is such that the next execution of Alternate(k) will produce an enlarged tree.

Proposition 4.5. The dual updating of Procedure Hungarian is such that

1. the edges of E0 that connect pairs of labeled vertices or pairs of unlabeled vertices
maintain zero reduced cost;

2. at least one new edge, connecting a labeled vertex of U to an unlabeled vertex of V ,
enters E0;

3. no reduced cost becomes negative.
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Proof. Recall that labeling and scanning coincide for a vertex of U . We consider the four
sets of edges [i, j ] whose costs are updated in a different way:

– i �∈ SU , j �∈ LV : no updating occurs;

– i ∈ SU , j ∈ LV : the updating produces cij := cij − δ + δ, hence 1. follows;

– i ∈ SU , j �∈ LV : the updating produces cij := cij − δ. By definition of δ, the
resulting reduced costs are nonnegative, and at least one of them has value zero, and hence
2. follows;

– i �∈ SU , j ∈ LV : the updating produces cij := cij + δ, and 3. is proved as
well.

It follows that, at the next execution, Alternate(k) will label at least one more vertex
of V , so an augmenting path will result after at most n calls to Alternate(k). The correctness
of algorithm Hungarian follows.

The initialization step of Hungarian requires O(n2) time if performed through Ba-
sic_preprocessing or a similar method. The outer loop of Hungarian is executedO(n) times.
At each iteration, Procedure Alternate(k) and the dual updating are executed O(n) times
in the inner loop. We have already observed that each execution of Alternate(k) finds an
alternating tree in O(n2) time. The value of δ is also computed in O(n2) time. The overall
time complexity of algorithm Hungarian is thusO(n4). The Fortran listing of this algorithm
can be found in Carpaneto and Toth [166], while a QuickBasic implementation was later
presented by Lotfi [465].

If the data are integer or rational numbers, one can show that any primal-dual al-
gorithm, independently of the labeling technique used, will terminate in a finite number
of iterations. Aráoz and Edmonds [42] considered an LSAP instance including irrational
numbers. They showed that a primal-dual algorithm using a “non-Hungarian” labeling may
run forever on such instance without finding the optimal solution.

Example 4.6. We make use of the instance introduced in Example 4.3 and assume that the
initialization is performed through Procedure Basic_preprocessing, as already shown. We
have obtained u = (7, 2, 1, 2), v = (0, 2, 0, 0), and row = (1, 0, 4, 0); hence, we have
ϕ = (1, 0, 0, 3) and U = {1, 4}.

As |U | = n − 2, the outer loop will be executed twice. The first call to Proce-
dure Alternate(k) with k = 2 (already illustrated in the present section) returns sink = 2
and pred = (2, 1,−,−); hence, Hungarian increases the primal solution by setting U =
{1, 4, 2}, row = (2, 1, 4, 0), ϕ = (2, 1, 0, 3).

Alternate(k) is then executed for k = 3 as follows:

SU = LV = SV = ∅, fail = false, sink = 0;

i = 3: SU = {3}, pred1 = 3, LV = {1};
j = 1: SV = {1};

i = 2: SU = {3, 2}, fail = true.
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Figure 4.3. (a) Alternating tree; (b) new graph G0; (c) augmenting tree.

In Figure 4.3(a) the arrows indicate the resulting alternating tree (in this case, too, a
path). On return, the dual solution is updated as δ = 3, u = (7, 5, 4, 2), v = (−3, 2, 0, 0),
and hence,

C =

⎛⎜⎜⎝
3 0 1 2
0 1 0 2
0 0 2 5
4 2 0 0

⎞⎟⎟⎠ .

Figure 4.3(b) shows the new bipartite partial graphG0 = (U, V ;E0), with thick lines
denoting the current partial assignment.

Alternate(k) is then executed again for k = 3, producing the augmenting tree shown
by the arrows in Figure 4.3(c), where the zig-zag lines show the augmenting path. On
return, the primal solution is increased producing U = {1, 4, 2, 3}, row = (3, 1, 2, 4),
ϕ = (2, 3, 1, 4).

We have thus obtained the optimal solution, of value 17, defined by x12 = x23 =
x31 = x44 = 1 (and xij = 0 elsewhere).

Note that the way the tree is grown by Alternate(k) depends on the way the statement
“let j be any vertex in LV \ SV ” is implemented: Selecting j according to a First-In
First-Out (FIFO) rule produces a breadth-first like growth of the tree, while use of a Last-In
First-Out (LIFO) rule grows it in a depth-first way.

Finally, we mention Mack’s so-called Bradford method [471], an approach developed
in the 1960s that is in a sense equivalent to the Hungarian algorithm, but is more compre-
hensible and suitable for undergraduate teaching. A discussion of Mack’s algorithm, that
also includes possible ways to improve it, can be found in Jonker and Volgenant [393].
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4.2.2 An O(n3) implementation of the Hungarian algorithm

We have shown in Proposition 4.5 (point 1) that, after a dual updating, the previous alter-
nating tree rooted in k still belongs to the new graph G0 = (U, V ;E0). This observation
leads to an implementation (developed by Lawler [448] in the 1970s) that grows the current
tree without resetting to empty the sets of scanned and labeled vertices (as done at each
call to Alternate(k)). The procedure given in Algorithm 4.4 iterates tree extensions and
dual updates until an augmenting path emanating from the input vertex k is obtained. The
meaning of all variables is the same as in Section 4.2.1. In addition we make use of πj
(j ∈ V ) to denote the minimum reduced cost of an edge connecting a labeled vertex i ∈ U
to j . Note that

(i) at each iteration the current vertex i ∈ SU is assigned as predecessor to vertex
j ∈ V \ LV whenever the reduced cost of [i, j ] (even if it is greater than zero)
improves on the current πj value. However, j is added to LV only if such reduced
cost is zero;

(ii) after each dual update the procedure adds to set LV all the unlabeled vertices of V
for which a new incident edge having reduced cost equal to zero has been obtained.

Algorithm 4.4. Procedure Augment(k).
Find an augmenting tree rooted at an unassigned vertex k ∈ U .

for each j ∈ V do πj := +∞;
SU := LV := SV := ∅;
sink := 0, i := k;
while sink = 0 do

SU := SU ∪ {i};
for each j ∈ V \ LV : cij − ui − vj < πj do

predj := i, πj := cij − ui − vj ;
if πj = 0 then LV := LV ∪ {j}

endfor;
if LV \ SV = ∅ then [comment: dual update]

δ := min{πj : j ∈ V \ LV };
for each i ∈ SU do ui := ui + δ;
for each j ∈ LV do vj := vj − δ;
for each j ∈ V \ LV do

πj := πj − δ;
if πj = 0 then LV := LV ∪ {j}

endfor
endif;
let j be any vertex in LV \ SV ;
SV := SV ∪ {j};
if row(j) = 0 then sink := j else i := row(j)

endwhile;
return sink
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The Hungarian algorithm then reduces to iterated executions of Augment(k), each one
followed by an increase of the primal solution, as shown in Algorithm 4.5

Algorithm 4.5. Hungarian_3.
O(n3) implementation of the Hungarian algorithm.

initialize u, v, row, ϕ and U ;
while |U | < n do

let k be any vertex in U \ U ;
sink :=Augment(k);
U := U ∪ {k}, j := sink;
repeat

i := predj , row(j) := i, h := ϕ(i), ϕ(i) := j , j := h
until i = k

endwhile

Example 4.7. We resume from the beginning the numerical instance developed in Examples
4.3, 4.4, and 4.6. The initialization produced by Basic_preprocessing is obviously the same,
and the first call to Augment(k) (with k = 2) basically performs the same operations as
Alternate(2), thus producing solution x12 = x21 = x43 = 1 (and xij = 0 elsewhere), shown
in Figure 4.2(c), and U = {1, 2, 4}, row = (2, 1, 4, 0), ϕ = (2, 1, 0, 3).

Augment(k) is then executed for k = 3. The two first iterations are very similar to the
iterations performed by Alternate(3) when it fails (see Section 4.2.1) and produce the same
alternating tree:

π = (∞,∞,∞,∞), SU = LV = SV = ∅, sink = 0;

i = 3: SU = {3}, pred = (3, 3, 3, 3), π = (0, 3, 5, 8), LV = {1};
j = 1: SV = {1};

i = 2: SU = {3, 2}, pred = (3, 3, 2, 2), π = (0, 3, 3, 5).

The first dual update follows: δ = 3, u = (7, 5, 4, 2), v = (−3, 2, 0, 0), and π =
(0, 0, 0, 2), so LV = {1, 2, 3}. The execution of Augment(k) continues with

j = 2: SV = {1, 2};
i = 1: SU = {3, 2, 1};

j = 3: SV = {1, 2, 3};
i = 4: SU = {3, 2, 1, 4}, pred = (3, 3, 2, 4), π = (0, 0, 0, 0), LV = {1, 2, 3, 4};

j = 4: SV = {1, 2, 3, 4}, sink := 4.

On return, Hungarian_3 produces the same optimal solution as before.

The main loop ofAugment(k) is executedO(n) times, since (similarly to what happens
for Alternate(k)) at each iteration a different vertex j ∈ LV \ SV is selected and added to
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SV . Each iteration is thus performed for a different i and requires O(n) time, since the πj
values allow computation of δ in O(n) time. The time complexity of Augment(k) is thus
O(n2). Since the main loop of Hungarian_3 is executed O(n) times, the algorithm has an
overall O(n3) time complexity.

With respect to Hungarian, algorithm Hungarian_3 can be seen as a special primal-
dual method in which, for each root k, a series of restricted primal problems independent
of the costs is solved: each of these problems is not solved from scratch, but starting from
the solution of the previous restricted primal. In addition, values πj depending on the costs
are computed in order to accelerate the subsequent dual update.

An improved O(n3) Hungarian algorithm was developed by Jonker and Volgenant
[391]. Fortran implementations of Hungarian algorithms were proposed by McGinnis [485],
Carpaneto and Toth [166], and Carpaneto, Martello, and Toth [165]. The Carpaneto and
Toth [166] paper, which includes the Fortran listing of their code, provides computational
comparisons with the primal simplex algorithm by Barr, Glover, and Klingman [68] (see
Section 4.5). See Section 4.9 for links to available software in the public domain.

4.2.3 Cost-scaling algorithms

The scaling technique was developed in 1972 by Edmonds and Karp [250] for solving a
minimum cost flow problem by treating a sequence of derived problems with scaled down
capacities. The method was relatively ignored during the next decade, until in 1985 Gabow
[295] adopted it for obtaining cost-scaling algorithms for a series of network problems,
including a cost-scaling approach to LSAP based on the Hungarian method. This algorithm,
as well as its improved version developed a few years later later by Gabow and Tarjan
[297], had considerable theoretical interest, but did not produce computer implementations
characterized by high efficiency in the practical solution of LSAP instances. Effective
algorithms were however obtained in the 1990s by combining cost-scaling techniques and
push-relabel methods, as can be seen in Section 4.6.

In order to introduce the cost-scaling approach, we need to assume that the costs cij
are nonnegative integers with C = maxi,j {cij }. We already observed in Section 4.1 that the
case of negative costs can be handled by subtracting the minimum (negative) value from all
entries of C. If the costs are rational, they must be scaled up to integers.

The basic idea of the cost-scaling approach is easily caught through a recursive de-
scription. Given a problem instance, halve the costs (i.e., a number a is replaced by �a/2�)
and solve the resulting instance recursively (directly solving the problem if all costs are
zero). The solution obtained is near-optimal for the original instance: Transform it to an
optimal one.

In iterative terms the approach can be described as follows. Let each cost be repre-
sented by r = �log C�+ 1 bits. Start by optimally solving the problem with zero costs, and
assume, for the sake of description simplicity, that they are represented by no bit at all. Then
execute r iterations as follows. At iteration p, add the pth most significant bit of the original
costs to the right of the bits representing the current costs: The current solution (previously
optimal) is now near-optimal, so derive from it an optimal solution to the new problem. For
example, the second row of the cost matrix used in the examples of the previous sections,
(2, 8, 5, 7), would evolve as shown in Table 4.1.
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Table 4.1. Cost evolution in a scaling algorithm.

i Decimal Binary
0 0 0 0 0 – – – –
1 0 1 0 0 0 1 0 0
2 0 2 1 1 00 10 01 01
3 1 4 2 3 001 100 010 011
4 2 8 5 7 0010 1000 0101 0111

The Gabow algorithm can be sketched as follows.

0. initialize the n× n current cost matrix Ĉ to zero;
choose any complete matching on the induced bipartite graph G = (U, V ;E), and
set ui = 0 for all i ∈ U and vj = 0 for all j ∈ V ;

1. for p := 1 to r do

1.1 scale up the current costs ĉij ;
start with an empty matching on G;
set ui = 2ui for all i ∈ U and vj = 2vj for all j ∈ V ;

1.2 repeat

find an augmenting path (see Section 4.2.2) for costs ĉij , and let ui ,vj be
the updated dual variables;

let G0 = (U, V ;E0) be the bipartite partial graph of G that only contains
edges [i, j ] such that ĉij − ui − vj = 0;

transform the current matching to a maximum cardinality matching on G0

through the algorithm by Hopcroft and Karp [376]

until the current matching is complete.

endfor

Observe that at each iteration the dual variables (ui , vj ) are doubled, and the costs ĉij
are at least doubled, so the current optimal dual solution (satisfying ĉij−ui−vj ≥ 0) is trans-
formed into a feasible solution for the scaled costs. The algorithm runs in O(n3/4m log C)
(weakly polynomial) time. The overall correctness of the algorithm and its time complexity
are formally proved in [295].

The time complexity of the Gabow [295] algorithm was later improved by Gabow
and Tarjan [297]. Instead of computing an optimal solution at each of log C iterations,
the new algorithm computes an approximate solution at each of log(nC) iterations, but the
additional log n iterations ensure that the last approximate solution is optimal. The time
complexity is O(

√
n m log(nC)). This is the best time bound currently known for a cost-

scaling algorithm for LSAP. The same time bound was later obtained by Orlin and Ahuja
[515] through a hybrid scaling algorithm (see Section 4.6.3).
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4.3 The Dinic–Kronrod algorithm
Well before the O(n3) implementation of the Hungarian algorithm, Dinic and Kronrod
[235] had proposed a different approach, totally independent of linear programming duality
theory. Although ignored for a long time (the algorithm is presented in a very sketchy way,
with several inaccuracies in the English translation), this is the first O(n3) time algorithm
for LSAP. The key observation in [235] is the following.

Theorem 4.8. (Dinic and Kronrod [235], 1969.) Given n values �j (j = 1, 2, . . . , n),
let an element cij be called �-minimal if cij − �j ≤ cik − �k for all k. Then a set of n
�-minimal elements ciϕ(i) (i = 1, 2, . . . , n) such that ϕ(i) �= ϕ(k) if i �= k is an optimal
solution to LSAP.

Proof. The value of the considered solution is

n∑
i=1

ciϕ(i) =
n∑
j=1

�j +
n∑
i=1

(ciϕ(i) −�ϕ(i)). (4.13)

The first sum in the right-hand side is a constant. The second sum is minimal by defini-
tion.

Observe that, under the hypothesis of Theorem 4.8, by setting vj = �j (j = 1, 2, . . . , n)
and ui = ciϕ(i) − �ϕ(i) (i = 1, 2, . . . , n) we obtain a feasible dual solution satisfying the
complementary slackness conditions (4.8), thus proving in a different way the optimality of
solution ϕ.

The Dinic–Kronrod algorithm can be described as follows. Given a (possibly zero)
vector�, a�-minimal element is initially selected in each row. If all the selected elements
are in different columns, then the solution is optimal by Theorem 4.8. If this is not the
case, let us define the deficiency of the solution as the number of columns with no assigned
element. One such column is then selected, one or more�j values are increased, and a new
solution with deficiency reduced by one is obtained. Let s be the selected column (and set
SV = {s}). Value�s is increased by a quantity δ such that (i) all currently selected elements
remain �-minimal; (ii) there exists a row i for which ciϕ(i) −�ϕ(i) = cis − (�s + δ), i.e.,
we have an alternative element selection for row i. If column ϕ(i) has more than one row
assigned, then the deficiency is reduced by selecting, in row i, element cis instead of ciϕ(i).
Otherwise, column ϕ(i) is added to set SV and �s and �ϕ(i) are increased by a new value
δ such that condition (i) above holds and there is one new row with alternative element
selection involving a column of SV . The process is iterated until a column ϕ(i) with more
than one row assigned is encountered, and the solution is updated by appropriately shifting
the alternative assignments.

Dinic and Kronrod proposed different ways to compute quantity δ, used for the up-
dating of the �j values. We start with a possible implementation of the simplest one in
order to catch the basic idea. In Algorithm 4.6, s denotes the selected unassigned column,
while sets LU and SV store the currently labeled rows and scanned columns, respectively.
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Algorithm 4.6. Procedure DK_basic(s).
Basic method for reducing the deficiency.

SV := LU := ∅;
sink := 0, j := s;
while sink = 0 do

SV := SV ∪ {j};
δ := min{(cij −�j)− (ciϕ(i) −�ϕ(i)) : i ∈ U \ LU, j ∈ SV };
let i∗ be the row i that determines δ, and set LU := LU ∪ {i∗};
for each j ∈ SV do �j := �j + δ;
j := ϕ(i∗);
if column j has two or more rows assigned then sink := i∗

endwhile;
return sink

One can immediately see that the computation of δ ensures that, after the updating of
�, all elements currently selected in rows i �∈ LU remain�-minimal and that an alternative
assignment results for row i∗ in a column of SV . The currently selected elements in rows
i ∈ LU remain �-minimal as well, since

(i) all the corresponding columns have been added to SV , and

(ii) only the �j values of such columns have been updated, and all have been increased
by the same quantity δ.

The time complexity of DK_basic(s) depends on the way δ is computed. A straight-
forward implementation, requiring O(n2) time, would produce an O(n3) time procedure,
hence anO(n4) time algorithm for LSAP. The best way given in [235] can be implemented
as in the O(n2) procedure introduced in Algorithm 4.7, where δ is computed in O(n) time.
The statements used for the computation of δ are those involving vector q, where each qi
value (i �∈ LU ) stores the minimum cij−�j value for j ∈ SV . The remaining notations are
similar to those adopted in the previous sections, with a few differences due to the fact that
the Dinic–Kronrod algorithm operates on columns instead of rows. The column j ∈ SV
from which row i ∈ U has been labeled is stored in predi .

Algorithm 4.7. Procedure DK_reduce(s).
O(n2) method for reducing the deficiency.

for each i ∈ U do qi := +∞;
SV := LU := ∅;
sink := 0, δ := 0, j := s;
while sink = 0 do

SV := SV ∪ {j};
for each i ∈ U \ LU do

if cij −�j < qi then predi := j , qi := cij −�j

endfor;
δ := min{qi − (ciϕ(i) −�ϕ(i)) : i ∈ U \ LU};
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let i∗ be the row i that determines δ, and set LU := LU ∪ {i∗};
for each j ∈ SV do �j := �j + δ;
for each i ∈ U \ LU do qi := qi − δ;
j := ϕ(i∗);
if column j has two or more rows assigned then sink := i∗

endwhile;
return sink

The complete O(n3) method, shown in Algorithm 4.8, consists of a main loop that
applies the above procedure to each column with no assigned row. Array row has non-zero
values only for the columns that have exactly one row assigned.

Algorithm 4.8. Dinic_Kronrod.
Dinic–Kronrod algorithm.

initialize �; [comment: possibly �j = 0 for j = 1, 2, . . . , n]
for i := 1 to n do ϕ(i) := arg min{cij −�j : j = 1, 2, . . . , n};
for j := 1 to n do row(j) := 0;
for i := 1 to n do

if column ϕ(i) has exactly one row assigned then row(ϕ(i)) := i;
V := {j : column j has at least one row assigned};
while |V | < n do

let k be any column in V \ V ;
sink := DK_reduce(k);
V := V ∪ {k}, i := sink, ĵ := ϕ(i);
repeat

j := predi , ϕ(i) := j , h := row(j), row(j) := i, i := h
until j = k
if column ĵ has exactly one row, say i, assigned then row(ĵ ) := i

endwhile

Example 4.9. We start from the very beginning with the nonreduced input matrix C intro-
duced in Example 4.3 and reproduced here in Figure 4.4(a). The � values are shown in
row zero. The algorithm starts by setting � = (0, 0, 0, 0) and computing ϕ = (1, 1, 1, 3),
row = (0, 0, 4, 0), V = {1, 3}. The assignment is given by the underlined entries: The
deficiency of the solution is 2 (columns 2 and 4 are not matched). The first iteration is
performed by calling DK_reduce(2):

q = (∞,∞,∞,∞), SV = LU = ∅, sink = 0, δ = 0;
j = 2: SV = {2}, pred = (2, 2, 2, 2), q = (9, 8, 6, 6);

δ = 2, i∗ = 1: LU = {1}, � = (0, 2, 0, 0), q = (9, 6, 4, 4);
j = 1: sink = 1.

Figure 4.4(b) shows the current cij −�j values, with c11 and c12 now both�-minimal. The
new solution is then determined by � = (0, 2, 0, 0), ϕ = (2, 1, 1, 3), row = (0, 1, 4, 0),
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0 0 0 0⎛⎜⎜⎝
7 9 8 9
2 8 5 7
1 6 6 9
3 6 2 2

⎞⎟⎟⎠
(a)

0 2 0 0⎛⎜⎜⎝
7 7 8 9
2 6 5 7
1 4 6 9
3 4 2 2

⎞⎟⎟⎠
(b)

0 2 1 1⎛⎜⎜⎝
7 7 7 8
2 6 4 6
1 4 5 8
3 4 1 1

⎞⎟⎟⎠
(c)

0 4 3 3⎛⎜⎜⎝
7 5 5 6
2 4 2 4
1 2 3 6
3 2 -1 -1

⎞⎟⎟⎠
(d)

Figure 4.4. Values cij −�j during execution of the Dinic–Kronrod algorithm.

V = {1, 3, 2}. A new iteration is thus performed by calling DK_reduce(4):

q = (∞,∞,∞,∞), SV = LU = ∅, sink = 0, δ = 0;
j = 4: SV = {4}, pred = (4, 4, 4, 4), q = (9, 7, 9, 2);

δ = 0, i∗ = 4: LU = {4}, � = (0, 2, 0, 0);
j = 3 SV = {4, 3}, pred = (3, 3, 3, 4), q = (8, 5, 6, 2);

δ = 1, i∗ = 1: LU = {4, 1}, � = (0, 2, 1, 1), q = (8, 4, 5, 2) (Figure 4.4(c));
j = 2 SV = {4, 3, 2}, pred = (3, 3, 2, 4), q = (8, 4, 4, 2);

δ = 2, i∗ = 2: LU = {4, 1, 2}, � = (0, 4, 3, 3), q = (8, 4, 2, 2);
j = 1: sink = 2.

Figure 4.4(d) shows the new cij − �j values. The complete solution is then produced by
� = (0, 4, 3, 3): ϕ = (2, 3, 1, 4), row = (3, 1, 2, 4).

The Hungarian algorithm operates on a partial feasible assignment: At each iteration,
Procedure Augment(k) produces a new partial feasible solution with one additional assign-
ment. The Dinic–Kronrod algorithm operates on a complete but infeasible row assignment:
At each iteration, Procedure DK_reduce(s) produces a new solution where one more column
is assigned and a multiply-assigned column has one assignment less.

In order to further analyze differences and similarities between the Dinic–Kronrod and
theO(n3) implementation of the Hungarian algorithm, let us consider the usual underlying
bipartite graph G = (U, V ;E). Procedures Augment(k) and DK_reduce(s) are apparently
very different. Augment(k) determines an alternating path going from an unassigned vertex
of one shore of G to an unassigned vertex of the other shore (U and V , respectively, in
our implementation, but the opposite choice would be equivalent). The path produced
by DK_reduce(s) goes instead from an unassigned vertex of one shore (V ) to a multiply-
assigned vertex of the same shore. We already observed thatAugment(k) obtains the required
path by growing an alternating tree rooted in the starting vertex, and it is not difficult to
recognize that the same holds for DK_reduce(s). Indeed, at each iteration it selects the
best edge going from a scanned vertex of V (initially, SV = {s}) to a vertex i∗ ∈ U not
belonging to the tree: Both this edge and the assigned edge [i∗, ϕ(i∗)] are added to the tree,
while vertex ϕ(i∗) is added to SV .

A closer look at the two procedures shows that the choice of the next edge to be added
to the tree is equivalent. Consider indeed the alternative implementation of Augment(k) that
starts from a vertex ofV , thus using setsLU, SU , andSV : the value ofπi , minimum reduced
cost of an edge connecting a labeled vertex j ∈ V to i ∈ U , would be πi = cij −ui−vj for
each edge [i, j ] evaluated for addition to the current tree, and the choice would be produced
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by δ = min{πi : i ∈ U \LU}. Consider now DK_reduce(s) and recall that a feasible dual
solution is given by vj = �j (j = 1, 2, . . . , n) and ui = ciϕ(i) −�ϕ(i) (i = 1, 2, . . . , n).
Hence, when predi = j , we have qi = cij −�j = πi + ui and we can write

δ = min{qi − ui − (ciϕ(i) − ui −�ϕ(i)) : i ∈ U \ LU}. (4.14)

Since ciϕ(i) − ui −�ϕ(i) = 0, the same next edge is selected for growing the current tree.
Finally, we observe that the idea of evolving relaxed problems by updating a dual

solution through shortest paths, until the solution becomes feasible, is also the basis of the
dual algorithm by Hung and Rom [382], treated in Section 4.6.1.

4.4 Shortest path implementation of the Hungarian
algorithm

Most efficient algorithms for LSAP are based on shortest augmenting path techniques. In the
early 1960s, Hoffman and Markowitz [373] observed that an LSAP can be solved through
a sequence of n shortest paths on cost matrices of increasing size from 1× 1 to n×n. Such
matrices, however, could include negative costs, hence, each shortest path search would
require O(n3) time. In the early 1970s Tomizawa [640] and Edmonds and Karp [250],
studying shortest path algorithms for the min-cost flow problem, observed that, by using
the reduced costs, one can apply the Dijkstra algorithm to obtain an O(n3) time algorithm
for LSAP.

4.4.1 Transformation to a minimum cost flow problem

Relations between assignment problems and min-cost flow problems were already discussed
in Sections 1.1, 1.2, 2.1, and 3.2. Given a digraphD = (N;A)with integer capacity q(i, j)
and unit cost cij associated with each arc (i, j) ∈ A, the minimum cost flow problem
(MCFP) consists in transmitting a prefixed integer quantity ζ of flow from a given source
vertex s ∈ N to a given sink vertex t ∈ N so that the flow in each arc does not exceed the
corresponding capacity and the total cost is a minimum. Let f (i, j) denote the flow along
arc (i, j). The problem can be formally modeled as

min
∑
(i,j)∈A

cijf (i, j) (4.15)

s.t.
∑

(h,j)∈A
f (h, j)−

∑
(i,h)∈A

f (i, h) =

⎧⎪⎪⎨⎪⎪⎩
ζ if h = s,
−ζ if h = t ,

0 otherwise

(h = 1, 2, . . . , |N |),

(4.16)

0 ≤ f (i, j) ≤ q(i, j) ((i, j) ∈ A)). (4.17)

It easily follows from Theorem 4.2 that the constraint matrix of MCFP is totally unimodular,
since we can set I1 to the set of all rows and I2 to the empty set. Hence, a feasible flow will
be integral valued, since ζ and the capacities are integers.
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An LSAP instance defined on a graph G = (U, V ;E) can be transformed into an
equivalent instance of MCFP as follows (see also Section 1.1). Let

N = {s} ∪ U ∪ V ∪ {t}, (4.18)

A = {(s, i) : i ∈ U} ∪ {(i, j) : [i, j ] ∈ E, i ∈ U, j ∈ V } ∪ {(j, t) : j ∈ V }. (4.19)

Now assign zero cost to the arcs emanating from s and to those entering t , associate the
matching costs cij with the remaining arcs (i, j) of A (i ∈ U, j ∈ V ), and set all capacities
to one. The solution to the LSAP instance is then obtained by transmitting, at minimum
cost, a quantity n of flow from s to t .

Shortest path algorithms for MCFP operate on the so-called incremental graph. Given
a feasible flow X = (f (i, j)), the incremental digraph Dr = (N;Ar) is obtained from D

as follows: Ar = Af ∪Ab, with Af = {(i, j) ∈ A : f (i, j) < q(i, j)} (forward arcs) and
Ab = {(j, i) : (i, j) ∈ A and f (i, j) > 0} (backward arcs). A forward arc (i, j) ∈ Af
has cost crij = cij and residual capacity qr(i, j) = q(i, j)− f (i, j), while a backward arc
(j, i) ∈ Ab has cost crji = −cij and residual capacity qr(j, i) = f (i, j).

A shortest path algorithm for MCFP works as follows. Given a minimum cost feasible
flow X transmitting ζ̃ (̃ζ < ζ ) flow units (possibly ζ̃ = 0 at the first iteration), we look
for a shortest path from s to t in the corresponding incremental graph. If such a path is
found, the flow is increased by transmitting along the path an additional flow δ equal to the
minimum between ζ − ζ̃ and the minimum residual capacity of an arc in the path. It can
be proved that the resulting flow is the minimum cost solution for the transmission of ζ̃ + δ
flow units from s to t . The process is iterated until either the prefixed quantity ζ of flow
has been obtained or no path from s to t exists (implying that the instance does not have a
feasible solution).

This algorithm requires pseudo-polynomial time for solving a general MCFP instance,
as ζ shortest path rounds are needed, in the worst case, to obtain the optimal solution. When
applied to an LSAP instance, however, its complexity is polynomial as ζ = n. A straight-
forward implementation of the approach would need a procedure for determining shortest
paths in graphDr that contain arcs with negative costs. Tomizawa [640] and, independently,
Edmonds and Karp [250] observed, however, that the shortest path approach remains valid
if applied to the incremental graphDr with costs crij replaced by the corresponding reduced
costs. Since, as already observed, at each iteration we have a minimum cost partial flow,
the reduced costs are nonnegative and the Dijkstra algorithm can be used to find shortest
paths in O(n2) time.

4.4.2 Basic implementation

In order to obtain a simpler algorithm for LSAP, one can observe that (i) the MCFPinduced by
an LSAP instance is equivalent to a multi-source multi-sink problem where each vertex ofU
must transmit a flow unit and each vertex ofV must receive a flow unit; hence, (ii), as already
proved by Tomizawa [640], an optimal solution can be obtained by considering a source at
a time and finding the shortest path emanating from it; (iii) it is not necessary to explicitly
build the incremental graph as all computations can be performed on the LSAP bipartite
graph G. The resulting algorithm starts with a given (possibly empty) optimal partial
assignment and a corresponding optimal dual solution. At each iteration the algorithm
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(i) selects an unassigned vertex of U ; (ii) considers the incremental graph and finds the
shortest path from the selected vertex to an unassigned vertex of V ; (iii) augments the
partial solution by interchanging the assignments along this path; and (iv) updates the
dual variables so that complementary slackness holds. The similarity of this approach to
the O(n3) implementation of the Hungarian algorithm introduced in Section 4.2.2 is thus
evident. Indeed, Derigs [226] formally proved that the two methods perform the same
augmentations, but the shortest path approach is a more efficient implementation in the
sense that a sequence of dual updates performed by Procedure Augment(k) is replaced by a
single dual update only performed when augmentation occurs.

The procedure shown in Algorithm 4.9 finds a shortest path arborescence emanating
from a given (unassigned) vertex k ∈ U and terminates execution as soon as an unassigned
vertex of V is reached. Sets SU and SV contain the vertices already reached by a shortest
path emanating from k (scanned vertices). The value πj (j ∈ V ) is the Dijkstra label, i.e., it
stores the cost of the shortest path from k to j that only passes through vertices of SU ∪SV .
Explicit labels for the vertices of U are not used as they can be handled implicitly (see
below). Finally, δ is the cost of the shortest path from k to the last vertex that entered SV ,
i.e., the largest cost of a path in the arborescence rooted at k.

Algorithm 4.9. Procedure Shortest_path(k).
Find a shortest path in the incremental graph.

for each j ∈ V do πj := +∞;
SU := SV := ∅;
sink := 0, δ := 0, i := k;
while sink = 0 do

SU := SU ∪ {i};
for each j ∈ V \ SV : δ + cij − ui − vj < πj do

predj := i, πj := δ + cij − ui − vj
endfor;
j := arg min{πh : h ∈ V \ SV };
SV := SV ∪ {j}, δ := πj ;
if row(j) = 0 then sink := j
else i := row(j)

endwhile;
comment: dual update;
uk := uk + δ;
for each i ∈ SU \ {k} do ui := ui + δ − πϕ(i);
for each j ∈ SV do vj := vj − δ + πj
return sink

In the incremental digraph, each unassigned vertex j ∈ V has no emanating arc, while
each assigned vertex j ∈ V has the unique emanating arc (j, row(j)). Due to the optimality
of the current partial assignment, the reduced cost of any such arc is zero, so, when j is
scanned, the current shortest path is immediately extended to row(j). The label of vertex
row(j) ∈ U would have value πj , i.e., the minimum label value among unscanned vertices.
It follows that it is not necessary to explicitly have labels for the vertices in U as the path is
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extended by scanning row(j). When row(j) = 0, an augmenting path from k to j has been
obtained. We next show that Shortest_path(k) produces a new feasible dual solution.

Proposition 4.10. If the input dual variables satisfy the dual feasibility constraints (4.7)
and produce zero reduced costs for the current partial assignment, then Shortest_path(k)
returns updated dual variables satisfying (4.7) and a shortest path arborescence whose arcs
have an updated reduced cost of value zero.

Proof. In order to simplify the proof, we explicitly use the Dijkstra labels for the vertices
i ∈ SU , namely, μi = πϕ(i) for i ∈ SU \ {k} and μk = 0. Let cij denote the input reduced
costs. Observe that, during the shortest path search, we have

μi + cij ≥ πj ∀ i ∈ SU, j ∈ V (4.20)

since otherwise μi + cij would be the cost of a path from k to j shorter than the current
path of cost πj .

We first prove that the updated reduced costs are nonnegative, i.e., that (4.7) holds for
the updated dual variables. We consider the four pairs i, j whose dual variables are updated
in a different way:

(a) i ∈ SU , j ∈ SV : the updated reduced cost has the value cij − δ+μi+ δ−πj , which
is nonnegative by (4.20). Observe in addition that if (i, j) belongs to the shortest path
arborescence, then such a cost is zero by definition since πj = μi + cij ;

(b) i ∈ SU , j �∈ SV : the updated reduced cost has the value cij − δ + μi , which is
nonnegative by (4.20) and by the fact that δ = min{πh : h ∈ V \ SV };

(c) i �∈ SU , j ∈ SV : the updated reduced cost has the value cij + δ − πj , which is
nonnegative since, by construction, we have δ ≥ πj for all j ∈ SV ;

(d) i �∈ SU , j �∈ SV : no updating occurs.

Now consider the shortest path arborescence: we have observed that any forward arc (i, j)
(i ∈ SU , j ∈ SV ) has an updated reduced cost equal to zero. The same holds for backward
arcs (j, i) (j ∈ SV , i ∈ SU ) for which the input reduced cost is zero and μi = πj .

Assume that, given a (possibly empty) partial primal solution and a feasible dual so-
lution satisfying complementary slackness, Shortest_path(k) is invoked for an unassigned
vertex k ∈ U . The returned shortest path from k to sink ∈ V can be used to augment the
primal solution by removing the assignments corresponding to backward arcs along the path
and adding those corresponding assignments to forward arcs. It follows from Proposition
4.10 that this new solution and the updated dual variables satisfy the complementary slack-
ness conditions. We have thus proved correctness of the shortest path method for LSAP
given in Algorithm 4.10.
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Algorithm 4.10. Hungarian_SP.
Shortest path implementation of the Hungarian algorithm.

initialize u, v, row, ϕ and U ;
while |U | < n do

let k be any vertex in U \ U ;
sink := Shortest_path(k);
U := U ∪ {k}, j := sink;
repeat

i := predj , row(j) := i, h := ϕ(i), ϕ(i) := j , j := h
until i = k

endwhile

Developing Example 4.3 for Hungarian_SP would not highlight the difference with
respect to Hungarian_3, as both algorithms find the optimal solution through a single dual
updating (executed by Augment(3) after the scanning of line 1, and by Shortest_path(3)
before return). We will instead develop the following example.

Example 4.11. Consider the following input matrix C. By executing the basic preprocess-
ing of Algorithm 4.1, we obtain the dual variables (shown on the left and on the top) and
the corresponding reduced cost matrix C. The partial assignment (underlined in C) is thus
row = (1, 2, 3, 0), and hence, ϕ = (1, 2, 3, 0).

0 1 0 0

6
4
1
2

⎛⎜⎜⎝
6 9 11 10
6 5 7 4
7 8 1 5
3 7 2 9

⎞⎟⎟⎠
C

⎛⎜⎜⎝
0 2 5 4
2 0 3 0
6 6 0 4
1 4 0 7

⎞⎟⎟⎠
C

SinceU = {1, 2, 3}, a single augmentation will produce the optimal solution. The execution
of Shortest_path(4) is as follows.

π = (∞,∞,∞,∞), SU = SV = ∅, sink = 0, δ = 0;

i = 4: SU = {4}, pred = (4, 4, 4, 4), π = (1, 4, 0, 7);
j = 3: SV = {3}, δ = 0;

i = 3: SU = {4, 3}, pred = (4, 4, 4, 3), π = (1, 4, 0, 4);
j = 1: SV = {3, 1}, δ = 1;

i = 1: SU = {4, 3, 1}, pred = (4, 1, 4, 3), π = (1, 3, 0, 4);
j = 2: SV = {3, 1, 2}, δ = 3;

i = 2: SU = {4, 3, 1, 2}, pred = (4, 1, 4, 2), π = (1, 3, 0, 3);
j = 4: SV = {3, 1, 2, 4}, δ = 3;
sink = 4, u = (8, 4, 4, 5), v = (−2, 1,−3, 0).
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On return, Hungarian_SP produces the optimal solution: x12 = x24 = x33 = x41 = 1 (and
xij = 0 elsewhere). We have thus obtained the required augmentation through a single
dual update. It is left as an exercise to check that, in Hungarian_3, the call to Augment(4)
produces the same primal and dual solution, but through two dual updates, performed after
the scanning of lines 3 and 1, respectively.

The time complexity of Shortest_path(k) is O(n2) time (it is in practice the Dijkstra
algorithm for a bipartite graph of 2n vertices), so it immediately follows that Hungarian_SP
has O(n3) time complexity.

4.4.3 Efficient implementations

A number of implementations of shortest path algorithms have been proposed in the lit-
erature. Engquist [255] gave a shortest path refinement of the Dinic–Kronrod algorithm,
and computationally compared it with the primal algorithm by Barr, Glover, and Klingman
[68] (see Section 4.5.2) and with the dual algorithms by Hung and Rom [382] (see Section
4.6.1) and Weintraub and Barahona [661]. An algorithm that combines row permutations
and shortest paths on a reduced cost matrix was proposed by Bhat and Kinariwala [96].
An efficient labeling technique, especially effective for sparse assignment problems, was
proposed by Derigs and Metz [228].

The most efficient shortest path algorithms for LSAP basically differ in three aspects:

(a) the implementation of the procedure that is used for determining the shortest paths;

(b) a possible sparsification technique, which solves an instance with a reduced number
of edges and iteratively adds edges until an optimal solution for the original graph is
obtained;

(c) the preprocessing method, used to determine a feasible dual solution and a partial
primal solution (where less than n rows are matched) satisfying the complementary
slackness conditions, such as the O(n2) time Procedure Basic_preprocessing (Algo-
rithm 4.1), that we have been using so far.

Tarjan [633] and Fredman and Tarjan [278] used special data structures (such as,
e.g., Fibonacci heaps) to compute shortest paths so as to obtain algorithms having time
complexity O(nm log(2+m/n) n) and O(n2 log n + nm), respectively, that are particularly
efficient for sparse matrices. The latter complexity is the best strongly polynomial-time
bound known for LSAP.

Sparsification techniques operate in two phases. A core problem is first defined by se-
lecting a subset of entries from C, and its primal and dual optimal solutions are determined.
If all reduced costs are nonnegative, then these solutions are also optimal for the complete
instance. Otherwise, the second phase enlarges the core through additional entries of C and
the process is iterated. Carraresi and Sodini [172] and, independently, Glover, Glover, and
Klingman [322] developed so-called threshold algorithms in which the core problem con-
sists of “short” edges induced by a threshold value that is updated after each augmentation.
In Derigs and Metz [229] the core problem is given by the k edges of smallest cost incident
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to each vertex (where k is a prefixed value depending on n) and the iterative phase enlarges
it through post-optimal analysis and out-pricing. Carpaneto and Toth [169] proposed an
algorithm in which the core problem is produced by considering the small reduced cost
elements. The threshold value is proportional to the average reduced cost value, and the
enlargement is performed either by adding the entries with negative reduced cost (when a
primal feasible solution has been obtained) or by doubling the threshold (when the sparse
problem has no primal feasible solution). A core approach was also used by Lee and Orlin
[450] for solving very large random instances of LSAP (including a one million vertex,
one trillion edge instance) by generating the edges in ascending order of their costs until a
solution can be verified to be optimal for the entire problem. Volgenant [647] modified the
Jonker and Volgenant [392] shortest path algorithm (see Section 4.4.4) by initially defining
the core through selection of the k lowest cost entries in each row (k a prefixed value) and
refining it, for each row, through exchanges between core elements of cost greater than
the current average core cost of the row and non-core elements of cost smaller than this
average. Diagonal elements are added to ensure the existence of a feasible solution, and the
enlargement is produced by negative reduced cost entries.

Many authors have observed that preprocessing is a crucial tool for the implementation
of efficient shortest path algorithms for LSAP. An analysis of the expected number of initial
assignments produced by a slightly modified version of Procedure Basic_preprocessing
(Algorithm 4.1) under the assumption that the costs are a family of independent identically
distributed random variables with continuous distribution function can be found in Nawijn
and Dorhout [510]. They proved that, for n sufficiently large, the expected number of initial
assignments is (2− exp(−1/e)− exp(− exp(−1/e))) n ≈ 0.8073 n.

Some of the most effective preprocessing methods are examined in the next section.

4.4.4 Preprocessing

Various preprocessing techniques have been proposed by Carpaneto and Toth [166, 168, 169]
and Carpaneto, Martello, and Toth [165]. The most efficient one is shown inAlgorithm 4.11.

Initially, a column reduction is performed and a first partial solution is obtained by
assigning each column to an unassigned row (if any) corresponding to the minimum column
cost. The second phase performs a row reduction and tries to enlarge the current partial
assignment. For each unassigned row i, the column j ∗ corresponding to the minimum
reduced row cost is considered. If j ∗ is not assigned the solution is immediately enlarged,
as in Procedure Basic_preprocessing. If instead j ∗ is currently assigned to row r = row(j ∗),
an attempt is made to find an alternative assignment for this row, i.e., an unassigned column
j having zero reduced cost. If such a column is found, the solution is enlarged by assigning
row i to column j∗ and row r to column j . Otherwise, the next column j∗ having zero
reduced cost in row r (if any) is selected and the attempt is iterated. Note that, with respect
to the associated bipartite graph G = (U, V ;E), this is equivalent to executing, for each
unassigned vertex i ∈ U , a modified Procedure Alternate(i) (see Section 4.2.1) which
only considers alternating paths composed by three edges or less. In order to preserve
an O(n2) overall time complexity, next_j (i) stores the first unchecked column in row i

(i = 1, 2, . . . , n).
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Algorithm 4.11. Procedure Three_edge_preprocessing.
Carpaneto and Toth three edge preprocessing.

for h := 1 to n do row(h) := ϕ(h) := 0;
comment: column reduction and partial feasible solution;
for j := 1 to n do

i∗ := arg min{cij : i = 1, 2, . . . , n} (breaking ties by ϕ(i) = 0);
vj := ci∗j ;
if ϕ(i∗) = 0 then

ϕ(i∗) := j , row(j) := i∗, ui∗ := 0, next_j (i∗) := j + 1
endif

endfor;
comment: row reduction and enlarged partial feasible solution;
for i := 1 to n do if ϕ(i) = 0 then

j∗ := arg min{cij − vj : j = 1, 2, . . . , n} (breaking ties by row(j) = 0);
ui := cij∗ − vj∗ ;
if row(j ∗) = 0 then found := true else found := false;
while (not found and j∗ ≤ n) do

if cij∗ − ui − vj∗ = 0 then
r := row(j ∗), j := next_j (r);
while (not found and j ≤ n) do

if (row(j) = 0 and crj − ur − vj = 0) then
row(j) := r , ϕ(r) := j , found := true

else j := j + 1;
next_j (r) := j + 1

endwhile
endif;
if not found then j∗ := j ∗ + 1

endwhile;
if found then row(j ∗) := i, ϕ(i) := j∗, next_j (i) := j ∗ + 1

endfor

Example 4.12. Consider the input matrix C below.

1 6 2 4⎛⎜⎜⎝
7 9 10 12
2 8 7 9
1 6 7 11
3 6 2 4

⎞⎟⎟⎠
C

⎛⎜⎜⎝
6 3 8 8
1 2 5 5
0 0 5 7
2 0 0 0

⎞⎟⎟⎠ .
C̃ = (cij − vj )

Observe that Procedure Basic_preprocessing (Algorithm 4.1) would terminate with
ϕ = (1, 0, 0, 3) and row = (1, 0, 4, 0). At the end of the first phase of Three_edge_pre-
processing we have v = (1, 6, 2, 4), ϕ = (0, 0, 1, 2), row = (3, 4, 0, 0), u =
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(−, −, 0, 0), and next_j = (−, −, 2, 3). Matrix C̃ = (cij − vj ) has the current partial
assignment shown by the underlined zeroes.

At the first iteration of the second phase we have i = 1, j∗ = 2, r = 4, and the
inner “while” loop finds an alternative assignment for j = 3, thus enlarging the current
solution. We obtain ϕ = (2, 0, 1, 3), row = (3, 1, 4, 0), u = (3, −, 0, 0), and
next_j = (3, −, 2, 4). The next iteration sets u2 = 1, but is unable to further enlarge the
solution.

In the Jonker andVolgenant [392] algorithm, preprocessing is by far the most important
and time-consuming phase. The high computational effectiveness of this algorithm mainly
comes from the fact that in many cases the resulting initial partial solution has a number of
assignments very close to n, so the shortest path phase obtains the optimal solution within
few iterations. The initialization consists of three steps. The first one is a column reduction,
performed as in the first part of Algorithm 4.11, but with statement “for j := 1 to n do”
replaced by “for j := n down to 1 do”. (By scanning the columns in reverse order, the
low indexed columns are most likely to remain unassigned: During subsequent row scans,
in case of ties, the first row minimum is more likely to produce a new assignment.) The
second step is a reduction transfer procedure, given in Algorithm 4.12, which updates the
dual variables v associated with the currently assigned columns in such a way that each
assigned row has the minimum reduced cost in at least two different columns. In this way,
in the third step it will be easier to move a row assignment in order to enlarge the solution.
Note that dual variables u are not explicitly maintained: For any assignment (i, ϕ(i)) the
value of ui is assumed to be ciϕ(i) − vϕ(i).

Algorithm 4.12. Procedure Reduction_transfer.
Jonker and Volgenant Reduction transfer.

UR := ∅; [comment: unassigned rows]
for i := 1 to n do

if ϕ(i) > 0 then
c∗ := min{cij − vj : j = 1, 2, . . . , n, j �= ϕ(i)};
vϕ(i) := vϕ(i) − c∗

else UR := UR ∪ {i}
endfor

The third step of the Jonker and Volgenant preprocessing is an augmenting row re-
duction procedure, shown in Algorithm 4.13. For each row i ∈ UR (the set of unassigned
rows), one or more iterations are performed. At each iteration, the minimum and second
minimum reduced costs in row i are compared. If their values are different, the dual vari-
able v corresponding to the minimum is updated so that the two resulting reduced costs
are equal and row i is assigned to the column, say, j , corresponding to the minimum: if j
was previously unassigned the next row of UR is considered; otherwise, a new iteration is
performed for the row previously assigned to j . If instead the minimum and second mini-
mum reduced costs in row i are equal, row i is assigned either to the column corresponding
to the minimum, if such column is unassigned, or to the one corresponding to the second
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1 6 2 4⎛⎜⎜⎝
6 3 8 8
1 2 5 5
0 0 5 7
2 0 0 0

⎞⎟⎟⎠
(a)

1 3 2 4⎛⎜⎜⎝
6 6 8 8
1 5 5 5
0 3 5 7
2 3 0 0

⎞⎟⎟⎠
(b)

-2 3 2 4⎛⎜⎜⎝
9 6 8 8
4 5 5 5
3 3 5 7
5 3 0 0

⎞⎟⎟⎠
(c)

Figure 4.5. Values cij − vj in Augmenting_row_reduction with ı̂ = 1.

minimum otherwise, and in both cases the next row of UR is considered. Note that in the
second case no attempt is made to reassign the deassigned row, in order to avoid possible
cycling.

Algorithm 4.13. Procedure Augmenting_row_reduction.
Jonker and Volgenant Augmenting row reduction.

for each ı̂ ∈ UR do
i := ı̂;
repeat

f := arg min{cij − vj : j = 1, 2, . . . , n}, uf := cif − vf ;
s := arg min{cij − vj : j = 1, 2, . . . , n, j �= f }, us := cis − vs ;
j := f ;
if uf < us then vf := vf − (us − uf )
else if row(f ) > 0 then j := s;
r := row(j), row(j) := i, ϕ(i) := j , i := r;
if r > 0 then ϕ(r) := 0;

until (uf = us or r = 0)
endfor

The effect of Procedure Augmenting_row_reduction is to increase the number of
assignments through a series of alternating paths that, within a “for each” iteration, are
not necessarily simple paths as usual, but may even reverse direction and be extended by
rows and columns visited before. It follows that the procedure is formally non-polynomial,
as exit from the “repeat-until” loop only occurs when either an augmenting path has been
obtained or the first and second reduced costs are equal. Since there are O(n) “for each”
iterations, the time complexity of Augmenting_row_reduction is O(n3C), where C denotes
the maximum cij value. This time complexity could be reduced to O(n3) by limiting to n
the number of allowed path extensions, although, as already observed in [392], this number
is not even approached in practice. In their original implementation Jonker and Volgenant
apply Augmenting_row_reduction twice.

Example 4.13. Consider again Example 4.12. The initial column reduction produces
v = (1, 6, 2, 4), ϕ = (0, 0, 2, 4), and row = (0, 3, 0, 4). Figure 4.5(a) shows
the reduced matrix (with values vj in row zero) and the current assignment (underlined).
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-3 3 2 4⎛⎜⎜⎝
10 6 8 8

5 5 5 5
4 3 5 7
6 3 0 0

⎞⎟⎟⎠
(a)

-3 2 2 4⎛⎜⎜⎝
10 7 8 8

5 6 5 5
4 4 5 7
6 4 0 0

⎞⎟⎟⎠
(b)

-3 1 2 4⎛⎜⎜⎝
10 8 8 8

5 7 5 5
4 5 5 7
6 5 0 0

⎞⎟⎟⎠
(c)

-4 1 2 4⎛⎜⎜⎝
11 8 8 8
6 7 5 5
5 5 5 7
7 5 0 0

⎞⎟⎟⎠
(d)

Figure 4.6. Values cij − vj in Augmenting_row_reduction with ı̂ = 2.

Since both assigned rows have zero reduced costs in at least two columns, the only effect
of Procedure Reduction_transfer is to define UR = {1, 2}. The first iteration of Aug-
menting_row_reduction is thus executed for ı̂ = 1. The “repeat-until” loop executes the
following iterations:

i = 1: uf = 3, us = 6, v2 = 3, ϕ = (2, 0, 0, 4), row = (0, 1, 0, 4), Figure 4.5(b);

i = 3: uf = 0, us = 3, v1 = −2, ϕ = (2, 0, 1, 4), row = (3, 1, 0, 4), Figure 4.5(c).
The second iteration of Augmenting_row_reduction is executed for ı̂ = 2. The

“repeat-until” loop executes the following iterations:

i = 2: uf = 4, us = 5, v1 = −3, ϕ = (2, 1, 0, 4), row = (2, 1, 0, 4), Figure 4.6(a);

i = 3: uf = 3, us = 4, v2 = 2, ϕ = (0, 1, 2, 4), row = (2, 3, 0, 4), Figure 4.6(b);

i = 1: uf = 7, us = 8, v2 = 1, ϕ = (2, 1, 0, 4), row = (2, 1, 0, 4), Figure 4.6(c);

i = 3: uf = 4, us = 5, v1 = −4, ϕ = (2, 0, 1, 4), row = (3, 1, 0, 4), Figure 4.6(d);

i = 2: uf = us = 5, ϕ = (2, 3, 1, 4), row = (3, 1, 2, 4) (optimal assignment).
Note that the alternating path produced by the second iteration is not a simple one, as

it visits, in sequence, row vertices 2, 3, 1, 3, 2.

Both Procedures Reduction_transfer and Augmenting_row_reduction are closely re-
lated to the original auction method proposed in Bertsekas [86], as is discussed in Sec-
tion 4.6.3.

Hao and Kocur [362] proposed a preprocessing approach operating in two steps. Step 1
starts by computing reduced costs as in Procedure Basic_preprocessing (Algorithm 4.1), and
then finds a maximum cardinality matching in the bipartite partial graph G0 = (U, V ;E0)

that only contains zero cost edges through the algorithm by Chang and McCormick [180].
Step 2 adjusts the costs according to heuristic rules and uses again the maximum cardinality
matching algorithm to make new assignments. The approach was computationally tested
against the one by Jonker and Volgenant, and it turned out that it is more effective only on
random problems with small cost ranges.

Kindervater, Volgenant, de Leve, and van Gijlswijk [417] gave a simple approach to
generate alternative dual solutions through shortest path computations.

Computer codes implementing shortest path approaches in various languages are
available in the public domain (see Section 4.9). The Algol implementation can be found in
Bhat and Kinariwala [96]. The listing of a Fortran implementation is given in Burkard and
Derigs [145]. Another Fortran implementation is included in the diskette accompanying



book
2008/12/11
page 104

104 Chapter 4. Linear Sum Assignment Problem

Carpaneto, Martello, and Toth [165]. A Pascal code is given as a listing in Volgenant [647],
where it is computationally compared with the algorithms by Carpaneto and Toth [169] and
Jonker and Volgenant [392]. Pascal, Fortran, and C++ implementations of the Jonker and
Volgenant procedures are discussed in [394].

4.5 Primal algorithms
In this section we consider methods that directly solve the primal problem and are grouped
into two categories: Specializations of the primal-simplex algorithm and approaches that
cannot be reconducted to pure simplex methods. For both categories, some of the methods
we review were developed for the famous Hitchcock-Koopmans transportation problem (see
Hitchcock [369]), of which LSAP is a special case. Given a bipartite graphG = (U, V ;E)
with costs cij associated with edges [i, j ] (i, j = 1, 2, . . . , n), let the vertices i ∈ U

represent sources capable of supplying positive integer amounts ai and the vertices j ∈ V
represent sinks having positive integer demands bj . Further assume that

∑
i ai =

∑
j bj .

The transportation problem is to find the least cost transportation pattern from the sources
to the sinks. It follows that the special case where all the supply amounts and the demands
are equal to one coincides with LSAP.

Dantzig [211] gave a specialization of the simplex algorithm to network problems,
which is the starting point for all simplex-based algorithms for LSAP. Several specializations
to the transportation problem were developed in the early 1970s, see, e.g., Glover, Karney,
and Klingman [323] and Glover, Karney, Klingman, and Napier [324]. Gavish, Schweitzer,
and Shlifer [305] gave computational results on the effect of various pivoting rules on the
number of degenerate pivots in the solution of LSAP.

From a practical point of view, the primal algorithms are generally less efficient
than other approaches such as, e.g., the shortest path algorithms. They hold, however,
considerable theoretical interest for the insight they provide into some relations between
LSAP and linear programming. We begin our review with non-simplex algorithms, that
have been the first primal algorithms developed since the 1960s for LSAP.

4.5.1 Non-simplex algorithms

Two main primal non-simplex approaches have been developed for LSAP, by Balinski and
Gomory [64] and Srinivasan and Thompson [621], respectively.

The first polynomial primal algorithm for LSAP was proposed in 1964 by Balinski
and Gomory [64]. The algorithm starts with a primal feasible solution X = (xij ) and an
(infeasible) dual solution u, v satisfying the complementary slackness conditions (4.8):

xij (cij − ui − vj ) = 0 (i, j = 1, 2, . . . , n).

Given the current pair of solutions (X, (u, v)), let F = {[i, j ] ∈ E : ui + vj ≤ cij } be
the set of edges of G = (U, V ;E) with nonnegative reduced cost. If F ≡ E, the current
solution pair is optimal. Otherwise, an edge [k, l] ∈ E \ F is selected and a new pair
(X′, (u′, v′)) is obtained such that either
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(i) X′ has a lower primal solution value than X and (u′, v′) satisfies

u′i + v′j ≤ cij ∀ [i, j ] ∈ F and u′k + v′l ≤ ckl (4.21)

(i.e., the new pair is better both for the primal and the dual) or

(ii) X′ ≡ X and (u′, v′) satisfies

u′i + v′j ≤ cij ∀ [i, j ] ∈ F and u′k + v′l < uk + vl (4.22)

(i.e., the new pair is unchanged for the primal and better meets the constraints of the dual).
At each iteration, given the selected edge [k, l]with negative reduced cost, a procedure

equivalent to Alternate(k) (Algorithm 4.2) is executed to build an alternating tree rooted at
vertex l ∈ V . If vertex k ∈ U is reached, the assigned and unassigned edges along the path
from k to l are interchanged, row k is assigned to column l, and the value of vl is updated
so that the complementary slackness conditions and (4.21) hold. If instead vertex k is not
reached, a dual updating similar to that of the Hungarian algorithm is performed so that
(4.22) holds while the primal solution is left unchanged.

It is proved in [64] that, with an appropriate choice of edge [k.l], the number of
iterations is bounded by O(n2). The overall time complexity of the Balinski and Gomory
approach is thus O(n4).

Another primal algorithm was proposed by Klein [421]. It operates on the network
flow model discussed in Section 4.4.1 by maintaining a feasible flow and iteratively elim-
inating negative cycles. This is the first cycle canceling algorithm, one of the principal
techniques for solving minimum cost flow problems (see Ahuja, Magnanti, and Orlin [11]).

In the 1970s Cunningham and Marsh [208] generalized this primal algorithm to solve
the minimum weight perfect matching problem in a general graph using the techniques
introduced in the 1960s by Edmonds [247, 246].

Srinivasan and Thompson [621] derived from their previous work on an operator the-
ory of parametric programming for the transportation problem (see Srinivasan and Thomp-
son [619, 620]) two different primal algorithms, called the cell and the area cost operator
algorithms. Both start with a dual feasible solution u, v obtained as in Procedure Ba-
sic_preprocessing (see Algorithm 4.1) and a primal basic solution X. A new problem is
then defined by setting ĉij = ui+vj if xij = 1 and ĉij = cij otherwise. In this way, the pair
(X, (u, v)) satisfies the complementary slackness conditions and, hence, is optimal for the
modified problem but not for the original one. After this initialization phase, both algorithms
perform a series of iterations in order to change back the costs to their original values. At
each iteration the current costs and the current primal and dual solutions are updated in such
a way that optimality is preserved. The two approaches basically differ only in the way this
updating is performed. The cell cost operator algorithm modifies just one cost (a cell) at
a time, while the area cost operator algorithm simultaneously modifies several costs (an
area). Srinivasan and Thompson [621] proved that both algorithms solve LSAP in at most
n(2n+ 1)− 1 iterations. Akgül [18] conjectured that they can be implemented so as to run
in O(n3) time.



book
2008/12/11
page 106

106 Chapter 4. Linear Sum Assignment Problem

4.5.2 Simplex-based algorithms

Let us consider the linear problem associated with LSAP (see Section 4.1.1). It has been
shown in Proposition 2.23 that there is a one-to-one correspondence between primal (integer)
basic solutions and spanning trees on the associated bipartite graphG = (U, V ;E). Given
any basic feasible solution, the associated spanning tree T consists of the 2n − 1 edges
[i, j ] corresponding to the basic columns (see Proposition 2.22). It is not difficult to obtain
a dual solution satisfying the complementary slackness conditions. Starting with a root
r ∈ U , we set ur = 0, then vj := cij − ui for all edges [i, j ] ∈ T for which ui has been
defined, then ui := cij − vj for all edges [i, j ] ∈ T for which vj has been defined, and so
on (see also Procedure Compute_Dual(T , r) in Algorithm 4.14 below). If the reduced costs
corresponding to the edges of E \ T are nonnegative, the basis is optimal. Otherwise, a
simplex-based algorithm inserts in the basis an edge [i, j ] ∈ E \ T with negative reduced
cost and removes from the basis an edge belonging to the unique circuit produced by the
addition of [i, j ] to T .

It is known from linear programming that the classical Dantzig rule [211], which se-
lects the variable with the most negative reduced cost as the entering variable, experimentally
proves to be very efficient, but can endlessly cycle when degenerate bases are encountered.
Three main techniques can be employed to face this unwanted behavior. Perturbation and
lexicographic methods, which however involve additional numerical computation, and the
Bland rule [102], which has the drawback of imposing the choice of the new basic variable
independently of the magnitude of the corresponding reduced cost. As we will see in the
following, for LSAP it is possible to avoid cycling by just keeping specially structured bases.

Remember that the linear problem associated with LSAP has 2n − 1 rows and n2

columns and that any primal feasible basic solution has exactly n variables with non-zero
value and, hence, is highly degenerate (see Proposition 2.26). This zero pivot phenomenon
was studied by Dantzig [211], Balinski [60], and Gavish, Schweitzer, and Shlifer [305].
Degeneracy is the main reason why the first simplex-based algorithms for LSAP required
exponential time. Barr, Glover, and Klingman [68] reported computational testings showing
that approximately 90 percent of the simplex pivots may be degenerate for LSAP instances.

The main result towards the definition of a polynomial simplex-based algorithm for
LSAP was the definition of a subset of bases/trees, which was independently given in the
mid-1970s by Cunningham [205] and by Barr, Glover, and Klingman [68]. These are
denoted as strongly feasible trees in [205] and alternating path bases in [68].

Definition 4.14. Given a tree T in G = (U, V ;E), define a vertex r ∈ U as the root. We
will say that an edge e = [i, j ] ∈ T is odd (resp., even) if the (unique) path emanating from
r and having e as its terminal edge contains an odd (resp., even) number of edges.

Definition 4.15. Given a feasible solution X, a tree T in G = (U, V ;E) rooted at r ∈ U
is a strongly feasible tree if xij = 1 for all odd edges [i, j ] ∈ T and xij = 0 for all even
edges [i, j ] ∈ T .

A feasible solution and the corresponding strongly feasible tree are shown by the solid lines
of Figure 4.7, where the round vertices are the sources (set U ), the square vertices are the
sinks (set V ), and the root r is source number 3: Thick lines represent the solution (xii = 1
for i = 1, 2, 3, 4) and thin lines the other edges of the tree. (Disregard for the moment the
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1 1

2 2

3 3

4 4

forwardbackward

cross

r

2 2 1 1

3 3

4 4

forward

backward

cross

(a) (b)

Figure 4.7. (a) Strongly feasible tree on G; (b) an easier view.

dashed lines.) In Figure 4.7(a), solution and tree are depicted on the usual bipartite graph
G = (U, V ;E), while in Figure 4.7(b), they are depicted in a way that makes it easier to
recognize the tree.

Observe that, from Definition 4.15, we immediately have the following.

Proposition 4.16. In any strongly feasible tree T the root has degree one and every other
vertex of U has degree two.

Three kinds of non-tree edges are important.

Definition 4.17. An edge [i, j ] ∈ E \ T with i ∈ U and j ∈ V is a forward edge if i lies
on the path that connects r to j in T , is a backward edge if j lies on the path that connects
r to i in T , and is a cross edge if it is neither forward nor backward.

Examples of forward, backward, and cross edges are depicted as dashed lines in
Figure 4.7. Two main results, developed in [205] and [68], hold when pivoting from a
strongly feasible tree T .

Theorem 4.18. (Cunningham [205], 1976; Barr, Glover, and Klingman [68], 1977.) Let
T be a strongly feasible tree for an instance of LSAP. Then

1. given any edge [i, j ] ∈ E \ T with i ∈ U and j ∈ V , let C(T , [i, j ]) be the unique
circuit in T ∪{[i, j ]} and let [i, l] be the unique other edge incident to i in this circuit:
Then T \{[i, l]}∪{[i, j ]} is a strongly feasible tree (corresponding to the new solution
obtained through a pivot operation involving edges [i, j ] and [i, l]);

2. a pivot performed as in 1 is non-degenerate if and only if [i, j ] is a forward edge.

Suppose for example that backward edge [i, j ] = [1, 3] of Figure 4.7 is selected for
pivoting. According to 1 above, we have [i, l] = [1, 2] and a degenerate pivoting producing
the new strongly feasible tree shown in Figure 4.8 that corresponds to an unchanged solution.
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1 1

2 2

3 3

4 4

r

1 1

2 2

3 3

4 4

Figure 4.8. Degenerate pivoting on a backward edge.

1 1

2 2

3 3

4 4

r

2 1 1 2

3 3

4 4

Figure 4.9. Non-degenerate pivoting on a forward edge.

If instead forward edge [i, j ] = [2, 1] of Figure 4.7 is selected for pivoting, we have
[i, l] = [2, 2] and a non-degenerate pivot producing the new solution shown in Figure 4.9.

A simplex algorithm that starts with a strongly feasible tree and only performs (degen-
erate or non-degenerate) pivots producing strongly feasible trees can thus be outlined as in
Algorithm 4.14. Given a feasible primal solution X, a corresponding strongly feasible tree
T , and a root r ∈ U , the inner Procedure Compute_Dual(T , r) starts by arbitrarily fixing
the value of dual variable ur to zero. The tree is then traversed and, for each encountered
vertex, the corresponding dual variable takes the unique value that produces zero reduced
cost. In the “while” loop of Algorithm Primal_simplex, if the reduced costs corresponding
to the edges ofE \T are nonnegative, we know that the basis corresponding to T is optimal
and terminate. Otherwise, a simplex pivot inserts in the basis an edge [i, j ] ∈ E \ T such
that cij −ui−vj < 0 and removes from the basis the unique other edge [i, l] ∈ C(T , [i, j ]).
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If the pivot is non-degenerate, the primal solution X is updated by complementing the
assignments along the alternating cycle C(T , [i, j ]).

Algorithm 4.14. Primal_simplex.
Strongly feasible trees.

find any feasible primal solution X = [xij ];
let T be a strongly feasible tree corresponding to X, and r any vertex of U ;
Compute_Dual(T , r);
while E := {[i, j ] ∈ E : cij − ui − vj < 0} �= ∅ do

select an edge [i, j ] ∈ E (with i ∈ U and j ∈ V );
let [i, l] be the unique edge of C(T , [i, j ]) incident to i with l �= j ;
if xil = 1 then [comment: non-degenerate pivoting]

for each [h, k] ∈ C(T , [i, j ]) do xhk := 1− xhk
endif
update T as T := T \ {[i, l]} ∪ {[i, j ]}, and let r be any vertex of U ;
Compute_Dual(T , r)

endwhile

Procedure Compute_Dual(T , r)
orient the edges of T away from the root r;
ur := 0;
for each edge [i, j ] encountered starting from r and traversing T do

if i ∈ U then vj := cij − ui else uj := cji − vi

Example 4.19. Given the cost matrix

C =

⎛⎜⎜⎝
4 3 2 4
3 3 4 5
8 4 2 4
5 6 4 3

⎞⎟⎟⎠ ,
let us start with solution xii = 1 (i = 1, 2, . . . , 4) and the associated strongly feasible tree
depicted in Figure 4.7 with root r = 3. By executing Procedure Compute_Dual we obtain
u = (2, 2, 0, 2), v = (2, 1, 2, 1), E = {[1, 3], [2, 1]} with c13 = −2 and c21 = −1. By
adopting the Dantzig rule, backward edge [i, j ] = [1, 3] is selected, so we have [i, l] = [1, 2]
and a degenerate pivot producing the tree of Figure 4.8.

The next execution of Compute_Dual gives u = (0, 2, 0, 2), v = (4, 1, 2, 1), E =
{[2, 1], [4, 1]} with c21 = −3 and c41 = −1. We select cross edge [i, j ] = [2, 1], so
[i, l] = [2, 3] and another degenerate pivot is performed, producing the tree of Figure 4.10.
We then obtainu = (0,−1, 0, 2), v = (4, 4, 2, 1),E = {[1, 2], [4, 1]}with c12 = c41 = −1.

Forward edge [i, j ] = [1, 2] is now selected, so we have [i, l] = [1, 1]. A non-
degenerate pivot produces the tree of Figure 4.11. Compute_Dual then givesu = (0, 0, 0, 2),
v = (3, 3, 2, 1), and E = ∅, so the algorithm terminates with the optimal solution
x12 = x21 = x33 = x44 = 1. Note that this is the same primal solution embedded in the tree
of Figure 4.9, for which Compute_Dual would give u = (3, 2, 0, 2), v = (1, 0, 2, 1), and
E = {[1, 3]} with c13 = −3. Hence, a series of degenerate pivots would be necessary to
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Figure 4.10. Intermediate solution of Example 4.19.
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Figure 4.11. Final solution of Example 4.19.

prove optimality. It can be seen that even a change of root would not allow one to compute
dual variables satisfying c13 ≥ 0.

It is proved in [205] and [68] that no tree can be repeated in the (degenerate) sequence
of strongly feasible trees visited for any feasible solution. Hence, the algorithm will not
cycle and it will obtain the optimal solution in a finite number of pivots, regardless of which
edge with negative reduced cost is chosen to be the entering edge, and without any reliance
on perturbation or lexicographic ordering. However, each feasible solution can correspond
to 2 (2n)n−2 trees, i.e., the time complexity for any feasible solution is non-polynomial.
Cunningham [206] proved that use of specific rules for the selection of the entering edge
[i, j ] reduces to O(n2) the number of strongly feasible trees visited at any extreme point.
The overall time complexity of the resulting algorithm remains, however, non-polynomial.

A similar result had been obtained a few years earlier by Komáromi [402], who
introduced “bases of special structure,” which turn out to be strongly feasible trees. He
proposed an iterative method that considers cost matrices of increasing size. At each iteration
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i (i = 1, 2, . . . , n) an optimal basis of the LSAP associated with the first i − 1 rows
and columns of matrix C is at hand and the matrix is enlarged by adding the ith row
and column. The basis is reoptimized through standard primal simplex pivots. Due to
the special structure of the basis, at most O(n2) degenerate pivots can occur before the
objective function decreases. The overall algorithm thus has the same time complexity as
the Cunningham [206] method. Unfortunately, the Komàromi paper has been ignored for
tens of years.

Polynomial-time primal simplex algorithms were obtained in the 1980s. Hung [381]
combined a modified version of the Cunningham rule with the Dantzig rule, ensuring a
number of pivots bounded by O(n3 log�), where � is the difference between the initial
and final solution values. The actual time complexity of the overall algorithm depends on
the computational effort for implementing the edge selection rule (that amounts to O(n3)

time per pivot in Hung’s implementation).
The presence of log� makes the Hung algorithm weakly polynomial. A strongly

polynomial primal simplex algorithm was obtained by Orlin [514], who showed that it is
possible to perturbate the given costs to obtain an equivalent problem for which the number
of pivots has the same upper bound that it has for the original problem if the Dantzig rule is
employed. The resulting algorithm performs at mostO(n2 log�) pivots, with� (defined as
above) bounded by 4n(n!)2, i.e., at mostO(n3 log n) pivots. Note, however, that a strongly
polynomial version of the Cunningham [206] algorithm, requiringO(n3) pivots andO(n5)

time, had been proposed a few years before by Roohy-Laleh [589] in an unpublished Ph.D.
thesis.

A different weakly polynomial primal simplex algorithm was obtained by Ahuja and
Orlin [12] through a pivot rule that can be regarded as a scaling version of the Dantzig
rule. Assuming that the costs are positive integers, they start by defining a threshold value
ε = 2�log C�, where C denotes the maximum cij value. The pivot rule is to select for pivoting
any edge [i, j ] having reduced cost cij ≤ −ε/2. When there is no edge satisfying this
condition, ε is halved and the process is iterated until ε < 1, i.e., the current basis is
optimal. The algorithm solves LSAP in O(n2 log C) pivots and O(nm log C) time, where
m denotes the number of edges in graph G = (U, V ;E).

The primal simplex approach with best time complexity was designed in the 1990s
by Akgül [19]. The algorithm operates on primal feasible bases corresponding to strongly
feasible trees and adopts the Dantzig rule. Its main peculiarity is the use of a sequence of
2n subgraphs of G with an increasing number of edges, the last of which is the original
graph G itself. At each iteration a complete basis for the original problem is maintained
and a new subgraph is obtained from the previous one by adding a subset of the edges
incident to a specified vertex. More precisely, the algorithm starts with a tree T0 consisting
of a single alternating path in G = (U, V ;E), rooted at some vertex r . The first subgraph
is G0 = (U, V ; T0), and the starting basis is optimal for it. At each iteration, the current
subgraph is enlarged by considering the next vertex, say, i, in path T0. All edges [i, j ] such
that j precedes i in the path from r to i along T0 are added to the subgraph, and a series of
pivots transforms the current basis into an optimal one for the new subgraph. The algorithm
is based on an analysis of the structure of the set of vertices whose corresponding dual
variables are updated during such pivots (cut-sets). It is proved that (i) cut-sets are disjoint;
and (ii) edges whose source vertex is in a cut-set are dual feasible for all subgraphs that
are considered afterwards. In addition, each vertex is subject to at most one dual variable



book
2008/12/11
page 112

112 Chapter 4. Linear Sum Assignment Problem

update per iteration and, when the considered vertex i is a sink, the new solution is obtained
through at most one pivot. It follows that a pair of consecutive iterations can be performed
with at most k + 2 pivots, where k is the number of pairs of iterations performed so far,
from which a bound n(n+ 3)/2− 4 on the number of pivots is derived. The algorithm can
be implemented with no special data structure to run inO(n3) time for dense matrices. For
sparse matrices, use of the dynamic trees by Sleator and Tarjan [613] and of the Fibonacci
heaps by Fredman and Tarjan [278] leads to an O(n2 log n+ nm) time complexity.

4.6 Dual algorithms
In this section we consider methods that evolve an optimal but infeasible solution until it
becomes feasible. Similarly to what we did for the primal algorithms of Section 4.5, these
methods will be grouped into two categories: specializations of the dual-simplex algorithm
and approaches that cannot be directly reconducted to the simplex method. Non-simplex
algorithms have been the first dual algorithms for LSAP.

4.6.1 Non-simplex algorithms

The treatment of the first algorithm that has a dual nature has been anticipated in Section
4.3 due to its relations with the Hungarian algorithm and the shortest path methods. Indeed
the 1969 algorithm by Dinic and Kronrod [235] maintains an infeasible solution in which
all rows are assigned, while some columns are either unassigned or multiply assigned, and
a corresponding optimal dual solution. At each iteration, an unassigned column is assigned
and the dual solution is correspondingly updated through a shortest alternating path until
the solution becomes feasible.

In 1980 Hung and Rom [382] proposed an algorithm based on the same relaxation
of LSAP, namely, the one defined by (4.1), (4.2), and (4.4). Algorithm 4.15 starts by
assigning each row to a column with minimum cost in that row. At any iteration (i) a basis
is constructed as a shortest path tree spanning all row vertices and column vertices having
one or more assignments; (ii) an unassigned column vertex j ∗ is selected and assigned at
minimum reduced cost to a row vertex i∗; and (iii) assigned and unassigned edges along
the alternating path in the tree that connects i∗ to a multiply assigned column vertex are
interchanged.

Algorithm 4.15. Hung_Rom.
Hung–Rom algorithm.

comment: initialization;
define (xij ) by assigning each row to a column with minimum cost in that row;
let V0, V1 and V2 be the sets of column indexes (vertices of V ) having, respectively,

no row assigned, one row assigned, and two or more rows assigned;
for j := 1 to n do vj := 0;
while V0 �= ∅ do

comment: construction of the basis tree;
select a column r ∈ V2 as the root, and set vr := 0;
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Figure 4.12. First cycle of Example 4.20.

for each i ∈ U : xir = 1 do ui := cir ;
initialize the basis tree with the edges [i, r] such that xir = 1;
while V 12 := {columns of V1 ∪ V2 that are not in the tree} �= ∅ do

for each column j ∈ V 12 do μj := min{cij − ui : row i is in the tree};
select ĵ ∈ V 12 with minimum μj − vj and set vĵ := μĵ ;
add [ı̂, ĵ ] to the tree, where ı̂ is the row vertex determining μĵ ;
for each i ∈ U : xiĵ = 1 do ui := ciĵ − vĵ and add [i, ĵ ] to the tree

endwhile;
comment: enforcing violated constraints;
select j ∗ ∈ V 0 and set i∗ := arg mini∈U {cij∗ − ui}, vj∗ := ci∗j∗ − ui∗ ;
let P be the path connecting i∗ to a column of V2 (in the direction of r);
interchange assigned and unassigned edges along P , and set xi∗j∗ := 1;
update V0, V1 and V2

endwhile

For the sake of simplicity, in the inner “while” loop we have assumed that theμj values
are computed from scratch at each iteration. This phase can, however, be implemented, in a
Dijkstra-like fashion, so that the whole μj computation requiresO(n2) time. Since at each
cycle (outer “while” loop iteration) a new vertex leaves V0, the overall time complexity of
Algorithm Hung_Rom is O(n3).

Example 4.20. We refer to the numerical instance used for the Dinic–Kronrod algorithm
(Example 4.9). Consider the cost matrix shown in Figure 4.12. The u and v values are
shown on the left and on the top, respectively, and the figures in brackets refer to subsequent
phases of the cycle.

The initialization phase determines the assignment shown by the underlined entries,
with V0 = {2, 4}, V1 = {3}, V2 = {1}, and v = (0, 0, 0, 0). In the first cycle, the basis tree
is initialized with r = 1 and the three edges emanating from it, as shown in the bipartite
graph of Figure 4.12, with u = (7, 2, 1,−) and V 12 = {3}. We then obtainμ3 = 8−7 (row
1), ĵ = 3, v3 = 1, and edge [1, 3] is added to the tree. We set u4 = 1 and add edge [4, 3],
thus completing the basis tree. We now enforce the unassigned column j∗ = 2: i∗ = 1,
v2 = 9− 7, P = {[1, 1]}, x11 = 0, x12 = 1, with V0 = {4}, V1 = {2, 3}, V2 = {1}.
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Figure 4.13. Second cycle of Example 4.20.

In the second cycle, shown in Figure 4.13, the basis tree is initialized with r = 1
and the two edges emanating from it, with u = (7, 2, 1, 1) and V 12 = {2, 3}. At the first
iteration we obtainμ2 = 6−1 (row 3),μ3 = 5−2 (row 2), ĵ = 3, v3 = 3, and edge [2, 3] is
added to the tree. We set u4 = −1 and add edges [4, 3], obtaining V 12 = {2}. At the second
iteration we have ĵ = 2, v2 = 5, u1 = 4, and edges [3, 2] and [1, 2] complete the basis tree.
The unassigned column j ∗ = 4 is enforced: i∗ = 4, v4 = 3, P = {[4, 3], [2, 3], [2, 1]},
x43 = 0, x23 = 1, x21 = 0, x44 = 1. Since we now have V0 = ∅, an optimal solution has
been obtained.

The main difference between the Hung–Rom algorithm and the Dinic–Kronrod al-
gorithm is in the way the alternating path connecting a vertex j ∗ ∈ V0 to a vertex of V2

is obtained. While Hung and Rom compute the whole shortest path tree which spans the
vertices of U ∪ V1 ∪ V2, Dinic and Kronrod determine only the shortest path from j ∗ to
the first vertex of V2. In this sense, the Dinic–Kronrod algorithm can be considered more
effective than the Hung–Rom algorithm.

4.6.2 Simplex-based algorithms

The signature method, proposed in the mid-1980s by Balinski [62], is the most famous
dual algorithm for LSAP, although, as is shown later, it cannot be considered a “pure”
dual simplex algorithm. The method is related to the strongly feasible trees introduced by
Cunningham [205] and by Barr, Glover, and Klingman [68] (see Section 4.5.2) and is based
on the following definition of “signature.”

Definition 4.21. Given a spanning tree T in a bipartite graphG = (U, V ;E), the signature
of the tree is the vector d(T ) such that di(T ) is the degree of vertex i ∈ U in T (i =
1, 2, . . . , n). The number of 1’s in d(T ) is called the level of T .

We have already seen in Section 4.5.2 that any spanning tree in G admits, for any root
r ∈ U , a dual solution u, v satisfying cij − ui − vj = 0 for all edges [i, j ] ∈ T obtained,
e.g., as in Procedure Compute_Dual of Algorithm 4.14. If, in addition, cij − ui − vj ≥ 0
for all edges [i, j ] �∈ T , the tree is called a dual feasible tree. The signature method is based
on the following.
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Theorem 4.22. Consider an instance of LSAP and a dual feasible tree T in the associated
bipartite graph G = (U, V ;E). If dr(T ) = 1 for exactly one root vertex r ∈ U and
di(T ) = 2 for all vertices i ∈ U \ {r}, then the solution

xij = 1 for all odd edges [i, j ] ∈ T (4.23)

(see Definition 4.14), and xij = 0 for all other edges [i, j ] ∈ E, is optimal.

Proof. From Definition 4.15 and Proposition 4.16 it is easily seen that (i) T is a strongly
feasible tree; and (ii) X = (xij ) is a feasible primal solution. It follows that X and the dual
variables associated with T satisfy the complementary slackness conditions.

The signature method, shown in Algorithm 4.16, starts with a dual feasible tree T
of level n − 1, rooted at r = 1, and having signature d(T ) = (n, 1, . . . , 1), consisting of
edges [1, j ] (j = 1, 2, . . . , n) in T , plus n − 1 additional edges [i, j ] (i = 2, 3, . . . , n) of
minimum reduced cost, as the one shown by the solid lines in the bipartite graph of Figure
4.14. A series of cycles is then performed, each of which decreases by one the level of T
through a number of pivots, until a dual feasible tree of level 1 is obtained.

The signature of the initial tree of a cycle of level k is d1(T ) = k + 1, di(T ) = 1 for
exactly k vertices of U , and di(T ) = 2 for the remaining n− k − 1 vertices of U . The first
pivot decreases the degree of the root vertex r = 1 by 1 through removal of an edge [1, l]
([1, 1] in Figure 4.14) and increases that of another row vertex s∗ by 1 through addition of
an edge [s∗, l∗] ([2, 3] in Figure 4.14). Hence, if ds∗(T ) is equal to 2, we know that level
k− 1 has been reached and the cycle terminates. Otherwise, ds∗(T ) is equal to 3 and a new
pivot is performed to reduce the degree of s∗ by 1, and so on. The final cycle produces a
tree whose signature contains exactly one 1 and otherwise 2’s from which Theorem 4.22
provides the optimal primal solution.

A pivot removes from T an edge [s, l] such that both s and l have a degree of at least
2. Let T s and T l , with s ∈ T s and l ∈ T l , be the two resulting components (see again
Figure 4.14, where T l is shown by the thick edges). The new tree is obtained by computing

δ = min{cij − ui − vj : i ∈ U(T l), j ∈ V (T s)}, (4.24)

where, for a subtree T , U(T ), and V (T ) denote the sets of vertices i ∈ U and j ∈ V ,
respectively, such that [i, j ] ∈ T . Subtrees T s and T l are then rejoined through an edge
[s∗, l∗] for which δ is achieved (the dashed edge in Figure 4.14). The dual variables of the
vertices of T l are updated as{

ui := ui + δ for all i ∈ U(T l),
vj := vj − δ for all j ∈ V (T l). (4.25)

Since T is a dual feasible tree, we have δ ≥ 0. It can be seen that the choice of δ and (4.25)
guarantee that the new tree is dual feasible.
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Algorithm 4.16. Signature.
Balinski algorithm.

comment: initialization (dual feasible tree of level n− 1);
T := {[1, j ] : j = 1, 2, . . . , n}, u1 := 0;
for j := 1 to n do vj := c1j ;
for i := 2 to n do

j ∗ := arg min{cij − vj : j ∈ V }, ui := cij∗ − vj∗ , T := T ∪ {[i, j ∗]};
endfor
for k := n− 1 down to 2 do [comment: k = level of T ]
comment: decrease by 1 the level of the current tree;

select a row vertex t ∈ U with dt (T ) = 1 as the target, and set s := 1;
repeat

comment: dual pivoting;
let l be the first column vertex in the path connecting s to t in T ;
T := T \ {[s, l]}, and let T s , T l (s ∈ T s , l ∈ T l) be the resulting subtrees;
δ := min{cij − ui − vj : i ∈ U(T l), j ∈ V (T s)};
let [s∗, l∗] be an edge for which δ is achieved, and set T := T ∪ {[s∗, l∗]};
for each i ∈ U(T l) do ui := ui + δ;
for each j ∈ V (T l) do vj := vj − δ;
s := s∗

until ds(T ) = 2
endfor
comment: determine the optimal primal solution;
let r be the unique row vertex having dr(T ) = 1;
for each odd edge [i, j ] ∈ T do xij := 1 [comment: xij = 0 for all other edges]

It is easy to see that, within a cycle, no vertex s ∈ U can be involved more than once in
a pivot operation in which the leaving edge is incident to s. Hence, at most n− k pivots are
performed at level k, leading to an overall bound of (n− 1)(n− 2)/2 pivots. Each pivot, if
executed from scratch, requiresO(n2) operations for the computation of δ, hence, producing
an overall O(n4) time complexity. A better implementation, which attaches labels to the
vertices of U , was suggested by Cunningham [207] and Goldfarb [334]. In this way the
computational effort is reduced to O(n2) operations per level, thus giving an O(n3) time
complexity for the signature method.

Example 4.23. We refer to the numerical instance used for the Dinic–Kronrod and Hung–
Rom algorithms (Examples 4.9 and 4.20). Consider the cost matrix shown in Figure 4.14.
The initial dual feasible tree T of level 3, with signature d(T ) = (4, 1, 1, 1), is shown by
the solid lines in the bipartite graph. Here, too, the u and v values are shown, respectively,
on the left and on the top, with figures in brackets referring to subsequent phases of the
algorithm. At the beginning of the first cycle, we select row vertex t = 2 as the target
and we set s = 1. Hence l = 1 and [1, 1] is the pivoting edge. We have U(T l) = {2, 3}
and V (T s) = {2, 3, 4}, with subtree T l highlighted through thick lines. Then δ = 2 is
determined by [s∗, l∗] = [2, 3] (dashed edge), the dual variables are updated (values in
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Figure 4.14. First cycle of Example 4.23.
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Figure 4.15. Second cycle of Example 4.23.

brackets), and the cycle terminates since d(T ) = (3, 2, 1, 1) for the new tree T of level 2,
shown by the solid lines in the first bipartite graph of Figure 4.15.

At the second cycle we select row vertex t = 3 as the target. We set s = 1; hence,
l = 3, so [1, 3] is the pivoting edge. We now have U(T l) = {2, 3} and V (T s) = {2, 4},
with subtree T l shown by the thick lines in the first bipartite graph of Figure 4.15. The
value δ = 1 is then determined by [s∗, l∗] = [2, 4] (dashed edge), the dual variables are
updated (values in brackets), and we obtain d(T ) = (2, 3, 1, 1) for the new tree T shown
by the solid lines in the second bipartite graph of Figure 4.15. Since d2(T ) �= 2, the cycle
requires an additional pivoting. We have s = 2 and l = 1, so [2, 1] is the pivoting edge. We
obtain U(T l) = {3} and V (T s) = {2, 3, 4}, with subtree T l consisting of the unique edge
[3, 1] (the thick line in the second bipartite graph of Figure 4.15). Then δ = 0 is determined
by [s∗, l∗] = [3, 2] (dashed edge), the dual variables remain unchanged, and both the cycle
and the algorithm terminate since d(T ) = (2, 2, 2, 1) for the resulting new tree T of level 1.
The optimal primal solution is then computed as x44 = x12 = x23 = x31 = 1 and xij = 0
elsewhere.

Balinski [61] showed that the signature method may be used to prove that the Hirsch
conjecture (see Section 2.2) holds for dual transportation polyhedra.

We have seen in Section 4.6.1 that, some years before the signature method, Hung
and Rom [382] had proposed anotherO(n3) dual (non-simplex) algorithm in which a series
of relaxed problems is solved by updating the current solution through shortest paths until
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the semi-assignment becomes feasible. In 1987 Kleinschmidt, Lee, and Schannath [422]
proved that these two algorithms are equivalent. More specifically, they showed that, if row
and column nodes are interchanged in the description of one of the algorithms, then, under
some mild restrictions, the following properties hold.

(i) The Balinski algorithm can be started with the Hung–Rom initial tree, and con-
versely the Hung–Rom algorithm can be started with the Balinski initial tree. Suppose now
that both algorithms have reached the same current tree T .

(ii) Any tree T ′ constructed by the Hung–Rom algorithm (resp., by the Balinski al-
gorithm) in the next cycle can also be reached by the Balinski algorithm (resp., by the
Hung–Rom algorithm) in the next cycle.

Goldfarb [334] proposed another signature algorithm which solves a sequence of
subproblems, each larger than the preceding one, starting from a 1 × 1 problem. The
kth subproblem is defined by the first k rows and k columns of C. Given the optimal
solution to the k × k subproblem, the corresponding dual feasible tree having signature
(2, . . . , 2, 1) is extended to the (k + 1) × (k + 1) subproblem by assigning the (k + 1)th
row and column at minimum reduced cost. The new signature either remains optimal or
has the form (2, . . . , 2, 3, 2, . . . , 2, 1, 1). In the latter case, the dual pivoting of the Balinski
algorithm is executed. Since this step requiresO(k2) pivots instead ofO(n2), the resulting
algorithm has a smaller coefficient of n3.

Variants for solving sparse LSAPs in O(nm + n2 log n) time were also proposed by
Goldfarb [334].

Balinski [63] observed that the signature method cannot be considered a genuine dual
simplex method since a pivot may be made by deleting an edge [i, j ] with xij = 0. In
addition, the algorithm terminates only when a tree with the wanted signature (containing
exactly one 1 and otherwise 2’s) is obtained, hence, it may continue to pivot when an optimal
solution has been reached. In order to obtain a genuine dual simplex method, Balinski [63]
introduced the strongly dual feasible trees.

Definition 4.24. Given a primal solution X, a tree T inG = (U, V ;E) rooted at r ∈ U is
a strongly dual feasible tree if xij ≥ 1 for all even edges [i, j ] ∈ T and xij ≤ 0 for all odd
edges [i, j ] ∈ T which are not edges [r, j ] with dj (T ) = 1.

Note that the initial tree T of the signature method is strongly dual feasible since we can
determine the associated primal solution by setting xij = 1 for all edges of F = {[i, j ] ∈
T : i �= 1} (even edges), x1j = 1 −∑

[i,j ]∈F xij for all j ∈ V (odd edges), and xij = 0
otherwise. For the tree of Figure 4.14 we would obtain x21 = x31 = x44 = 1, x11 = −1,
x12 = x13 = 1, x14 = 0, and xij = 0 otherwise. Balinski [63] gave another pivot rule,
obtained by combining the signature method and the Dantzig rule of selecting the edge with
the most negative reduced cost, and proved that pivoting with such a rule on a strongly
dual feasible tree produces another strongly dual feasible tree. The resulting algorithm only
pivots on edges [i, j ]with xij < 0; hence, it is a genuine dual simplex method. It converges
in at most (n− 1)(n− 2)/2 pivots and O(n3) time.

Another dual simplex algorithm, which, similarly to the one proposed by Goldfarb
[334], solves a sequence of subproblems of increasing size, was later proposed by Akgül
[16, 17]. Let Gk = (U, V k;Ek), with vertex set V k = 1, 2, . . . , k ∪ {0} and edge set
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Ek = {[i, j ] ∈ E : i ∈ U, j ≤ k} ∪ {[i, 0] : i ∈ U}, denote a graph obtained from the
original bipartite graph G = (U, V ;E) by (i) removing the last n− k vertices from V and
their incident edges; and (ii) adding a fictitious column vertex 0 and all the edges connecting
it to the row vertices of U with identical costs ci0 = M for some large M . Consider the
transportation problem (see Sections 1.2 and 4.5) defined byGk with supplies ai = 1 at the
source vertices of U and demands bj = 1 (j = 1, 2, . . . , k) and b0 = n − k at the sink
vertices of V k . The algorithm solves in sequence the transportation problems relative to
G0,G1, . . . ,Gn. At each stage the algorithm finds an optimal strongly dual feasible tree
for the kth subproblem and transforms it into an optimal strongly dual feasible tree for the
(k + 1)th subproblem by performing at most k − 1 pivots. The overall time complexity is
O(n3) for dense graphs and O(nm+ n2 log n) for sparse graphs. A similar algorithm was
independently obtained by Paparrizos [531].

Another signature approach was proposed by Paparrizos [529]. The algorithm starts
with a dual feasible tree and performs a series of stages, each consisting of a number of
pivots. These pivots may produce infeasible dual solutions, but each stage terminates with
a strongly dual feasible tree. The last tree of the last stage is also primal feasible and
hence optimal. The algorithm has time complexityO(n4). Akgül and Ekin [21] proposed a
better implementation of the Paparrizos [529] algorithm that runs on O(n3) time. Another
O(n3) variant was later presented by Paparrizos [530], a purely infeasible algorithm that
restores dual feasibility only when it stops with an optimal solution. An improved version of
this algorithm was given by Achatz, Kleinschmidt, and Paparrizos [3] while its worst-case
behavior was examined by Papamanthou, Paparrizos, Samaras and Stergiou [528].

4.6.3 Auction algorithms

The auction method was introduced in 1981 by Bertsekas [86] for a maximization version
of LSAP. For the sake of uniformity with our presentation, we will, however, describe it for
the minimization case.

The algorithm maintains a pair (x, (u, v)) of a (possibly infeasible) primal solution
x (e.g., initially, xij = 0 for all i and j ) and a feasible dual solution (u, v) satisfying
complementary slackness, obtained as follows. Recall the dual of the continuous relaxation
of LSAP (see Section 4.1.2),

max
n∑
i=1

ui +
n∑
j=1

vj

s.t. ui + vj ≤ cij (i, j = 1, 2, . . . , n),

and observe that, for a given vector v, the feasible vector u which provides the maximum
objective function value is given by

ui = min{cij − vj : j = 1, 2, . . . , n} (4.26)

for i = 1, 2, . . . , n. It follows that the dual problem is equivalent to the unconstrained
problem max q(v), where

q(v) =
n∑
i=1

min
j
{cij − vj } +

n∑
j=1

vj . (4.27)
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For a given vector v, let

ϕ(i) = arg min{cij − vj : j = 1, 2, . . . , n} (i = 1, 2, . . . , n) (4.28)

denote the column producing the minimum cij − vj value. Let UR be a set of unassigned
rows and consider the (infeasible) primal solution xiϕ(i) = 1 for i ∈ U \ UR (and xij =
0 otherwise). The pair (x, (u, v)), with u given by (4.26), satisfies the complementary
slackness conditions (4.8). This solution is primal feasible (and hence optimal) only if
UR = ∅ and ϕ(i) �= ϕ(k) for i �= k. It is interesting to note that this result coincides with
the basic theorem proved in 1969 by Dinic and Kronrod [235] (see Theorem 4.8, Section
4.3, with �j = vj ).

For a given row i, once ui has been computed as above, let usi denote the second
minimum cij − vj value of row i, i.e.,

usi = min{cij − vj : j = 1, 2, . . . , n, j �= ϕ(i)}. (4.29)

Starting with the empty assignment (UR = U ), at each iteration the auction algorithm
selects an unassigned row i ∈ UR, determines ui and usi , and considers the following two
cases.

Case 1: (ui < usi ) or (ui = usi and ϕ(i) �= ϕ(k) ∀k ∈ U \ UR).
Row i is assigned to column ϕ(i) and removed from set UR and the dual variables are
updated by setting vϕ(i) := vϕ(i)− (usi −ui) and ui := usi (outpricing) so as to preserve dual
feasibility. In addition, if column ϕ(i) was already assigned to a row, such a row reenters
UR.
Case 2: (ui = usi and ϕ(i) = ϕ(k) for some k ∈ U \ UR).
The algorithm executes a labeling procedure similar to the Hungarian one which can termi-
nate in two ways:

(a) an augmenting path having zero reduced cost from i to an unassigned column j
is found: one more assignment is then obtained by interchanging unassigned and
assigned edges along this path, and the dual variables are updated accordingly;

(b) no such path is found: a value δ (the minimum positive column label) is subtracted
from the dual variables associated with the columns having a label of value zero and
added to the dual variables associated with labeled rows, row i is assigned to column
ϕ(i), and row k reenters UR.

The algorithm terminates when UR = ∅.
Note that the outpricing operation performed in Case 1 produces an alternative as-

signment for row i, similarly to what happens in the algorithm by Dinic and Kronrod [235]
(see Section 4.3). Outpricing was also later used by Jonker and Volgenant [392] in their
preprocessing phase (see Section 4.4.4, Algorithms 4.12 and 4.13). Observe in particular
the similarity between Case 1 above and Procedure Augmenting_row_reduction, with one
relevant difference when ui < usi and column ϕ(i) was already assigned to a row: while
Case 1 just de-assigns such a row,Augmenting_row_reduction tries to reassign it by iterating
the process.
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The name auction comes from an interpretation that is more intuitive for the max-
imization version of the problem, where we want to maximize the objective function of
LSAP under the assignment constraints. Imagine that the columns represent items for sale
in an auction and each row i is a customer for whom each item j is worth cij . The dual
variable vj is the current price of item j , so the difference cij − vj is the profit margin of
customer i relative to item j . At any iteration some of the items are temporarily assigned to
customers k who are willing to pay vϕ(k) for item ϕ(k). In Case 1, the new customer i (who
has no item assigned) chooses the item j , giving him the maximum profit margin, and bids
up its price (bidding phase) by the difference between this margin and the second maximum
profit margin, i.e., by the largest amount for which j will still give him the maximum profit
margin. The item j is then assigned to customer i in place of another customer (if any) that
had bid earlier for j . The interpretation of Case 2 is less intuitive and involves the concept
of cooperative bidding, in which several customers simultaneously increase the prices of
the corresponding items.

The time complexity of the auction algorithm is pseudo-polynomial, amounting to
O(n3 + n2C), where C denotes the maximum cij value. Bertsekas [86] also considers a
combined auction–Hungarian algorithm. The combined approach starts with the auction
algorithm and switches to the Hungarian algorithm as soon as an internal counter exceeds
a prespecified parameter. It can be shown that the resulting approach has time complexity
O(n3).

A polynomial auction algorithm was later obtained by Bertsekas and Eckstein [92]
through a relaxed version of the complementary slackness conditions (4.8). Apair (x, (u, v))
of a primal and a dual solution is said to satisfy the ε-complementary slackness if, given a
positive ε value, we have

xij (cij − ui − vj ) ≤ ε (i, j = 1, 2, . . . , n). (4.30)

In other words, the assignment of row i to column j is accepted if the corresponding reduced
cost does not exceed zero by more than ε.

Consider a feasible primal-dual pair (x, (u, v)) satisfying (4.30), and let ϕ store the
primal solution. By summing over all pairs (i, j) we obtain

n∑
i=1

ciϕ(i) −
(

n∑
i=1

ui +
n∑
i=1

vi

)
≤ nε, (4.31)

i.e., the difference between the value of the primal solution and that of the dual solution is
bounded by nε. Therefore we have the following.

Proposition 4.25. If the costs cij are integer and a feasible primal-dual pair satisfies (4.30)
for ε < 1/n, then the solution is optimal for LSAP.

Let us define the ε-relaxed problem as that of finding a solution satisfying (4.30). A
modified auction algorithm could initially solve the ε-relaxed problem for a large ε value,
then decrease this value and reoptimize the solution, iterating until ε < 1/n. In Bertsekas
and Eckstein [92] this approach is implemented by multiplying all costs by n+1 and solving
a sequence of ε-relaxed problems with integer ε values decreasing from an initial large value
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⎛⎝ 7 7 8
2 8 5
3 6 7

⎞⎠
(a)

⎛⎝28 28 32
8 32 20

12 24 28

⎞⎠
(b)

Figure 4.16. Input matrix and scaled matrix for Example 4.26.

to one. If a primal-dual pair (x, (u, v)) is optimal for this 1-relaxed problem, then the pair
(x, (u, v)), with ui = ui/(n+1) for all i and vj = vj/(n+1) for all j , satisfies (1/(n+1))-
complementary slackness for the original problem; hence, Proposition 4.25 applies. The ε
decrease is such that at most O(log(nC)) ε-relaxed problems are solved. The overall time
complexity is O(nm log(nC)).

Each subproblem is solved through an algorithm similar to the original auction algo-
rithm, which alternates a bidding phase and an assignment phase. In the bidding phase an
unassigned row i is selected and the bid is determined as

vϕ(i) − (usi − ui)− ε, (4.32)

where ϕ(i), usi , and ui are computed through (4.26), (4.28), and (4.29), respectively. In the
assignment phase row i is assigned to column ϕ(i) and the corresponding dual variable is
updated by setting vϕ(i) := vϕ(i) − (usi − ui) − ε. In addition, if column ϕ(i) was already
assigned to a row, such a row becomes unassigned.

Example 4.26. Given the 3× 3 input matrix shown in Figure 4.16(a), consider the scaled
matrix obtained by multiplying all elements by n+ 1, shown in Figure 4.16(b).

We start with ε = 4 and v = (0, 0, 0). The first subproblem is solved through the
following iterations:

i = 1, (cij − vj ) = (28, 28, 32), ϕ = (1,−,−), v = (−4, 0, 0);

i = 2, (cij − vj ) = (12, 32, 20), ϕ = (−, 1,−), v = (−16, 0, 0);

i = 3, (cij − vj ) = (28, 24, 28), ϕ = (−, 1, 2), v = (−16,−8, 0);

i = 1, (cij − vj ) = (44, 36, 32), ϕ = (3, 1, 2), v = (−16,−8,−8).

The approximate solution is thus x13 = x21 = x32 = 1 and xij = 0 otherwise.
We now solve the second subproblem with the final value ε = 1. We de-assign all

rows and start with the final v value of the previous subproblem:

i = 1, (cij − vj ) = (44, 36, 40), ϕ = (2,−,−), v = (−16,−13,−8);

i = 2, (cij − vj ) = (24, 45, 28), ϕ = (2, 1,−), v = (−21,−13,−8);

i = 3, (cij − vj ) = (33, 37, 36), ϕ = (2,−, 1), v = (−25,−13,−8);

i = 2, (cij − vj ) = (33, 45, 28), ϕ = (2, 3, 1), v = (−25,−13,−14).

The optimal solution is thus x12 = x23 = x31 = 1 and xij = 0 otherwise.

This implementation of the auction algorithm, where one unassigned row bids at a
time, is called the “Gauss–Seidel” version. In a different implementation, known as the
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“Jacobi” version, all unassigned rows bid simultaneously. This terminology comes from
two well-known iterative techniques for solving a system of n linear equations in n variables.
The former auction version is generally more efficient, while the latter is more suited for
parallel implementations (see Section 4.11).

The auction algorithm can also be implemented by interchanging the role of rows
and columns (customers and items). Given a dual vector u and an unassigned column j ,
we can determine the minimum and the second minimum cij − ui values in that column
and assign it to the row providing the minimum. In the economic interpretation (referred
to the maximization version of the problem) this means that items decrease their prices to
a level that is sufficiently low to lure a customer away from his currently selected item.
This approach, proposed by Bertsekas, Castañon, and Tsaknakis [91] for the solution of
inequality constrained assignment problems, is known as the reverse auction algorithm
(and conversely the original one can also be termed the forward auction algorithm).

Forward and reverse auction algorithms are mathematically equivalent for LSAP. A
combination of the two, which frequently switches between the two phases, was proposed by
Bertsekas and Castañon [90] (forward/reverse auction algorithm). Castañon [174] analyzed
the sensitivity of the reverse and forward/reverse auction algorithm to the choice of the
scale factor. The computational performance of the forward/reverse implementation was
evaluated by Goldberg and Kennedy [328].

Computer codes implementing various auction algorithms (see also Section 4.9) can
be downloaded from the home page of Dimitri Bertsekas (see Section 4.9). Schwartz
[602] analyzed the expected performance of the forward auction algorithm on the basis of
computational experiments performed for a problem of military interest (see Section 5.5).

Orlin and Ahuja [515] used the concept of ε-relaxation to obtain a hybrid algorithm
which performs O(log(nC)) scaling phases. Each phase consists of two actions: a pre-
processing and a successive shortest path algorithm. The preprocessing phase can be seen
both as a modified auction procedure (as in [515]) and as a push-relabel procedure (as
in [11], Section 12.4). Each execution of the modified auction procedure terminates in
O(
√
n m) time and yields a solution satisfying ε-complementary slackness and having

at most �√n � unassigned rows. The overall time complexity of the hybrid algorithm is
thus O(

√
n m log(nC)), i.e., the same complexity of the Gabow and Tarjan [297] scaling

algorithm (see Section 4.2.3). Further, the algorithm uses very simple data structures.

4.6.4 Pseudoflow algorithms

As seen in Section 4.4.1, LSAP can be solved as an MCFP on a unit capacity network
obtained from graph G = (U, V ;E). An infeasible flow which satisfies the capacity
constraints (4.17) but violates the flow conservation constraints (4.16) is called a pseudoflow.
Pseudoflow algorithms for MCFP operate with ε scaling. For a given ε, they transform a
pseudoflow into an ε-optimal flow, i.e., a feasible flow in which the reduced cost of each
arc with positive flow does not exceed ε and the reduced cost of each arc with zero flow is
nonnegative. The process is iterated for decreasing ε values until ε < 1/n, and, hence, is
optimal (see Proposition 4.25). The transformation of a pseudoflow into an ε-optimal flow
is obtained through a series of push and relabel operations. A push operation sends flow
along an arc of the incremental digraph with positive residual capacity. A relabel operation
handles ε-optimality by modifying the value of the dual variable associated with a vertex.
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Pseudoflow algorithms for LSAP have been given by Orlin and Ahuja [515] (see Sec-
tion 4.6.3), Goldberg, Plotkin, and Vaidya [331, 332], and Goldberg and Kennedy [328]. We
next describe the latter algorithm, which is characterized by high computational efficiency.
We give a description (Algorithm 4.17, below) specifically oriented to LSAP, different from
the one in [328], which is based on the MCFP notation. Let α be a prefixed scale factor
(α = 10 in the implementation tested in [328]); the algorithm can be outlined as follows.

Algorithm 4.17. Pseudoflow.
Goldberg–Kennedy algorithm.

ε := C := maxij {cij };
for i := 1 to n do ui := vi := 0;
while ε ≥ 1/n do

ε := ε/α;
for i := 1 to n do for j := 1 to n do xij := 0;
for i := 1 to n do ui := min{cij − vj : [i, j ] ∈ E};
while x is not a feasible assignment do

select a vertex that corresponds either to an unassigned row k ∈ U
or to a column k ∈ V with more than one row assigned;

x := push-relabel (k, ε)
endwhile

Algorithm 4.17 can be seen as a “family” of algorithms obtained by designing different
strategies to implement the push-relabel (k, ε) function.

Since the arcs have unit capacities, each push operation saturates an arc of the incre-
mental graph, which is thus replaced by its reverse arc. The relabel operation sets the dual
variable of a vertex to the smallest value that maintains ε-optimality, namely,{

uk := minj {ckj − vj : xkj = 0} if k ∈ U,
vk := mini{cik − ui : xik = 1} − ε if k ∈ V. (4.33)

The convergence of the algorithm descends from the following facts (see Goldberg, Plotkin,
and Vaidya [331, 332] and Goldberg and Tarjan [333] for a complete description of the push-
relabel approach and convergence proofs). During a scaling iteration

(a) the dual variables u monotonically increase;

(b) the dual variables v monotonically decrease;

(c) the absolute variation of any dual variable is O(nε).

In their algorithm cost-scaling assignment (CSA) Goldberg and Kennedy [328] adopted
for the push-relabel (k, ε) function the double-push operation, which was independently
introduced in Ahuja, Orlin, Stein, and Tarjan [13]. The double-push operation works as
follows. An unassigned vertex k ∈ U is selected to perform the first push operation (xkj :=
1) on the arc (k, j) with minimum reduced cost among the arcs emanating from k. This
operation is immediately followed by a relabel operation (4.33) on k. If j was previously
unassigned, the double-push terminates. If instead j now has more than one arc assigned,
then it is selected for the second push and for the subsequent second relabel. Note that this
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second push removes the assignment of a vertex i ∈ U to j . Therefore, the primal updating
of a double-push operation is equivalent to finding either the single-arc augmenting path
(k, j) or the two-arc alternating path (k, j)–(j, i).

In order to update the dual variables efficiently, the implementation adopted for al-
gorithm CSA (see Algorithm 4.18 below) starts by finding the two arcs with the smallest
and the second smallest reduced cost among those emanating from k, say, (k, j) and (k, z),
respectively. After the first push from k to j has been performed, the dual variable uk is set
to ckz − vz. If the second push follows, the dual value vj is set to ckj − uk − ε.

Algorithm 4.18. Procedure Double_push(k).
Double-push function for k ∈ U .

let (k, j) be the arc with the smallest reduced cost emanating from k;
let (k, z) be the arc with the second smallest reduced cost emanating from k;
xkj = 1; [comment: push (k, j)]
uk := ckz − vz;
if xij = 1 for some i ∈ U then

xij = 0; [comment: push (j, i)]
vj := ckj − uk − ε

endif

Observe that a vertex j ∈ V can have more than one vertex of U assigned only in
the middle of the double-push operation; hence, the “while” loop in algorithm Pseudoflow
always selects vertices k ∈ U . Due to this invariance, the positive flows can be stored, as
is usual for LSAP codes, through an array of pointers that associates with each vertex of
V its assigned vertex of U , if any (i.e., function row(i) defined in (4.11)). Furthermore,
it is not necessary to explicitly store the dual variables u since they can be computed as
ui = min{cij − vj : xij = 1, i = 1, 2, . . . , n} (see (4.8)). One can also observe the
similarity between the double-push operation and the application of an auction step made
by a bidding phase followed by an assignment phase (see Case 1 in Section 4.6.3): the
two methods define the same dual value for j and assign/deassign the same elements. In
Goldberg and Kennedy [328] several variations of this implementation are proposed and
tested. The most efficient one, CSA-Q, implements the double-push strategy through a stack
ordering of the unassigned row vertices and use of the implicit value for dual variables u.
In addition CSA-Q speeds up the search through the fourth-best heuristic (see Bertsekas
[87]), which works as follows. Initially, for each row i, the fourth smallest partial reduced
cost cij − vj is computed and saved in Ki and the three arcs with the three smallest partial
reduced costs are stored. When the double-push procedure needs to compute the first and
second smallest reduced cost of a row, the search is performed only among these four costs.
Since the values of the dual variables vj monotonically decrease, the partial reduced costs
cij − vj strictly increase; hence, it is necessary to recompute the four quantities above
only when all but possibly one of the stored arcs have partial reduced costs greater than
Ki . Goldberg and Kennedy [328] showed the good computational behavior of algorithm
CSA-Q by comparing it, through extensive computational experiments, with the algorithms
by Jonker and Volgenant [392] (see Section 4.4.4), Castañon [174] (see Section 4.6.3), and
Ramakrishnan, Karmarkar, and Kamath [569] (see Section 4.7). The C implementation of
this algorithm is available in the public domain (see Section 4.9).
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In Goldberg and Kennedy [329] the authors show how the push-relabel algorithm
can be implemented so as to achive the best time bound in the cost-scaling context, i.e.,
O(
√
n m log(nC)).

4.7 Other algorithms
Thompson [637] proposed a recursive non-simplex method which begins by finding an
optimal solution to the problem defined by the first row, then finds an optimal solution to
the problem defined by rows one and two and so on. (This idea had been previously used
by Derigs and Zimmermann [230] for solving linear bottleneck assignment problems; see
Section 6.2.) For technical reasons, the algorithm adds a dummy source vertex n+ 1 to U
and a dummy sink vertex n + 1 to V , with cn+1,l = cl,n+1 = 0 for l = 1, 2, . . . , n + 1.
Let Pk denote the transportation problem consisting of the first k rows, the dummy row
n + 1, and all columns 1, 2, . . . , n + 1, with unit supplies at the first k vertices of U and
supply equal to n − k at vertex n + 1 of U . The demands are always equal to one for all
vertices j ≤ n of V and equal to zero for the dummy vertex n + 1 of V . The algorithm
starts by finding the optimal primal and dual solutions to the trivial problem P0. At each
iteration k (k = 1, 2, . . . , n), two recursive steps are performed: Step A constructs the
optimal primal solution to Pk from the optimal primal and dual solutions to Pk−1, while
Step B constructs the optimal dual solution to Pk from its optimal primal solution. The
operations performed are similar to analogous operations performed in the algorithms by
Derigs and Zimmermann [230] and Barr, Glover, and Klingman [68] (see Section 4.5.2).
The algorithm can be implemented so as to require O(n3) time.

Akgül [18] describes a criss-cross algorithm for LSAP developed by Akgül and Ekin
[20]. The term criss-cross had been adopted in 1969 by Zionts [668, 669] for a simplex
algorithm which (i) can start with any basic solution (possibly both primal and dual infea-
sible), i.e., with no need for the so-called Phase 1 of the simplex algorithm; and (ii) at each
iteration performs either a primal or a dual pivoting step. However, the original method
had no clear guarantee of being finite. The algorithm by Akgül and Ekin is inspired by the
variant proposed in 1985 by Terlaky [636], known as the convergent criss-cross method:
here, termination after finitely many iterations is ensured by the least-index pivot rule, which
consists of selecting for pivoting the primal or dual infeasible variable with minimum index.
(The reader is referred to Fukuda and Terlaky [291] for a more recent overview of these
methods.) The LSAP criss-cross algorithm by Akgül and Ekin [20] starts with a specially
structured strongly feasible tree (see Section 4.5.2) and alternates dual and primal phases.
A dual phase destroys the tree by deleting an edge and adds a new edge so that the resulting
edge set is dual feasible. A primal phase obtains a strongly feasible tree by performing a
series of dual simplex pivots. The algorithm has time complexityO(n3). For sparse graphs,
use of the Fibonacci heaps by Fredman and Tarjan [278] reduces the time complexity to
O(n2 log n+ nm).

Ramakrishnan, Karmarkar, and Kamath [569] presented a specialization of a variant
of the famous Linear Programming (LP) interior-point method by Karmarkar [406] to LSAP.
This variant, known as the approximate dual projective (ADP) method, computes discrete
approximations to the continuous trajectory of the Karmarkar projective method. The
adaptation to LSAP is identical to the general ADP method but for the stopping criterion.
The algorithm starts with an LSAP instance formulated as an LP and optionally an initial
dual solution. After the ADP method has made sufficient progress towards optimality, a
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heuristic procedure periodically checks whether an optimal LSAP solution can be obtained
from the current LP solution. If this heuristic succeeds, execution terminates; otherwise,
the ADP method is resumed. Extensive computational experiments reported in [569] show
a good practical behavior of the algorithm on large-size instances.

An important theoretical result comes from a decomposition algorithm by Kao, Lam,
Sung, and Ting [403]. Recall that finding the maximum cardinality matching on a bipartite
graphG(U, V ;E) is equivalent to solving an LSAP (in maximization version) on the same
graph with cost cij = 1 for all edges [i, j ] ∈ E. The maximum cardinality matching
can be obtained in O(

√
nm) time through the algorithm by Hopcroft and Karp [376] (see

Section 3.3). This time complexity was further improved by Ibarra and Moran [384], Alt,
Blum, Mehlhorn, and Paul [27], and Feder and Motwani [268] (see Sections 3.6 and 3.4).
The time complexity of the Gabow and Tarjan [297] algorithm for LSAP (see Section
4.2.3) isO(

√
nm log(nC)). It has long been an open question whether the gap between the

time complexity of the maximum cardinality matching algorithms and that of LSAP can
be closed. In 2001 Kao, Lam, Sung, and Ting [403] proved that it is possible to obtain
fromG two “lighter” bipartite graphs such that the value of the maximum weight matching
of G is equal to the sum of the values of the maximum weight matchings of the lighter
graphs. From this result, they derived an algorithm for LSAP whose time complexity may
be defined as follows. Let κ(x, y) = log x/ log(x2/y) and W = ∑

[i,j ]∈E cij . Then the
algorithm has time complexity O(

√
nW/κ(n,W/C)), thus closing the gap for the case

W = o(m log(nC)) (i.e., when W is asymptotically negligible with respect to m log(nC)).
When the weights are of order mC, the time complexity of this algorithm can be written as
O(
√
n m C logn(n

2/m)).

4.8 Summary of sequential algorithms
We conclude our review of sequential algorithms for LSAP by summarizing their complex-
ity in Table 4.2, where C = maxi,j {cij } and W =∑

[i,j ]∈E cij . The most effective computer
codes (summarized in Table 4.3 of Section 4.9) have been obtained by implementing algo-
rithms based on shortest paths, auction, and pseudoflow. For the case of sparse instances
the complexities of the shortest path implementations can be rewritten by substituting n2

with m.

4.9 Software
In this section we list computer codes for LSAP that are available in the public domain.
Updated links to downloads can be found on the web page associated with the present
book, http://www.siam.org/books/ot106/assignmentproblems.html (from now on the AP
web page). Some of the source codes are directly downloadable, while for others a link is
provided.

The paper by Lotfi [465] contains the QuickBasic listing of an O(n4) time imple-
mentation of the Hungarian algorithm (see Section 4.2.1). Two Fortran implementations
of the Lawler [448] O(n3) time version of the Hungarian algorithm (see Section 4.2.2)
have been given by Carpaneto and Toth [168] and by Carpaneto, Martello, and Toth [165].
The former code solves sparse LSAPs and is given in [168] as a Fortran listing. Fortran
implementations of the latter code for complete and sparse matrices (see Section 4.4.3) are
given in [165] as listings and on diskette and can be downloaded from the AP web page,
where the C translation of the code for complete matrices is also available.
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Table 4.2. Evolution of algorithms for LSAP.

Year Reference Time complexity Category
1946 Easterfield [245] exponential Combinatorial
1955 Kuhn [438] O(n4) Primal-dual
1957 Munkres [502] O(n4) Primal-dual
1964 Balinski and Gomory [64] O(n4) Primal
1969 Dinic and Kronrod [235] O(n3) Dual
1971 Tomizawa [640] O(n3) Shortest path
1972 Edmonds and Karp [250] O(n3) Shortest path
1976 Lawler [448] O(n3) Primal-dual
1976 Cunningham [205] exponential Primal simplex
1977 Barr, Glover, and Klingman [68] exponential Primal simplex
1978 Cunningham and Marsh [208] O(n3) Primal
1980 Hung and Rom [382] O(n3) Dual
1981 Bertsekas [86] O(n3 + n2C) Auction
1985 Balinski [62], Goldfarb [334] O(n3) Dual simplex
1985 Gabow [295] O(n3/4m log C) Cost scaling
1988 Bertsekas and Eckstein [92] O(nm log(nC)) Auction + ε-rel.
1989 Gabow and Tarjan [297] O(

√
n m log(nC)) Cost scaling

1993 Orlin and Ahuja [515] O(
√
n m log(nC)) Auction + ε-rel.

1993 Akgül [19] O(n3) Primal simplex
1995 Goldberg and Kennedy [328] O(

√
n m log(nC)) Pseudoflow

2001 Kao, Lam, Sung, and Ting [403] O(
√
nW log( n2

W/C )/ log n)Decomposition

The listings of Fortran programs implementing a variant of the shortest augmenting
path algorithm by Tomizawa [640] (see Section 4.4.1) can be found in the book by Burkard
and Derigs [145]. The listing of an Algol implementation of another shortest path algorithm
can be found in Bhat and Kinariwala [96]. The listing of the Pascal implementation of an
effective shortest path algorithm is given in Jonker and Volgenant [392]. In addition, Pascal,
Fortran, and C++ codes can be found on the web page of MagicLogic Optimization, Inc.

Shortest path algorithms based on sparsification techniques are given by Carpaneto
and Toth [169] and by Volgenant [647]. A Fortran implementation of the former algorithm
can be downloaded from the AP web page, while a Pascal implementation of the latter one
is listed in [647].

The book by Bertsekas [88] includes a number of Fortran listings of implementations
of auction algorithms for LSAP (see Section 4.6.3). The codes can be downloaded from the
author’s web page.

The C source code of the pseudoflow algorithm by Goldberg and Kennedy [328] (see
Section 4.6.4) can be downloaded from the web page of Andrew Goldberg.

Didactic software is also available. At theAPweb page one can execute, by visualizing
the most relevant information, Java applets implementing theO(n4) and O(n3) Hungarian
algorithms of Sections 4.2.1 and 4.2.2, developed by Cheng Cheng Sun [182] and Bergamini
[84]. Papamanthou, Paparrizos, and Samaras [527] describe a Java didactic software for
visualizing the execution of a primal simplex algorithm (see Section 4.5.2). The applet can
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Table 4.3. The tested codes.

Acronym APC CTCS LAPJV LAPm NAUC AFLP AFR CSA
APS LAPJVsp

Reference [165] [169] [392] [647] [88] [88] [88] [328]
Year 1988 1987 1987 1996 1991 1991 1991 1995
Method H SP SP SP AU+SP AU AU PF
Language FTN FTN PAS PAS FTN FTN FTN C

be found on the web page of Nikolaos Samaras. The same page also hosts a Java applet that
visualizes the exterior point algorithm by Paparrizos [530] and Achatz, Kleinschmidt, and
Paparrizos [3] (see Section 4.6.2) in three possible implementations. The latter software is
described in Andreou, Paparrizos, Samaras, and Sifaleras [28].

4.9.1 Computer codes

Among the available software, we have selected and tested eight popular codes. Table 4.3
has one column per code. Each column gives the acronym identifying the code, followed
by

(i) the main literature reference;

(ii) the year of publication;

(iii) the nature of the algorithm (H = Hungarian, SP = shortest path, AU = auction,
and PF = pseudoflow);

(iv) the language used for the original implementation (FTN = Fortran, PAS = Pascal,
C).

All codes work on integer, possibly negative, input costs.

Codes APC and APS: Carpaneto, Martello, and Toth [165]

These codes implement the Lawler O(n3) version of the Hungarian algorithm. The so-
lution is initialized by executing Procedures Basic_preprocessing of Section 4.1.2 and
Three_edge_preprocessing of Section 4.4.4. Both codes consist of a Fortran subroutine
that receives the input instance through formal parameters: APC works on a complete cost
matrix, while APS works on a sparse instance, provided as a forward star. A very large
solution value is returned by APS if the instance does not have a perfect matching. The C
translation of APC is also available at the AP web page.

Code CTCS: Carpaneto and Toth [169]

The initialization phase is identical to that ofAPC. If the number of assignments in the primal
partial solution is smaller than 0.6n, a standard shortest path technique is used to complete
the solution. Otherwise, the algorithm constructs a sparse matrix Ĉ by heuristically selecting
a subset of elements from the original cost matrix C. Using a sparse implementation of the
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shortest path search, an attempt is made to complete the solution: if a complete assignment
does not exist on Ĉ, some elements from C are heuristically added and the process is
iterated. If instead an optimal primal-dual pair for Ĉ is found, it is necessary to verify
if this is optimal for C: specifically, a check is performed to test if all the reduced costs
on C are nonnegative (i.e., if inequalities (4.7) hold). If there are negative reduced costs,
the corresponding elements are added to Ĉ and the process is iterated. CTCS is a Fortran
subroutine that receives the complete cost matrix describing the input instance as a formal
parameter.

Codes LAPJV and LAPJVsp: Jonker and Volgenant [392]

The preprocessing phase of both codes, which is the most time consuming part of the algo-
rithm, has been described in Section 4.4.4 and consists of a column reduction followed by
Procedures Reduction_transfer and Augmenting_row_reduction. The execution of Proce-
dure Augmenting_row_reduction is repeated twice. The partial solution is then completed
through a smart implementation of a Dijkstra-like shortest paths algorithm. Code LAPJV
works on a complete cost matrix to be supplied in input. Code LAPJVsp is the sparse ver-
sion of LAPJV: the user must provide the input instance as a forward star. The experiments
have been executed on the Fortran versions of these algorithms. The original LAPJV codes
are available at the AP web page.

Code LAPm: Volgenant [647]

Similarly to CTCS, code LAPm (called LAPMOD in the original implementation) constructs
a sparse matrix Ĉ to contain the main diagonal of C and a subset of heuristically selected
small elements of C (using a threshold value depending on n). Note that the presence of the
main diagonal ensures that Ĉ always contains a feasible assignment. The LSAP instance
associated with Ĉ is solved through an adaptation of LAPJV to sparse matrices. When an
optimal primal-dual pair for Ĉ is found, the algorithm performs the same test and update of
Ĉ as in CTCS and iterates. The experiments have been executed on a Fortran translation,
LAPm, of the original Pascal code. LAPm is a subroutine that receives the complete cost
matrix describing the input instance as a formal parameter.

Code NAUC: Bertsekas [88]

This is a “Naive AUCtion and sequential shortest path” algorithm without ε-scaling (called
NAUCTION_SP in the original implementation). The author [88] describes the code as
follows.

This code implements the sequential shortest path method for the assignment problem,
preceded by an extensive initialization using the naive auction algorithm. The code is
quite similar in structure and performance to a code of the author [86] and to the code
of Jonker and Volgenant [391] and [392]. These codes also combined a naive auction
initialization with the sequential shortest path method.

The algorithm performs a prefixed number of auction cycles, each of which is similar
to Procedure Augmenting_row_reduction of LAPJV. The number of cycles is defined as
a function of the sparsity of the matrix (for dense instances it is equal to two). After the
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auction phase, the partial solution is completed through shortest paths. The code is a Fortran
program that works on a sparse instance provided by the user as a forward star. It solves an
LSAP in maximization version. The non-existence of a perfect matching is not checked by
the code.

Codes AFLP and AFR: Bertsekas [88]

These two implementations of the auction method with ε-scaling (see Section 4.6.3) dif-
fer in the way the scaling technique is implemented. Algorithm AFLP (“Auction with
FLoating Point variables,” called AUCTION_FLP in the original implementation) uses real
variables so it can directly handle the scaled values. Algorithm AFR (“Auction with For-
ward/Reverse,” calledAUCTION_FR in the original implementation) uses integer variables
and multiplies all data by a constant factorK such that the values assumed by ε are positive
integers. As a consequence, AFR can only solve instances where the largest entry of the
input matrix is K times smaller than the largest integer that can be stored in a computer
word. Both codes are Fortran subroutines working on sparse instances passed by the user
through common areas. For AFLP the user is required to provide the input as a forward
star, while for AFR a second data structure, equivalent to a backward star, must also be
given. This structure is used internally to efficiently implement the reverse phase. In ad-
dition, both codes require four values to define the scaling strategy passed through formal
parameters. These codes solve an LSAP in maximization version. The non-existence of a
perfect matching is not checked.

Code CSA: Goldberg and Kennedy [328]

This is the CSA-Q implementation of the pseudoflow algorithm (see Section 4.6.4). The
authors presented several implementations and, on the basis of extensive computational
experiments, they concluded that this is best overall. It uses the double-push method and
the so-called fourth-best heuristic to speed up the search. CSA comes with a package
containing a Makefile that allows one to compile many versions of the code, each with
some set of options turned on. The main procedure reads the instance from standard input,
prepares the internal data structures, and runs the optimization procedure. The input instance
must be provided in DIMACS format (see the DIMACS web page). The code solves an
LSAP in maximization version. It is assumed that a perfect matching exists. Differently
from the other codes, it is not very easy to use CSA as a subprogram.

4.10 Experimental analysis
In this section we examine the average computational behavior of the eight selected codes
on dense and sparse test instances. All the experiments were performed on an Intel Pentium
4 at 2.6 GHz, with four megabytes of RAM memory, running Windows Server 2003. All
codes are written in Fortran except for CSA, which is implemented in C. We used compilers
Compaq Visual Fortran version 6.6 and Microsoft Visual C++ version 6.0.



book
2008/12/11
page 132

132 Chapter 4. Linear Sum Assignment Problem

In order to have a unique Fortran calling program to run all codes, we implemented two
interfaces for CSA. The first one is a Fortran subroutine which receives the cost matrix, stores
the costs in a single vector, and calls the second interface, written in C, which prepares the
data structures and runs the optimization procedure. The elapsed CPU time was measured
for the optimization phase only. The Fortran language stores full matrices by columns,
while the C language stores them by rows. Since CSA solves a maximization problem, the
first interface stores the opposite of the transposed Fortran cost matrix (i.e., CSA receives
cost −cji for entry (i, j)).

4.10.1 Classes of instances

We used four classes of randomly generated instances from the literature and a deterministic
benchmark. Most of these instances were used by Dell’Amico and Toth [220] for evaluating
LSAP codes on dense instances. The size n of the cost matrix ranges between 1,000
and 5,000. The random values were generated with the DIMACS completely portable
uniform random number generator, universal.c, available at the ftp site of the first DIMACS
implementation challenge (see Johnson and McGeoch [390]).

Uniformly random

The costs are uniformly randomly generated integers in the range [0,K]withK ∈ {103, 104,

105, 106}. This is the most common class of instances used in the literature to test LSAP
algorithms (see, e.g., [226], [392], [165], and [328]).

Geometric

We first generate two sets,X and Y , each containing n points with integer coordinates in the
square [1,K] × [1,K] with K ∈ {103, 104, 105, 106}. Then, for each pair (i, j), cij takes
the truncated Euclidean distance between the ith point of X and the j th point of Y . This
class of instances was used by Goldberg and Kennedy [328].

No-Wait Flow-Shop

It is well known (see Papadimitriou and Kanellakis [525]) that an instance of the scheduling
problem known as no-wait flow-shop can be transformed into an equivalent instance of
the asymmetric traveling salesman problem (ATSP). We solved LSAPs on cost matrices
of ATSP instances derived from no-wait flow-shop scheduling problems with ten machines
and up to 5000 jobs having integer processing times uniformly random in the range [1, 100].
This class was used by Dell’Amico and Toth [220].

Two-cost

Each entry of the cost matrix has cost 1 with probability 0.5 or cost 106 with probability
0.5. This is derived from an analogous class used by Goldberg and Kennedy [328].
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Specific benchmark

Machol and Wien [469, 470] defined instances having costs cij = (i − 1)(j − 1) (i, j =
1, 2, . . . , n) that are difficult for LSAP algorithms. We tested five benchmarks with n ∈
{1000, 2000, . . . , 5000}.

Sparse instances

For each of the above classes of dense instances (except for the last one), we obtained sparse
instances by randomly selecting, in each row, 2 log n entries.

4.10.2 Experiments

The entries in Tables 4.4–4.12 report the average elapsed CPU time over 10 instances (for
all random classes). Each code had a time limit of 500 seconds per instance (except for the
Machol–Wien instances of Table 4.8, for which the time limit was set to 3000 seconds).

Table 4.4. Dense uniformly random instances.

n APC CTCS LAPJV LAPm NAUC AFLP AFR CSA
cij ∈

[
1, 103

]
1000 0.42 0.05 0.05 0.01 0.18 0.31 0.44 0.15
2000 3.70 0.25 0.26 0.05 1.38 4.58 1.75 0.63
3000 21.33 7.62 0.74 0.13 5.84 52.32 7.10 1.95
4000 57.20 14.63 1.75 0.22 13.10 252.19 11.71 5.00
5000 89.78 18.61 2.55 0.30 18.75 tl 37.82 10.42

cij ∈
[
1, 104

]
1000 0.49 0.51 0.05 0.02 0.07 0.34 – 0.14
2000 3.01 3.16 0.26 0.06 0.49 1.53 – 0.61
3000 9.05 9.64 0.75 0.13 1.54 5.19 – 1.41
4000 18.97 20.50 1.85 0.23 3.50 7.19 – 2.58
5000 35.50 38.74 3.78 0.35 7.39 14.27 – 4.28

cij ∈
[
1, 105

]
1000 0.47 0.05 0.05 0.02 0.10 0.29 – 0.14
2000 2.94 0.23 0.28 0.06 0.70 1.01 – 0.60
3000 8.31 8.83 0.76 0.13 2.28 3.03 – 1.39
4000 17.57 18.72 2.05 0.22 5.19 3.79 – 2.60
5000 32.41 34.75 3.86 0.33 10.22 8.15 – 4.29

cij ∈
[
1, 106

]
1000 0.49 0.51 0.05 0.02 0.07 0.34 – 0.14
2000 3.01 3.16 0.26 0.06 0.49 1.53 – 0.61
3000 9.05 9.64 0.75 0.13 1.54 5.19 – 1.41
4000 18.97 20.50 1.85 0.23 3.50 7.19 – 2.58
5000 35.50 38.74 3.78 0.35 7.39 14.27 – 4.28
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For the cases where less than ten instances were solved within the time limit, we report
in brackets the number of solved instances and compute the average CPU time over them.
If no instance was solved within the time limit the entry is “tl.” Code AFR cannot handle
instances with large costs: for such cases the tables have the symbol “–.”

Dense instances

Tables 4.4–4.8 give the computational results for dense instances. Table 4.4 shows that
completely random instances are quite easy to solve for all codes except for AFLP. LAPm
outperforms all other codes, with LAPJV being the second best. AFR could not be run on
instances with large values due to time limits.

Geometric instances (see Table 4.5) are harder, but the codes that can solve the random
instances are also able to solve these instances in reasonable CPU times. The winner is again
LAPm, followed by CSA.

Table 4.5. Dense geometric instances.

n APC CTCS LAPJV LAPm NAUC AFLP AFR CSA
cij ∈

[
1, 103

]
1000 1.15 1.19 0.17 0.05 0.70 96.38 135.79(5) 0.19
2000 7.22 7.55 1.07 0.18 5.23 423.59(1) 379.31(1) 0.96
3000 22.76 23.89 3.23 0.37 16.35 tl tl 2.68
4000 46.09 48.63 6.44 0.60 37.23 tl tl 4.81
5000 88.51 93.36 12.32 1.00 70.19 tl tl 8.71

cij ∈
[
1, 104

]
1000 1.17 1.22 0.18 0.06 0.63 155.26 136.09(4) 0.18
2000 7.52 7.85 1.16 0.23 4.76 tl tl 0.86
3000 23.43 24.54 3.46 0.49 15.05 tl tl 2.38
4000 48.20 51.13 7.03 0.75 34.41 tl tl 4.12
5000 93.96 99.87 13.15 1.23 65.07 tl tl 7.72

cij ∈
[
1, 105

]
1000 1.17 1.21 0.23 0.08 0.57 133.05 – 0.18
2000 7.60 8.00 1.27 0.26 3.80 443.94(1) – 0.86
3000 23.82 25.30 3.67 0.59 12.53 tl – 2.36
4000 49.11 52.19 7.16 0.90 28.40 tl – 4.03
5000 95.25 101.34 13.81 1.50 54.38 tl – 7.06

cij ∈
[
1, 106

]
1000 1.17 1.22 0.40 0.09 0.65 92.41 – 0.18
2000 7.57 7.89 1.77 0.29 3.64 193.90(2) – 0.87
3000 23.77 24.68 4.58 0.65 10.91 tl – 2.29
4000 48.95 51.21 8.82 0.96 23.41 tl – 4.00
5000 95.12 100.28 16.08 1.63 43.53 tl – 7.45
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Table 4.6. Dense no-wait flow-shop instances with 10 machines and n jobs.

n APC CTCS LAPJV LAPm NAUC AFLP AFR CSA
1000 4.75 5.54 0.69 0.90 2.13 6.74 5.65 0.13
2000 36.41 45.02 4.83 5.04 15.08 58.79 44.22 0.53
3000 120.81 153.23 15.23 14.14 49.10 177.54 156.99 1.15
4000 290.55 376.28 35.18 30.42 112.45 385.04(5) 117.49(9) 2.04
5000 577.71 753.68 66.40 54.80 213.41 437.78(2) 171.11(9) 3.33

Table 4.7. Dense two-cost instances.

n APC CTCS LAPJV LAPm NAUC AFLP AFR CSA
1000 0.01 0.01 0.03 0.04 0.02 10.54 – 0.65
2000 0.03 0.03 0.14 0.13 0.06 80.80 – 2.63
3000 0.07 0.07 0.32 0.29 0.15 268.50 – 5.64
4000 0.12 0.12 0.92 0.51 0.26 tl – 10.28
5000 0.19 0.19 1.83 0.78 0.41 tl – 16.10

Table 4.8. Dense Machol and Wien instances. Time limit = 3000 seconds.

n APC CTCS LAPJV LAPm NAUC AFLP AFR CSA
1000 9.61 8.33 4.66 7.91 12.23 188.28 – 2.67
2000 78.51 67.55 37.67 61.12 94.76 tl – 8.83
3000 315.91 281.66 127.16 203.53 319.44 tl – 50.56
4000 1239.12 1026.02 302.77 483.31 749.66 tl – 38.67
5000 2793.93 2544.83 596.41 tl 1486.75 tl – 82.37

The picture changes in Table 4.6. No-wait flow-shop instances are much harder to
solve for all codes, except for CSA, which is the clear winner. The next best codes are
LAPJV and LAPm, but their CPU times are one order of magnitude higher. The CPU times
are two orders of magnitude higher for the remaining codes.

Two-cost instances (Table 4.7) are very easy to solve for the Hungarian and shortest
path algorithms, but are harder for auction and pseudoflow algorithms. APC and CTCS are
the fastest codes.

The most difficult instances are the Machol–Wien instances (Table 4.8). All codes
have here their highest running times. The only practical code for these cases appears to be
CSA.
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Table 4.9. Sparse uniformly random instances.

n APS LAPJVsp NAUC AFLP AFR CSA
cij ∈

[
1, 103

]
1000 0.02 0.01 0.03 0.04 0.03 0.02
2000 0.09 0.07 0.22 0.07 0.16 0.09
3000 0.22 0.18 0.83 0.30 1.02 0.22
4000 0.44 0.38 1.98 0.92 1.56 0.38
5000 0.75 0.64 4.15 3.28 19.34 0.65

cij ∈
[
1, 104

]
1000 0.03 0.02 0.02 0.07 0.04 0.02
2000 0.12 0.07 0.16 0.18 0.18 0.09
3000 0.32 0.23 0.57 0.58 0.52 0.22
4000 0.59 0.43 1.35 0.78 1.26 0.40
5000 0.92 0.70 2.64 1.50 2.00 0.66

cij ∈
[
1, 105

]
1000 0.03 0.01 0.02 0.08 – 0.02
2000 0.14 0.07 0.12 0.31 – 0.09
3000 0.37 0.21 0.42 0.96 – 0.22
4000 0.70 0.44 0.99 1.26 – 0.39
5000 1.16 0.75 2.08 1.93 – 0.66

cij ∈
[
1, 106

]
1000 0.03 0.02 0.02 0.08 – 0.02
2000 0.14 0.07 0.10 0.35 – 0.09
3000 0.40 0.22 0.33 1.17 – 0.22
4000 0.77 0.41 0.69 1.73 – 0.40
5000 1.28 0.69 1.31 2.95 – 0.67

Sparse instances

Tables 4.9–4.12 give the computational results for sparse instances. Codes CTCS and LAPm
are designed to sparsify a dense instance; hence, they were not run on these data sets.

Table 4.9 shows that sparse completely random instances are much easier than their
dense counterparts. All codes except AFR can solve them very quickly.

For geometric instances too, the sparse version is considerably easier than the dense
version (see Table 4.10). CSA is the fastest code, followed by the shortest path algorithms
(being roughly equivalent among them).

No-wait flow-shop instances (Table 4.11) are again more difficult to solve, although
they are easier than their dense counterparts. The winner is CSA, followed by APS and
LAPJVsp.

Table 4.12 confirms that two-cost instances are very easy to solve. The Hungarian and
shortest path algorithms outperform CSA by one order of magnitude and AFLP by three.
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Table 4.10. Sparse geometric instances.

n APS LAPJVsp NAUC AFLP AFR CSA
cij ∈

[
1, 103

]
1000 0.04 0.03 0.05 0.16 0.24 0.02
2000 0.23 0.23 0.45 1.80 16.63 0.08
3000 0.65 0.66 1.58 5.52 64.99 0.21
4000 1.22 1.35 3.43 25.63 116.51 0.35
5000 2.26 2.59 7.50 46.30 102.88 (3) 0.58

cij ∈
[
1, 104

]
1000 0.05 0.03 0.05 0.18 0.26 0.02
2000 0.29 0.23 0.40 1.44 10.76 0.09
3000 0.78 0.72 1.37 4.23 49.44 0.21
4000 1.44 1.41 2.93 16.47 91.21 0.35
5000 2.68 2.79 6.53 21.10 76.84 (1) 0.58

cij ∈
[
1, 105

]
1000 0.05 0.03 0.04 0.17 – 0.02
2000 0.30 0.24 0.35 1.58 – 0.09
3000 0.87 0.76 1.19 3.51 – 0.21
4000 1.60 1.41 2.49 13.63 – 0.36
5000 2.98 2.79 5.41 40.40 – 0.58

cij ∈
[
1, 106

]
1000 0.05 0.05 0.05 0.18 – 0.02
2000 0.30 0.30 0.35 2.08 – 0.09
3000 0.88 0.84 1.08 3.82 – 0.21
4000 1.63 1.56 2.16 10.92 – 0.35
5000 3.03 3.06 4.58 19.16 – 0.59

Table 4.11. Sparse no-wait flow-shop instances with 10 machines and n jobs.

n APS LAPJVsp NAUC AFLP AFR CSA
1000 0.15 0.16 0.39 1.17 0.15 0.03
2000 1.00 1.13 3.48 20.43 1.60 0.13
3000 3.07 3.68 12.00 52.85 4.59 0.28
4000 6.39 7.57 27.90 153.53 9.18 0.46
5000 12.19 14.87 56.40 294.09 24.31 0.73

Table 4.12. Sparse two-cost instances.

n APS LAPJVsp NAUC AFLP AFR CSA
1000 0.00 0.00 0.00 1.99 – 0.14
2000 0.01 0.03 0.02 15.36 – 0.52
3000 0.03 0.07 0.05 51.53 – 1.11
4000 0.05 0.12 0.08 119.02 – 1.91
5000 0.10 0.19 0.14 240.88 – 3.10
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4.11 Parallel algorithms
Starting in the late 1980s, a number of contributions on parallel algorithms for LSAP ap-
peared in the literature. Some of these papers mainly present theoretical results, while others
are more oriented to practical implementations of (i) auction algorithms; (ii) shortest path
algorithms; and (iii) primal simplex algorithms.

The theoretical contributions are mostly concerned with implementations on parallel
random access machines (PRAM). A PRAM is a virtual machine consisting of a set of
processors connected by an unbounded shared memory and a common clock. Each processor
is a random access machine (RAM), and each RAM has an identical program. The RAMs
execute the program synchronously, one instruction in one clock cycle, but the RAMs can
branch to different parts of the program. Different PRAM models are given by assumptions
on the way memory is accessed. In an exclusive read/exclusive write (EREW) PRAM
every memory cell can be read or written only by one processor at a time. In a concurrent
read/exclusive write (CREW) PRAM multiple processors can read a memory cell at the
same time, but only one can write at a time. In a concurrent read/concurrent write (CRCW)
PRAM multiple processors can read and write memory cells at the same time.

Practical implementations are mostly tested on single instruction/multiple data
(SIMD) or multiple instruction/multiple data (MIMD) architectures, as defined in the Flynn
[275] taxonomy. In a SIMD architecture, multiple processors perform the same operations
synchronously on different data, such as, e.g., in an array processor. In a MIMD architec-
ture, multiple processors independently perform different operations on different data, such
as, e.g., in a network of workstations. There are two types of MIMD machines:

(i) shared memory systems, in which all processors share the same memory;

(ii) distributed memory systems, in which each processor has its own memory and consti-
tutes a node of an interconnection network. Some architectures have a fixed intercon-
nection scheme (e.g., the hypercube topology), while in other systems the connection
structure may be defined by the user (e.g., transputers with switching/routing devices).

The reader is referred, e.g., to the books by Bertsekas and Tsitsiklis [94], Jan van
Leeuwen [451], and Grama, Gupta, Karypis, and Kumar [338] for general introductions
to parallel computing and to Duncan [243] for a survey of parallel computer architectures.
The results of an extensive experimentation of various LSAP algorithms on several different
SIMD and MIMD architectures can be found in Brady, Jung, Nguyen, Raghavan, and
Subramonian [113].

4.11.1 Theoretical results

Driscoll, Gabow, Shrairman, and Tarjan [242] introduced new priority queue data structures
that can be used to obtain an efficient parallel implementation of the Dijkstra algorithm. Use
of this technique in a shortest path algorithm for LSAP gives anO(nm/p) time complexity
on an EREW PRAM with p ≤ m/(n log n) processors, under the assumption that the costs
are nonnegative. Gabow and Tarjan [294] considered a cost scaling algorithm that runs on
an EREW PRAM with p processors. The algorithm requires O(

√
nm log(nC) log(2p)/p)

time (where C is the maximum cij value) and O(m) space for p ≤ m/(
√
n log2 n). For
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p = 1 this gives the best time bound known for a cost scaling sequential algorithm (see
Gabow and Tarjan [297] in Section 4.2.3).

The first deterministic sublinear time algorithm for LSAP instances with integer costs
in the range [−C, C] was presented by Goldberg, Plotkin, and Vaidya [331, 332]. Their
pseudoflow algorithm with ε scaling (see Section 4.6.4) runs on a CRCW PRAM with n3

processors (at most) and has time complexity O(n2/3 log3 n log(nC)). A sequential version
has the same time complexity as the Gabow and Tarjan [297] algorithm. Osiakwan and Akl
[517] presented a parallel version of the Hungarian algorithm that runs in O(n3/p + n2p)

time on an EREW PRAM with p ≤ √n processors. Goldberg, Plotkin, Shmoys, and Tardos
[330] applied interior point techniques in the context of parallel computation. The resulting
algorithm solves LSAP instances with integer costs on a CRCW PRAM withm3 processors
in O(

√
m log2 n log(nC)) time. This time bound compares favorably with the algorithm

by Goldberg, Plotkin, and Vaidya [331, 332] in the case of sparse graphs. Fayyazi, Kaeli,
and Meleis [267] presented an adjustable linear time parallel algorithm that solves LSAP in
O(n/ω) time using O(nmax(2ω,4+ω)) processors, where ω ≥ 1 is an integer parameter, i.e.,
the execution time can be reduced by an unbounded factor at the expense of an increase of
the number of processors.

The randomized parallel algorithms by Karp, Upfal, and Wigderson [411] and Mul-
muley, Vazirani, and Vazirani [501] solve the minimum-cost matching problem on general
graphs using a number of processors that is proportional to C. Orlin and Stein [516] presented
a scaling method which, combined with such algorithms, produces parallel algorithms for
LSAP in which the number of processors needed is independent of C (although the time
increases proportionally to log C).

Finally, we mention some results of a different kind, obtained outside the combina-
torial optimization “community”. Schwiegelshohn and Thiele [605] gave an O(n2) time
parallel implementation of the O(n4) time sequential shortest path algorithm by Hoffman
and Markowitz [373] (see Section 4.4) on an array of O(n2) computing elements. Megson
and Evans [486] designed an architecture for solving LSAP through the Hungarian algo-
rithm. The resulting algorithm runs inO(n2) time and uses an orthogonally connected array
of (n + 2) × (n + 2) cells consisting of simple adders and control logic. Fayyazi, Kaeli,
and Meleis [266] proposed a shortest path algorithm and a related hardware implementation
such that the running time is O(

√
n log2 n) using O(n3) processing elements.

4.11.2 Auction algorithms

Recall that the bidding phase of the Bertsekas [86] auction algorithm (see Section 4.6.3)
can be implemented in two ways. One possibility (the Gauss–Seidel version) is to consider
a single unassigned row at a time, resulting in the updating of a single dual variable. In
a different implementation (the Jacobi version) all unassigned rows are considered at one
time, so several dual variables are updated.

Bertsekas [87] and Bertsekas and Castañon [89] proposed different synchronous and
asynchronous implementations of the auction algorithm. A synchronous parallel algorithm
consists of a series of computation phases separated by synchronization points. During
each phase, each processor operates independently of the others and waits for the next syn-
chronization point before starting the next phase. In an asynchronous parallel algorithm
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each processor operates independently of the others with data that may be out-of-date if
some other processor did complete its task on such data. Occasionally, an asynchronous
algorithm can have a synchronization point. Both types of implementation can be adopted
both for the Jacobi version, in which all unassigned rows (customers) bid before the dual
variables are updated, and the Gauss–Seidel version, in which a single customer bids and a
single dual variable is updated. We first discuss synchronous parallelizations.

(i) Jacobi version: each processor performs the bidding of one unassigned customer
(or of more than one if there are fewer processors than unassigned customers), and there is
a synchronization point when all bids have been completed.

(ii) Gauss–Seidel version: the set of admissible columns (sale items) for the current
customer i is partitioned among the processors, and each processor computes the minimum
and second minimum cij − vj values among the columns assigned to it. When all com-
putations have been completed, there is a synchronization point and one of the processors
merges the results in order to compute the bid of i.

(iii) Hybrid version: here, the bidding is performed for a subset S of the unassigned
customers and the processors are partitioned among them. Let P(i) be the set of proces-
sors dedicated to customer i; the computation proceeds as for the Gauss–Seidel version by
partitioning the columns among the processors of P(i).

The assignment phase following each bidding phase is not parallelized, as the potential gain
is lower than the associated overhead.

In the asynchronous implementations, the bidding and merging phases are divided
into tasks which are stored in a first-in first-out queue. As soon as a processor becomes idle,
it starts performing the first task (if any) of this queue. In addition, synchronizations and
termination conditions are adopted to guarantee the convergence of the algorithm.

Bertsekas and Castañon [89] present computational experiments on an MIMD com-
puter (the Encore Multimax), showing that the asynchronous implementations outperform
the corresponding synchronous implementations and that the best approach is the asyn-
chronous hybrid version. Further details on parallel implementations of the auction algo-
rithm can be found in Bertsekas and Tsitsiklis [94].

Philips and Zenios [546], Wein and Zenios [660], and Li and Zenios [455] com-
putationally compared different implementations of the auction algorithm (Gauss–Seidel,
Jacobi, and hybrid versions) on an SIMD computer, the Connection Machine CM-2, with
up to 32K processors. The machine was configured as an N ×N grid of processors (where
N is n rounded up to the nearest power of 2) with a processor assigned to each entry of the
cost matrix. A table in [660] gives comparisons with the codes by Kempka, Kennington,
and Zaki [414], Kennington and Wang [415], Balas, Miller, Pekny, and Toth [55], and Zaki
[666] (see below). Further computational tests on the Gauss–Seidel and Jacobi implemen-
tations were carried out by Kempka, Kennington, and Zaki [414] on an Alliant FX/8 MIMD
computer with eight processors and vector-concurrent capabilities, both with and without
ε-scaling (see Bertsekas and Eckstein [92], Section 4.6.3).

Schütt and Clausen [601] implemented three distributed algorithms (an Hungarian
method, the shortest path algorithm by Balas, Miller, Pekny, and Toth [55], and the auction
algorithm by Bertsekas and Castañon [89]) on a cluster of 16 Intel i860 processors, each
with 16 MB memory. Another MIMD architecture was used by Buš and Tvrdík [163] to test
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a variation of the Gauss–Seidel implementation (called a “look-back” auction algorithm)
in which each customer is associated with a list of recently assigned items that is used to
speed-up the bidding phase. Their experiments were performed on a cluster of 16 Pentium
III PCs, each with 256 MB memory, connected with a Myrinet network.

4.11.3 Shortest path algorithms

There are essentially two ways to implement a parallel shortest augmenting path algorithm
for LSAP:

(a) to use all processors for finding a single shortest path arborescence;

(b) to find several shortest paths emanating from different unassigned vertices by using
one processor per path.

The single-path approach was used by Kennington and Wang [415], who obtained a simple
parallel version of the code by Jonker and Volgenant [392] (see Section 4.4.4) by executing
the vectorial operations in parallel. The code was tested on a Symmetry S81 with 20
processors. Zaki [666] computationally compared, on an Alliant FX/8 MIMD computer,
the Gauss–Seidel implementation of the auction algorithm without ε-scaling (see Kempka,
Kennington, and Zaki [414], Section 4.11.2) with a parallel implementation of the Jonker
and Volgenant [392] algorithm (see Section 4.4.4) in which the vector capabilities of the
machine are used to speed-up the initialization phase and, in the augmentation phase, a
single path is determined using all processors jointly. Storøy and Sørevik [624] proposed
an implementation where each of n processors is assigned a column of the cost matrix.
They implemented all combinations of two initialization routines (the basic preprocessing
of Section 4.1.2 and the Jonker and Volgenant [393] preprocessing of Section 4.4.4) and the
two augmenting path routines proposed by Carpaneto, Martello, and Toth [165] and Jonker
and Volgenant [393] (see Section 4.4). The computational experiments, performed on a
MasPar MP2 SIMD computer with 16K processors showed the following.

1. Initialization: for n/C ≥ 3 the Jonker and Volgenant preprocessing is asymptotically
best; otherwise (small n values or n/C < 3) the basic preprocessing is best;

2. Augmentation: for n/C < 2 the Jonker and Volgenant routine is preferred; otherwise,
the Carpaneto, Martello, and Toth routine is more efficient.

Additional experimental results for similar combined implementations are given in Damberg,
Storøy, and Sørevik [210].

The implementation of the multi-path approach requires some preliminary theoretical
consideration. Indeed, if two or more vertex disjoint augmenting paths are found in parallel,
we can immediately update the primal solution using all these paths, as observed in the
mid-1980s by Derigs [226]. The dual solution, instead, can be obtained by applying to
each shortest path arborescence the standard dual updating (see Algorithm 4.9 in Section
4.4.2) only if all arborescences (and not just the augmenting paths) are disjoint. When the
arborescences partially overlap, it is necessary to use an updating procedure that properly
considers the fact that one vertex has been separately labeled by more than one processor.
Let p be the number of shortest paths searched in parallel. For h = 1, 2, . . . , p, let Th



book
2008/12/11
page 142

142 Chapter 4. Further Results on the Linear Sum Assignment Problem

denote the hth arborescence and ih ∈ U (resp., jh ∈ V ) the unassigned vertex where the
augmenting path starts (resp., terminates). Moreover, let SUh ∈ U and SV h ∈ V be the sets
of vertices in T h, πhj the label of vertex j ∈ SV h, and δh the cost of the shortest augmenting
path from ih to jh. Furthermore, let SU = ⋃p

h=1 SU
h and SV = ⋃p

h=1 SV
h. It is shown

by Balas, Miller, Pekny, and Toth [55] that a correct dual update can be obtained as follows.

Algorithm 4.19. Procedure Multi-path_updating.
Dual update for multiple shortest path arborescences.

for each i ∈ SU do
if ∃ h such that i = ih then ui := ui + δh
else ui := ui +maxh:ϕ(i)∈SV h{δh − πhϕ(i)};

for each j ∈ SV do vj := vj −maxh:j∈SV h{δh − πhj }

where ϕ(i) denotes, as usual, the column assigned to row i. In the Balas, Miller, Pekny, and
Toth [55] synchronous implementation all processors work in parallel, each one looking for
an augmenting path emanating from a distinct unassigned row vertex. When the number of
augmenting paths found exceeds a threshold value, a synchronization point occurs and the
processors perform the primal and dual updates. When all updates are completed, another
synchronization point is used to allow the processors to start a new search phase. Further
computational tricks and use of d-heaps to store the reduced costs make the code very
effective. Computational experiments were performed on a Butterfly GP1000, an MIMD
distributed memory multiprocessor with 14 processors, each directly accessing 4 megabytes
of local memory and accessing the local memory of the other processors through a packed
switched network. The algorithm solved a dense randomly generated instance with up to
30000 rows and columns and costs in [0,105] in 811 seconds.

Bertsekas and Castañon [90] extended the Balas, Miller, Pekny, and Toth [55] algo-
rithm to obtain an asynchronous implementation. In this algorithm, too, each processor
looks for a shortest path rooted at a different unassigned vertex, but the coordination is
realized by maintaining a “master” copy of a pair of primal and dual solutions in a shared
memory. To start an iteration, a processor copies the current master pair. (During this copy
operation the master pair is locked, so no other processor can modify it.) The processor
finds an augmenting path, then locks the master pair (which in the meantime may have been
modified by other processors), checks whether the update is feasible, and, if so, modifies
accordingly the master pair. The master pair is then unlocked. Computational testing was
carried out on an Encore Multimax computer with 8 processors for three versions of the
algorithm (two of which synchronous) by using a simple preprocessing phase in order to
highlight the effect of parallelization in the shortest path phase.

4.11.4 Primal simplex algorithms

Recall that primal simplex algorithms for LSAP (see Section 4.5.2) exploit the correspon-
dence between primal basic solutions of the linear problem associated with LSAP and span-
ning trees on the associated bipartite graph G = (U, V ;E). The core of these algorithms,
which operate on the special class of strongly feasible trees, consists of two steps:
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1. Pricing: select an edge [i, j ] with negative reduced cost cij = cij − ui − vj .
2. Pivoting: insert [i, j ] in the basis and remove the (unique) other edge [i, l] belonging

to the circuit produced by [i, j ] (basis update); adjust the dual variables (dual update).

Step 1 is crucial for the fast convergence of primal simplex algorithms. Indeed it is known
that very good results are produced by the Dantzig rule (“select the edge with most negative
reduced cost”) but, for LSAP, this requires the computation of the reduced costs of all
edges, which can be a relatively heavy computational effort for a single iteration. Hence,
the parallelization of primal simplex algorithms has mostly concerned the pricing phase.

Miller, Pekny, and Thompson [491] designed a synchronous algorithm in which every
processor searches the most negative element in each of k rows of the reduced cost matrix
(with k = 1 or 2 in the tested implementation). The corresponding row and column indices
are stored in a globally accessible pivot queue, and a synchronization point occurs. If the
queue is empty, a new search phase is performed. Otherwise, one of the processors performs
the pivots in order from the queue, checking before each pivot that the reduced cost remains
negative and bypassing pivots where this is not true. The algorithm was tested on a 14
processor BBN Butterfly computer.

An asynchronous implementation was proposed by Peters [542]. In this algorithm
there is one pivot processor, say, P1, dedicated to pivoting. While P1 pivots, the other
processors P2, . . . , Pp (search processors) price edges in parallel and deposit candidate
edges in a stack that has on top the edge with most negative reduced cost. When a search
processor finds an edge [i, j ] with negative reduced cost, it locks the stack, checks whether
cij is lower than the reduced cost of the top edge, and, if so, deposits [i, j ] in the stack and
unlocks it. Whenever P1 has completed a pivoting phase, it acquires the stack and returns
a new empty stack to the search processors. If the acquired stack is not empty, P1 reprices
and reorders the first few edges in the stack (since they have been selected while pivoting
was taking place) and starts performing pivots. If instead the acquired stack is empty, or it
contains no valid entry, P1 starts to price all edges itself; if it finds no edge with negative
reduced cost and the search is not interrupted by any new entry in the stack, the algorithm
terminates with the optimal solution. The algorithm was tested on a Sequent Symmetry S81
MIMD shared memory multiprocessor with 10 Intel 80386 processors.

Another asynchronous algorithm was proposed by Barr and Hickman [71], who gave
a parallel implementation of the algorithm by Barr, Glover, and Klingman [70]. Here, the
parallelization does not concern only the pricing operations since the dual update opera-
tions are subdivided so that they can be performed by several processors in parallel. The
synchronization is obtained through a monitor, a programming construct invented by Hoare
[370]. A monitor is a self-scheduled work allocation scheme consisting of

(a) a section of code, controlled by an associated lock, that can be executed by only one
processor at a time (critical section);

(b) a shared work list, accessible exclusively within the critical section; and

(c) a delay queue for idle processors.

Idle processors enter the critical section one at a time, update the work list, select a task
from the list, exit the critical section, perform the task, and return for additional work.
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If the monitor has no task available, the processor is placed in the delay queue, to be
released when new tasks become available. When all processors are in the delay queue, the
execution terminates. In the Barr and Hickman [71] implementation the shared memory
includes a list of candidate edges for pivoting (candidate list). There are three kinds of
tasks:

(a) select an edge from the candidate list and perform a basis update;

(b) perform a specified portion of the dual update; and

(c) price a group of edges and return the one with the most negative reduced cost, if any,
to the candidate list.

Computational experiments on a Sequent Symmetry S81 machine with 20 Intel 80386
processors and 32 MB of sharable memory proved that this algorithm is more efficient than
the one by Peters [542].
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Further results on the linear
sum assignment problem

5.1 Asymptotic analysis
Linear assignment problems with random cost coefficients have found a long standing
interest. We assume in this section that the cost coefficients cij of an LSAP are independent
random variables with a common prespecified distribution.

The main question, examined in the next section, concerns the expected optimal
value of the problem. Remarkably, the expected optimal value has a well-defined finite
limit, denoted as E(z∗), as n tends to infinity (Aldous [24], 1992).

Further investigations on random problems, reviewed in Section 5.1.2, concern the
construction of good approximation algorithms for LSAP.

5.1.1 Expected optimum value

We start by analyzing the average behavior of a simple greedy algorithm for LSAP. We shall
use the fact that the expected value of the minimum of n independent random variables
uniformly distributed in [0, 1] equals 1/(n+ 1).

Let us execute the following greedy algorithm on an LSAP instance with n× n cost
matrix C = (cij ) for which we assume that the cost coefficients cij are independent random
variables uniformly distributed on the interval [0, 1]. First, we determine the minimum in
the first row of C and delete the first row and the column corresponding to the minimum.
The expected value of the first element is 1/(n+ 1). Next, we determine the minimum of
the n − 1 remaining elements in the second row. Its expected value is 1/n. We delete the
second row and the corresponding column of C in which the minimum of the second row
was taken and proceed in the same manner with the remaining rows. Thus the expected
value of the greedy solution becomes

1

2
+ 1

3
+ · · · + 1

n
+ 1

n+ 1
= Hn+1 − 1 ∼ log n,

where Hn denotes the nth harmonic number and log n is computed on the natural basis e.
Thus we have proven the following.

145
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Proposition 5.1. If the cost coefficients of a linear sum assignment problem of size n are
independent random variables, uniformly distributed in [0, 1], then the expected value of
the solution provided by the greedy algorithm is Hn+1 − 1, which grows with n like log n.

This is an astonishing result, as in 1969 Donath [238] conjectured that the expected
optimal value, when the cost coefficients are independent uniformly distributed random
variables in [0, 1], is around π2/6 � 1.64 and not increasing like log n. This was also
suggested in the mid-1980s by the replica method from statistical physics (see Mézard and
Parisi [489, 490]). The replica method often gives correct answers, but is not a rigorous
mathematical method. If it is applied to assignment problems, two limits must be inter-
changed and the analytic continuation of a function must be assumed to exist. However,
this cannot be proved to be mathematically correct. Nevertheless, the conjecture could
recently be verified. There was a long way up to this result, which we are going to outline
below.

In 1979 Walkup [656] showed that 3 is an upper bound on the expected optimal value
of LSAP provided the cost coefficients cij are independent random variables uniformly
distributed on [0, 1]. His proof is based on Theorem 3.26, which bounds probabilities
for the existence of perfect matchings in random bipartite graphs. Walkup’s bound was
improved to 2 by Karp [409] five years later by conditioning on an optimal basis of the
assignment problem. A nice discussion on Karp’s bound and its connection to the Dyer-
Frieze-McDiarmid [244] inequality can be found in Steele [622]. Walkup and Karp’s proofs
were not constructive and did not lead to good heuristics. Finally, the upper bound on E(z∗)
was reduced to 1.94 by Coppersmith and Sorkin [196] by analyzing an augmenting path
algorithm in the case that the cost coefficients cij are drawn from an exponential distribution
with mean 1.

On the other hand, lower bounds for problems with cost coefficients which are uni-
formly distributed in [0, 1] were given by Lazarus [449]. This author exploited the weak
duality and evaluated the expected value of the dual objective function

∑
i ui +

∑
j vj

achieved after execution of Procedure Basic_preprocessing of Section 4.1.2. By computa-
tions involving first-order statistics, it is shown that the expected value of

∑
i ui +

∑
j vj ,

which is a lower bound on the expected optimal value of LSAP, is of order 1+1/e+log n/n.
This yields a bound of 1.368. Moreover, the author evaluated the maximum number of ze-
roes lying in different rows and columns of the reduced cost matrix after preprocessing. This
evaluation implies that the probability of finding an optimal assignment after preprocessing
tends to 0 as n tends to infinity.

The lower bound was improved by Goemans and Kodilian [327] to 1.44, and finally
to 1.51 by Olin [513] who obtained her bound from a feasible solution of the dual.

From a technical point of view it is much easier to work with random variables
drawn from an exponential distribution with mean 1 instead of a uniform distribution on
[0, 1]. Both distributions have near 0 the density 1; hence, they are indistinguishable in the
neighborhood of 0. As when n tends to infinity, only very small values appear in an optimal
assignment; since the limit E(z∗) is finite, both distributions yield the same result. For a
rigorous proof of this property see Aldous [24]. Using the exponential distribution with
mean 1, Aldous could finally prove that the limit E(z∗) is indeed π2/6. His proof is based
on weak convergence arguments started in [24] and on studying matchings in infinite trees.
Let us denote by i.i.d. independent and identically distributed variables.
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Theorem 5.2. (Aldous [25], 2001.) Let the cost coefficients cij of a linear sum assignment
problem of size n be i.i.d. random variables with an exponential distribution with mean 1.
Then the limit E(z∗) of the expected optimum objective value exists and equals π2/6.

Completely new and different proofs for this theorem have been given by Linusson and
Wästlund [461] (see the remarks after Theorem 5.4).

Aldous [25] also proved a conjecture by Houdayer, Bouter de Monvel, and Martin
[378] on order ranks. Given a row of the cost matrix he proved that, as n tends to infinity,
the probability that an optimal assignment uses the smallest element of this row is 1/2.
The probability that the optimal assignment uses the second smallest element is 1/4 and so
on. More generally, he showed the following result, which is of interest with respect to the
greedy algorithm discussed in Proposition 5.1.

Proposition 5.3. Let the cost coefficients cij of a linear assignment problem of size n be
i.i.d. random variables with an exponential distribution with mean 1. The probability that
the optimal assignment uses the kth smallest element of an arbitrary row tends to 1/(2k) as
n tends to infinity.

A similar result for assignment problems with finite size n can be found in Linusson and
Wästlund [461].

In 1998 Parisi [538] had conjectured that the expected value E(zn) of an optimum
assignment of finite size n is

E(zn) =
n∑
k=1

1

k2
. (5.1)

Note that

E(z∗) = lim
n→∞E(zn) =

∞∑
k=1

1

k2
= π2

6
.

For n = 6 this conjecture has been proven by Alm and Sorkin [26]. In 2003, Linusson
and Wästlund [460] gave a computerized proof of this conjecture for n = 7. Finally,
Linusson and Wästlund [461] and, independently, Nair, Prabhakar, and Sharma [509] proved
Parisi’s conjecture for arbitrary n by combinatorial arguments. The two proofs are, however,
completely different.

Theorem 5.4. Let the cost coefficients cij of a linear assignment problem of size n be i.i.d.
random variables with an exponential distribution with mean 1. Then the expected cost of
the minimum assignment equals

n∑
k=1

1

k2
.

A new simple proof of this result using a probabilistic setting follows from a more general
result shown by Wästlund [658] in 2005. Recently, Wästlund [659] obtained explicit bounds
on the expected value of a min cost perfect matching in the complete graph Kn, n even.
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Theorem 5.4 directly implies Theorem 5.2 by taking the limit n to ∞. Still another
proof for Theorem 5.2 is given in Linusson and Wästlund [460]. For fixed n and p, p > 1,
they consider a matrix C = (cij ) with

cij = 0 if

(
i

n

)p
+
(
j

n

)p
≥ 1.

The non-zero elements are drawn from an exponential distribution with mean 1. The authors
can show that

lim
n→∞E(zn) =

(
1− 1

p

)2

· π
2

6
. (5.2)

Imagine that a Cartesian coordinate system has its origin in c11, an axe going right
along row 1, and the other going down along column 1. In the case p = 2 the matrix entries
outside the positive quarter of a cycle are zero; hence, (5.2) yields the limit π2/24, and if p
tends to infinity we get Theorem 5.2 from (5.2).

Frenk, Houweninge, and Rinnooy Kan [280], as well as Olin [513], Aldous [25],
and Grundel, Krokhmal, Oliveira, and Pardalos [344], studied other distribution functions
for the cost elements cij . In [280] the authors analyzed the asymptotic behavior of the
first-order statistics in the case of distribution functions F defined on (−∞,+∞) (with
limn→∞ F−1(1/n) = −∞) which fullfill the conditions∫ +∞

−∞
|x|F(x)dx <∞ and lim inf

x→+∞
F(−x)
F (−ax) > 1 for some a > 1 ,

as well as for functions F defined on (0,∞) (with limn→∞ F−1(1/n) = 0). The estimates
on the first-order statistics are then used to provide bounds for the expected optimal value
of LSAP along the ideas of Walkup [656]. Olin [513] imposed further conditions on F and
derived specific bounds which generalize those by Walkup and Lazarus. More precisely,
if (i) F admits a continuous density function which is strictly positive in a neighborhood
of the origin, (ii) F has finite expected value, and (iii) F−1(0+) = limy→0+ F

−1(y) exists,
then

(1+ e−1)F−1(0+) ≤ lim inf
n→∞ E(z∗) ≤ lim sup

n→∞
E(z∗) ≤ 3F−1(0+) .

Independent and uniformly distributed cost elements cij on [0, 1] immediately lead
to independent and uniformly distributed cost elements c̄ij = 1− cij on [0, 1]. Therefore,
we can deduce from

max
ϕ

n∑
i=1

ciϕ(i) = n−min
ϕ

n∑
i=1

c̄iϕ(i) (5.3)

that the maximum objective function value of a linear assignment problem tends to infinity
as the problem size increases. Thus the gap between minimum and maximum objective
function values of an LSAP becomes arbitrarily large when the problem size increases. We
show later that quadratic assignment problems have a completely different behavior: for
them, the gap between the minimum and the maximum value of the feasible solutions tends
to 0 as n tends to infinity.
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5.1.2 Asymptotic analysis of algorithms

Let us now turn to the probabilistic analysis of algorithms for LSAP. One of the first results
in this area was obtained by Karp [408], who analyzed an exact algorithm for LSAP and
showed that its expected running time is O(n2 log n) in the case of independent costs cij
uniformly distributed on [0, 1]. The analyzed algorithm is a special implementation of an
augmenting path algorithm for the assignment problem and uses priority queues to compute
a shortest augmenting path in O(n2 log n) time. As in an assignment problem n shortest
augmenting paths have to be determined, the time complexity of this algorithm isO(n3 log n)
for general cost matrices. The algorithm reduces the number of insertions in the priority
queue at the cost of a slight increase of the number of deletions. This is done by introducing
so-called surrogate items. Each surrogate item replaces a large number of regular items
of the priority queue. In the case that the cost elements cij are uniformly distributed on
[0, 1], the surrogate items do indeed represent and replace many regular items, and thus they
reduce the expected overall number of operations associated with the queue to O(n2). As
any of the queue-operations takesO(log n) times, and since the time for all other operations
is O(n2), this yields the above-mentioned time complexity.

Other results in this area concern heuristics and provide worst-case bounds and/or
average case bounds in the case that the costs cij are independently and uniformly distributed
on [0, 1]. Avis and Devroye [49] analyzed a heuristic for LSAP proposed by Kurzberg [444].
This heuristic (i) decomposes a large problem of size n = mk into k2 problems of sizem×m
each; (ii) solves the smaller problems; and (iii) combines their solutions to obtain a solution
for the original problem. In its space-optimal version (k = √n) the heuristics take O(n)
space and O(n2.5) time. In its time-optimal version (k = n3/4) it takes O(n2.25) time and
O(n1.5) space. It is not difficult to show that the worst-case ratio of this heuristic is∞. (By
applying this heuristic to a maximization version of LSAP, one can obtain a worst-case ratio
of min{m, k}.) However, in the case that the cost coefficients cij are uniformly distributed
in [0, 1], the expected value of the solution produced by the heuristic is smaller than or equal
to k/2 times the expected optimal value as n tends to infinity.

The first heuristic producing a solution with expected value bounded by a constant
was proposed by Avis and Lai [50]. They designed an O(n2) time algorithm and showed
that, for sufficiently large n, the expected value of the total cost of the assignment found is
less than 6, provided the cost coefficients are i.i.d. random variables drawn from a uniform
distribution on [0, 1]. The heuristic elaborates the idea of Walkup [656] (see Theorem 3.26)
and works with a sparse subgraph of the given graph. The sparse subgraph considered by
the authors has 10n “cheap” edges and contains a perfect matching with high probability. If
necessary, the largest matching contained in this graph is completed to a perfect matching
of the original graph in a greedy way. The good behavior of the heuristic relies on the fact
that the sparse graph contains, with high probability, a cheap perfect matching.

Karp, Rinnooy Kan, andVohra [410] derived a better heuristic which runs inO(n log n)
time (withO(n) expected time) and provides, with probability 1−O(n−a), a solution whose
value is smaller than 3+O(n−a) for some a > 0. The basic idea is similar to that by Avis
and Lai: Construct a “cheap” sparse subgraph of the given graph and show that it contains
a perfect matching with high probability. Again, if the subgraph does not contain a perfect
matching, a solution for the original LSAP instance is determined in a greedy way. The
subgraph is introduced in terms of so-called random 2-out bipartite graphs. Such a graph
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contains a perfect matching with probability 1 − O(n−a) and a maximum matching can
be found in O(n log n) time. Further, how to construct a random 2-out bipartite subgraph
with cheap edges for the given LSAP instance is shown. The expected value of a solution
which is either obtained as a perfect matching in this subgraph or by a greedy approach to
the given LSAP instance, if the former does not exist, equals 3+O(n−a).

Schwartz, Steger, and Weissl [603] reported real-world LSAP instances involving
dense graphs with n > 10000, for which one can be interested in a fast approximation
algorithm. The algorithm in [603] selects a small subset of the edges and solves the resulting
sparse instance with the algorithm by Fredman and Tarjan [278] (see Section 4.4.3) if the
costs are arbitrary or with the algorithm by Goldberg and Kennedy [329] (see Section 4.6.4)
if the costs are integer. In the former case the time complexity is O(n2 log n), while in the
latter case it is O(n2). The selected edge set is the union of two subsets: E1, containing
the c log n smallest edges incident with each vertex, and E2, containing c′n log n randomly
chosen edges (for given parameters c and c′). Set E1 is aimed at producing a good practical
behavior of the algorithm, while set E2 ensures, on the basis of a result by Erdös and
Rényi [257], that the sparse graph has a perfect matching with high probability, i.e., with
probability tending to 1 asn tends to infinity. If the input graph is complete and has uniformly
distributed edge weights, using a result by Frieze and Sorkin [284], it is proved in [603] that
the algorithm finds with high probability the optimal solution. Schwartz, Steger, and Weissl
[603] report computational experiments on randomly generated graphs with n ranging from
10 to 1500.

5.2 Monge matrices and the linear sum assignment
problem

In certain cases an optimal solution of the linear sum assignment problem is known before-
hand, provided the cost matrix of the problem has a special structure.

Definition 5.5. An n× n matrix C = (cij ) is said to fulfill the Monge property (or to be a
Monge matrix) if (see Figure 5.1)

cij + ckl ≤ cil + ckj (5.4)

holds for all 1 ≤ i < k ≤ n and 1 ≤ j < l ≤ n.
Matrix C fulfills the inverse Monge property (is an inverse Monge matrix) if

cij + ckl ≥ cil + ckj (5.5)

holds for all 1 ≤ i < k ≤ n and 1 ≤ j < l ≤ n.

This definition goes back to Hoffman [372], who considered a slightly more general situa-
tion, namely, the so-called Monge sequences.

It is easy to see that it is enough to require the Monge property for adjacent rows and
adjacent columns. In other words, (5.4) holds if and only if

cij + ci+1,j+1 ≤ ci,j+1 + ci+1,j (i, j = 1, 2, . . . , n− 1). (5.6)
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⎛⎜⎜⎜⎜⎜⎜⎜⎝

j l

...
...

i · · · cij · · · · · · cil · · ·
...

...

k · · · ckj · · · · · · ckl · · ·
...

...

⎞⎟⎟⎟⎟⎟⎟⎟⎠

Figure 5.1. Four elements involved in the Monge property.

An immediate consequence of this observation is that one can test in O(n2) time whether a
given n× n matrix C is a Monge matrix.

An important subclass of Monge matrices can be generated in the following way: Let
D = (dij ) be a nonnegative real matrix of order n × n. It is straightforward to prove that
the matrix C obtained by

cij =
n∑
k=i

j∑
�=1

dk� (i, j = 1, 2, . . . , n) (5.7)

is a Monge matrix. In analogy to the notions of distribution and density matrices in proba-
bility theory, Gilmore, Lawler, and Shmoys [312] call a matrix C which is given by (5.7) a
distribution matrix generated by the density matrix D.

Monge matrices are in fact only slight generalizations of distribution matrices since
the following can be proved (see Burdyuk and Trofimov [124], and Bein and Pathak [80]).

Proposition 5.6. Every Monge matrix C is the sum of a distribution matrix Ĉ and two
vectors u and v ∈ R

n such that

cij = ĉij + ui + vj (i, j = 1, 2, . . . , n).

Examples of Monge matrices can be obtained through the following settings. C =
(cij ) is a Monge matrix if

• cij = ai + bj for arbitrary real numbers ai and bj (i, j = 1, 2, . . . , n);

• cij = aibj for increasing real numbers 0 ≤ a1 ≤ a2 ≤ · · · ≤ an and decreasing real
numbers b1 ≥ b2 ≥ · · · ≥ bn ≥ 0;

• cij = min(ai, bj ) for increasing real numbers a1 ≤ a2 ≤ · · · ≤ an and decreasing
real numbers b1 ≥ b2 ≥ · · · ≥ bn;

• cij = max(ai, bj ) for increasing real numbers ai and bj (i, j = 1, 2, . . . , n);

• cij = |ai−bj |p for p ≥ 1 and decreasing real numbers ai and bj (i, j = 1, 2, . . . , n).
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Similar examples can be given for inverse Monge matrices. In connection with linear
sum assignment problems we can now show the following.

Matrix C fulfills the weak Monge property (see Derigs, Goecke, and Schrader [227])
if

cii + ckl ≤ cil + cki for 1 ≤ i < k ≤ n and 1 ≤ i < l ≤ n. (5.8)

Every Monge matrix obviously fulfills (5.8), but not vice versa.

Proposition 5.7. A linear sum assignment problem whose cost matrix is a weak Monge
matrix is solved by the identical permutation.

If the cost matrix fulfills the inverse Monge property, then the permutation ϕ(i) =
n+ 1− i for i = 1, 2, . . . , n is an optimal solution.

Proof. We prove the first part of this proposition by successive transformations to the
identical permutation. Every transformation does not increase the objective function value.
The second part can be proved by analogous arguments using the inverse Monge property.

Let ϕ∗ be an optimal solution of the assignment problem whose cost matrix fulfills
the Monge property. For i = 1, 2, . . . , n, perform the following step. If ϕ∗(i) �= i, then
let l = ϕ∗(i), find k such that ϕ∗(k) = i, and interchange the two assignments by setting
ϕ∗(i) = i and ϕ∗(k) = l. According to (5.8) we have

cii + ckl ≤ cil + cki
which shows that the new permutation does not have a larger objective function value.

Since at each iteration i we have ϕ∗(h) = h for h = 1, 2, . . . , i − 1, the inter-
change never involves the preceding rows and columns, so the resulting permutation remains
optimal.

In the case that the cost matrix C is a Monge matrix, there is an intimate connection
between minimizing and maximizing

∑n
i=1 ciϕ(i). We can use the obvious fact that

if C is a Monge matrix, then −C is an inverse Monge matrix.

Thus Proposition 5.7 tells us that the permutation ϕ(i) = n + 1 − i for i = 1, 2, . . . , n
maximizes the objective function.

The Monge property depends on a proper numbering of the rows and columns of
matrix C. A matrix C = (cij ) is called a permuted Monge matrix if there are permutations
ϕ and ψ of the rows and columns of C, respectively, such that (cϕ(i)ψ(j)) fulfills the Monge
property. Deı̆neko and Filonenko [214] showed that it can be tested inO(n2+n log n) time
if an n×nmatrix fulfills the permuted Monge property (see also Burkard, Klinz, and Rudolf
[152] for Deı̆neko and Filonenko’s recognition algorithm). Their algorithm also provides
the permutations ϕ and ψ , when they exist.

An important special case of LSAP with a permuted Monge matrix as cost matrix
arises if the cost coefficients have the form

cij = aibj .
Such LSAPs, which arise as subproblems of the quadratic assignment problem (see Sec-
tion 7.5), can simply be solved in O(n log n) time by ordering the numbers ai and bj . Let
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a1 ≤ a2 ≤ · · · ≤ an and b1 ≤ b2 ≤ · · · ≤ bn. Then (ai − ak)(bj − bl) ≥ 0 for i < k

and j < l. Thus aibj + akbl ≥ aibl + akbj , which shows that the matrix (cij ) = (aibj ) is
an inverse Monge matrix. Therefore Proposition 5.7 implies the following proposition by
Hardy, Littlewood, and Pólya [364].

Proposition 5.8. Let

a1 ≤ a2 ≤ · · · ≤ an and b1 ≤ b2 ≤ · · · ≤ bn.
Then for any permutation ϕ

n∑
i=1

aibn+1−i ≤
n∑
i=1

aibϕ(i) ≤
n∑
i=1

aibi .

In connection with the realization of discrete event systems (see Gaubert, Butkovič,
and Cuninghame-Green [303], Burkard and Butkovič [136], and Butkovič and Cuninghame-
Green [162]) the problem of a linear sum assignment problem with a symmetric Hankel
matrix as cost matrix arises. A Hankel matrix has the form⎛⎜⎜⎜⎝

c0 c1 . . . cn
c1 c2 . . . cn+1
...

...
...

cn cn+1 . . . c2n

⎞⎟⎟⎟⎠
with arbitrary real numbers c0, c1, . . . , c2n. Thus a Hankel matrix has a very special form.
It is still an open question whether or not a linear sum assignment problem with such a
special cost matrix can be solved in a faster way than by applying a standard algorithm for
LSAP. If the sequence cn is convex (resp., concave), i.e., cr+2 − cr+1 ≥ cr+1 − cr (resp.,
cr+2 − cr+1 ≤ cr+1 − cr ) for all r , the Hankel matrix is an inverse Monge matrix (resp., a
Monge matrix). Therefore Proposition 5.7 yields optimal solutions.

5.3 Max-algebra and the linear sum assignment problem
In max-algebra the conventional arithmetic operations of addition and multiplication of real
numbers are replaced by

a ⊕ b = max(a, b), (5.9)

a ⊗ b = a + b, (5.10)

where a, b ∈ R = R∪{−∞}. In particular, x(k) denotes the kth power of x (k = 0, 1, . . . ),
in conventional notation x(k) = kx. The algebraic system (R,⊕,⊗) offers an adequate
language for describing the synchronization of production (Cuninghame-Green [203]) and
discrete event systems, to mention just a few applications. Though the operation “subtract”
does not exist within this system, many notions from conventional linear algebra, like
equation systems and eigenvalues, can be developed within this system.
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The operations ⊕ and ⊗ can be extended to vectors and matrices in the same way as
in conventional linear algebra. First, we introduce the notation∑

1≤i≤n

⊕
ai = a1 ⊕ a2 ⊕ · · · ⊕ an = max(a1, a2, . . . , an)

and ∏
1≤i≤n

⊗
ai = a1 ⊗ a2 ⊗ · · · ⊗ an =

n∑
i=1

ai.

Thus if A = (aij ), B = (bij ), and C = (cij ) are matrices with elements from R of
compatible sizes, we can write C = A ⊕ B if cij = aij ⊕ bij for all i, j and C = A ⊗ B
if cij =∑⊕

k aik ⊗ bkj = maxk(aik + bkj ) for all i, j . In max-algebra the unit matrix I is a
square matrix of appropriate size whose diagonal elements are all 0 and whose off-diagonal
elements are −∞.

Let us consider a linear equation system in max-algebra. Cuninghame-Green [204]
showed that the linear equation system A ⊗ x = b with an n × n matrix A has a unique
solution x̄ if and only if the matrix C = (cij ) defined by cij = aij − bi has exactly one
maximum in every column and such maxima are in different rows. In this case the solution
is given by

xj = − max
1≤i≤n

cij (j = 1, 2, . . . , n).

This means that the corresponding linear sum assignment problem with cost matrix−C has
a unique optimal solution.

How can one check whether an assignment problem has a unique optimal solution?
We say that matrix B is a normal form of matrix C (see Burkard and Butkovič [136]) if

(a) bij ≥ 0 (i, j = 1, 2, . . . , n), and

(b) there is a constant z such that

n∑
i=1

ciϕ(i) = z+
n∑
i=1

biϕ(i) (5.11)

holds for all permutations ϕ, and

(c) there exists a permutation ϕ0 such that

n∑
i=1

biϕ0(i) = 0.

It is straightforward to see that the two linear sum assignment problems with cost matrices
C and B have the same optimal solution. Indeed, the normal form of a matrix C is the
matrix of the reduced costs in the optimal solution of the LSAP induced by C; hence, it can
be obtained by applying any LSAP algorithm that provides the optimal dual variables.

Normal forms lead to an interesting property of symmetric cost matrices. The follow-
ing proposition shows that we can always achieve a symmetric normal form if the coefficient
matrix of the linear assignment problem is symmetric.
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Proposition 5.9. For a symmetric n × n matrix C, a symmetric normal form can be
determined in O(n3) steps.

Proof. Given a permutationϕ, let us denote byϕ−1 the permutation such thatϕ−1(ϕ(i)) = i.
IfC is symmetric, then the permutationsϕ andϕ−1 yield the same value of the corresponding
LSAP. Using (5.11) we get

2
n∑
i=1

ciϕ(i) =
n∑
i=1

ciϕ(i) +
n∑
i=1

ciϕ−1(i)

= 2z+
n∑
i=1

biϕ(i) +
n∑
i=1

bϕ(i)i

= 2z+
n∑
i=1

(biϕ(i) + bϕ(i)i).

Thus

B = 1

2
(B + BT ),

where BT denotes the transpose of B, is a symmetric normal form of C. The thesis follows
by recalling that B can be found in O(n3) time by solving the LSAP defined by matrix
C.

The symmetry and property (c) of the normal form imply that every even cycle
(i1, i2, . . . , i2k−1, i2k) in the cyclic representation of the optimal solution (see Section 1.1)
can be split into two-cycles 〈ih, ih+1〉 (h = 1, 3, . . . , 2k−1)without increasing the solution
cost, i.e., we have the following.

Corollary 5.10. If the cost matrix C is symmetric, then there always exists an optimal
solution of the linear sum assignment problem consisting only of cycles of length 2 or an
odd length in the cyclic representation of ϕ.

Returning to general cost matrices, by permuting the rows and columns of B we can
achieve that the identical permutation (1, 2, . . . , n) becomes an optimal solution. Let us
define a directed graph GB(N,A) with node set N = {1, 2, . . . , n} and arcs (i, j) ∈ A if
and only if i �= j and bij = 0. This shows immediately the following.

Proposition 5.11. The optimal solution of the assignment problem with cost matrix C is
unique if and only if graph GB is acyclic.

Further results in this direction can be found in Butkovič [161] and Burkard and
Butkovič [136]. In particular, a square matrix C with columns C1, C2, . . . , Cn is called
regular if it is not possible to find two nonempty, disjoint subsets S and T of {1, 2, . . . , n}
and real numbers αj such that∑

j∈S

⊕
αj ⊗ Cj =

∑
j∈T

⊕
αj ⊗ Cj .
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The following result has been shown by Butkovič [161].

Proposition 5.12. Let B be a normal form of C in which (if necessary) the rows or columns
have been permuted such that the identical permutation is optimal. Then C is regular if
and only if graph GB does not contain an even cycle.

The problem of checking if a graph contains an even cycle has been shown to be
polynomially solvable by Robertson, Seymour, and Thomas [586]; hence, the same holds
for the problem of checking if a given square matrix is regular.

The max-algebraic permanent of an n×nmatrixC = (cij ) is defined in an analogous
way to classical linear algebra by

maper(C) =
∑
ϕ∈Sn

⊕ ∏
1≤i≤n

⊗
ciϕ(i), (5.12)

where Sn denotes the set of all permutations of the set {1, 2, . . . , n}. In conventional
notation,

maper(C) = max
ϕ∈Sn

∑
1≤i≤n

ciϕ(i),

which is the solution value of a maximization LSAP with cost matrixC. The max-algebraic
permanent of a matrix plays a role in connection with the eigenvalue problem in max-algebra.
Cuninghame-Green [204] showed that in max-algebra the characteristic polynomial of a
square matrix A is given by

χA(x) := maper(A⊕ x ⊗ I ).
In other words, it is the max-algebraic permanent of the matrix⎛⎜⎜⎜⎝

a11 ⊕ x a12 · · · a1n

a21 a22 ⊕ x · · · a2n
...

...
...

an1 an2 · · · ann ⊕ x

⎞⎟⎟⎟⎠ .
This means that χA(x) is a max-algebraic polynomial

χA(x) = δ0 ⊕ δ1 ⊗ x ⊕ · · · ⊕ δn−1 ⊗ x(n−1) ⊕ x(n)

with coefficients δ0, δ1, . . . , δn−1 and δn = 1, where δ0 = maper(A), . . . , δn−1 = max(a11,

a22, . . . , ann) (see also Proposition 5.13 below). Written in conventional notation, the char-
acteristic polynomial is

χA(x) = max (δ0, δ1 + x, . . . , δn−1 + (n− 1)x, nx) .

Thus, viewed as a function in x, the max-algebraic characteristic polynomial of a matrix A
is a piecewise linear, convex function. If for some k ∈ {0, 1, . . . , n} the inequality

δk ⊗ x(k) ≤
∑
i �=k

⊕
δi ⊗ x(i)
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holds for every real x, then the term δk ⊗ x(k) is called inessential; otherwise, it is called
essential. Burkard and Butkovič [135] described an O(n4) method to find all essential
terms of the characteristic max-algebraic polynomial by solving a series of linear sum
assignment problems. Recently, Gassner and Klinz [302] improved the time-complexity of
the algorithm for finding the essential terms of the characteristic max-algebraic polynomial
toO(n3). They showed that these terms can be found by solving the special linear parametric
sum assignment problems with cost coefficients

cλij =
{
cij , if i �= j,
cii − λ, otherwise.

Cuninghame-Green [204] showed that the max-algebraic characteristic polynomial
of a matrix A is closely related to the best principal submatrix assignment problem. Let
A = (aij ) be an n× n matrix. Any matrix of the form⎛⎜⎜⎜⎝

ai1i1 ai1i2 · · · ai1ik
ai2i1 ai2i2 · · · ai2ik
...

...
...

aiki1 aiki2 · · · aikik

⎞⎟⎟⎟⎠
with 1 ≤ i1 < i2 < · · · < ik ≤ n is called a k × k principal submatrix. The best principal
submatrix assignment problem BPSAP(k) can be stated as follows.

For given k, 1 ≤ k ≤ n, find a principal submatrix of size k and a permutation ϕ of the set
{1, 2, . . . , k} such that

k∑
r=1

airϕ(ir )

is a minimum.

The following theorem by Cuninghame-Green [204] shows that all (essential and inessential)
coefficients δk of the characteristic max-algebraic polynomial can be obtained as solutions
of the principal submatrix assignment problem.

Proposition 5.13. Let χA(x) = δ0⊕δ1⊗x⊕· · ·⊕δn−1⊗x(n−1)⊕x(n) be the max-algebraic
characteristic polynomial of an n× n matrix A. Then the coefficients δk are given by

δk =
∑
B∈Ak

⊕
maper(B), (5.13)

where Ak is the set of all principal submatrices of A of size (n− k)× (n− k).

It is obvious that δ0 = maper(A) = maxϕ
∑n

i=1 aiφ(i) and that δn−1 = max(a11, a22,

. . . , ann). There is, however, no polynomial method known to the authors to solve the best
principal submatrix problem in general for a given size k. However, if the entries of matrixA
are polynomially bounded, the best principal submatrix assignment problem can be solved,
for any k (1 ≤ k ≤ n), by a randomized polynomial algorithm (see Burkard and Butkovič
[136]). In case matrixA has the Monge property, the k smallest entries of its main diagonal
are a solution to the best principal submatrix assignment problem BPSAP(k).
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5.4 Variants
In this section we discuss four variants of LSAP: the determination of theK best solutions,
the k-cardinality assignment problem, the semi-assignment problem, and the assignment
problem in the case of rectangular cost matrices. Other variants can be found in Section
5.5.

5.4.1 Ranking solutions

In Chapter 4 we saw several algorithms to find the solution of minimum value to LSAP. In
some cases, it may be useful to also determine the second best solution or, more generally,
given a value K , the kth minimum cost assignment for k = 1, 2, . . . , K . Indeed, when
LSAP is used to model a real-life problem, it may be difficult to represent all the objectives
of the problem through a single function. By ranking the firstK solutions in nondecreasing
order of value we obtain near optimal solutions that may be better than the optimal one for
a decision maker looking at all the aspects of the real problem. Brogan [115] (see Section
5.5) used them to solve a radar tracking problem. Applications of ranking algorithms are
frequently encountered in multiobjective programming, such as, e.g., in Pedersen, Nielsen,
and Andersen [540] and Przybylski, Gandibleux, and Ehrgott [560], where the first K
assignments are used inside a two phase method to determine the set of efficient solutions.

Let us consider a bipartite graph G = (U, V ;E), with costs c(e) associated with the
edges e ∈ E, and denote by z(M) the value of a given perfect matching M (i.e., the value
of a feasible solution to the corresponding LSAP). The problem is to findK distinct perfect
matchingsM1,M2, . . . ,MK such that z(M1) ≤ z(M2) ≤ · · · ≤ z(MK) and z(M) ≥ z(MK)

for any perfect matchingM different fromM1,M2, . . . ,MK . This problem is NP-hard for
general K (due to the exponential number of distinct perfect matchings), but polynomially
solvable for fixed K .

The first result for ranking the assignments by nondecreasing value was presented by
Murty [506] in 1968. His algorithm builds a branch-decision tree where, at each node, an
LSAP with additional constraints is solved. The tree exploration is halted as soon as K
distinct minimum value assignments have been computed. Let I and O be two disjoint
subsets of edges from set E. The LSAP solved at each node, denoted as LSAP(I,O) in
the following, computes the minimum value perfect matching M such that I ⊆ M and
M ∩O = ∅. Set I contains the imposed edges, while set O stores the forbidden edges: M
must contain all edges of I and no edges ofO. In order to ensure that LSAP(I,O) can have
a feasible solution, set I must be a (partial) matching.

At the root node the algorithm sets I = O = ∅ and finds the optimal solution, say,M ,
to LSAP(I,O), i.e., to LSAP without additional constraints. LetM1 = M: to computeM2,
n− 1 descending nodes are generated as follows. Let the current M consist of the ordered
set of edges {[i1, j1], [i2, j2], . . . , [in, jn]}. We consider one edge at a time among the first
n − 1 edges, and forbid it while imposing all the preceding ones. (Note that no solution
exists if [in, jn] is forbidden while imposing all the other edges of M .)

The second best matching is the solution of minimum value among the n−1 solutions
of the generated LSAPs. More formally, the computation of M2 requires one to solve
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. . .

[i1, j1] [i2, j2]
[i1,j1]

[i3, j3]
[i1,j1]

[i2,j2]

[in−1, jn−1]
[i1,j1]

[i2,j2]

· · ·
[in−2, jn−2]

Figure 5.2. Branching rule of the Murty’s algorithm.

LSAP(Ih,Oh) for h = 1, 2, . . . , n− 1, where

Oh = {[ih, jh]}, (5.14)

Ih = {[i1, j1], [i2, j2], . . . , [ih−1, jh−1]}. (5.15)

Figure 5.2 depicts the first level of the branch-decision tree: forbidden edges are over-
lined, while imposed edges are in bold. Problem LSAP(I 1,O1) is the original problem
with a single forbidden edge and can be solved by any LSAP algorithm executed on the
original graph with c([i1, j1]) := ∞. Solving LSAP(Ih,Oh) for 1 < h < n requires
one to set c([ih, jh]) := ∞ and to remove from G the vertices of {i1, i2, . . . , ih−1} and
{j1, j2, . . . , jh−1} together with their incident edges. The LSAP algorithm is thus applied
to the resulting subgraph G′ = (U ′, V ′;E′), which has |U ′| = |V ′| = n − h + 1. Note
that this problem could have no feasible solution. By adding the edges of Ih to the solution
obtained (if any), we get the optimal solution to LSAP(Ih,Oh).

Let I ∗ and O∗ be the sets Ih and Oh, respectively, that produced M2. We branch
from the corresponding decision node by applying the above scheme to the edges ofM2 \I ∗
(since the edges of I ∗ are imposed to all descending nodes). The next matching M3 is the
assignment of minimum value among those computed at the leaves of the resulting branch-
decision tree. The procedure is iterated K times to obtain the required matchings. The
pseudocode description of the algorithm follows.

Algorithm 5.1. Murty.
Algorithm for finding the K minimum value assignments.

Solve LSAP(∅, ∅), yielding the perfect matching M of minimum value z(M);
Q := {〈z(M),M,∅, ∅〉}, k := 1;
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repeat
comment: select the kth minimum value assignment;
remove from Q the 4-tuple 〈z,M, I,O〉 of minimum z value;
let M consist of the edges in I ∪ {[i1, j1], [i2, j2], . . . , [in−|I |, jn−|I |]};
Mk := M , k := k + 1;
if k ≤ K then

comment: branching phase;
for h := 1 to n− |I | − 1 do

Oh := O ∪ {[ih, jh]}, Ih := I ∪ {[i1, j1], [i2, j2], . . . , [ih−1, jh−1]};
solve LSAP(Ih,Oh) to find the perfect matching M̃ of minimum value;
if a perfect matching has been found then Q := Q ∪ {〈z(M̃), M̃, I h,Oh〉}

endfor
endif

until k > K or Q = ∅ [comment: if Q = ∅ less than K assignments exist]

The main repeat-until loop is executed at mostK times. Each execution of the branch-
ing phase generates O(n) problems, so the overall number of solved LSAPs is O(Kn).
Using an O(n3) routine for LSAP, the algorithm runs in O(Kn4) time.

Example 5.14. Consider the instance represented in Figure 5.3(a) and letK = 3. The n! =
6 matchings, shown in Figure 5.3(b), are denoted, by increasing cost, as Mα , Mβ , Mγ , Mδ ,
Mε, and Mζ . The initial execution of LSAP(∅, ∅) yields Mα , so Q = {〈z(M),M,∅, ∅〉} =
{〈3,Mα, ∅, ∅〉} and k = 1. At the first iteration we emptyQ, define the first solution,M1 =
Mα , and set k = 2. Two children nodes are then generated and solved as LSAP(∅, {[1, 1]})
(yielding M̃ = Mγ ) and LSAP({[1, 1]}, {[2, 2]}) (yielding M̃ = Mβ), and we obtain the new
set of tuples, Q = {〈13,Mγ , ∅, {[1, 1]}〉 〈7,Mβ, {[1, 1]}, {[2, 2]}〉}. At the second iteration
we remove the second 4-tuple fromQ, define the second solution,M2 = Mβ , and set k = 3.
A single child node is generated and solved as LSAP({[1, 1]}, {[2, 2], [2, 3]}), which yields
M̃ = ∅. At the third iteration we remove the remaining 4-tuple from Q, define the third
solution, M3 = Mγ , set k = 4, and terminate.

Note that the children nodes generated at each iteration of Murty’s algorithm have
an increasing number of imposed edges (see (5.14)), so the last LSAPs are easier to solve
than the first ones. Pascoal, Captivo, and Clímaco [539] proposed to reverse the order
in which the children nodes are generated. In this way the first child has n − 2 imposed
edges and the corresponding LSAP, which is associated with a 2 × 2 cost matrix, can be
solved in constant time. At each new iteration h, we remove the last edge [i∗, j ∗] from the
current set of imposed edges and forbid it. It follows that the solution to LSAP(Ih,Oh)
can be obtained from the solution to LSAP(Ih−1,Oh−1) through a single minimum cost
augmenting path from i∗ to j ∗ on the corresponding incremental digraph Dr (see Section
4.4.1). It can be proved that Dr has no negative cycle (although it has arcs with negative
cost), so the shortest path can be computed through theO(n2) time algorithm by Bertsekas,
Pallottino, and Scutellà [93]. In this way the O(n) children of each decision node can be
explored in O(n3), and the ranking algorithm has time complexity O(Kn3).

Pedersen, Nielsen, andAndersen [540] obtained the same time complexity by preserv-
ing Murty’s generation order. At each iteration h, instead of solving LSAP(Ih,Oh) on G′
from scratch, they update the dual variables so that the reduced costs define a dual feasible
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Figure 5.3. (a) instance for Example 5.14; (b) matchings.

M ′,M ′′, I,O

M ′, ?, I ∪ [i, j ],O M ′′, ?, I,O ∪ [i, j ]
left right

Figure 5.4. Branching rule of the Chegireddy-Hamacher algorithm.

solution satisfying complementary slackness for the current partial matching without edge
[ih, jh]. In this way the new matching is determined through a single shortest path augmen-
tation of the standard Dijkstra algorithm. Note that the same result could be obtained by
directly applying the Dijkstra algorithm to subgraph G′ with no need of updating the dual
variables.

We observe that similar techniques were previously used in subtour elimination
schemes for the asymmetric traveling salesman problem, in which an LSAP is solved in
O(n2) time at each node of the branch-decision tree (Bellmore and Malone [82]).

Chegireddy and Hamacher [181] proposed an alternative approach to Murty’s method
that (i) computes the two best assignments associated with each decision node; and (ii) adopts
a branching rule that splits each problem into two (instead ofO(n)) descending nodes. Given
a decision node h, let I and O be, respectively, the current sets of imposed and forbidden
edges and let M ′ and M ′′ denote the first and second minimum value matchings of node
h. The algorithm chooses an edge [i, j ] ∈ M ′ \ M ′′ and defines two descending nodes
associated with the two pairs of sets (I ∪{[i, j ]},O) and (I,O ∪{[i, j ]}). At the first node,
s1, we impose that an edge of the best matching is chosen, so the best matching of s1 is still
M ′. At the second node, s2, we forbid an edge of M ′ that does not belong to M ′′, so the
best matching of s2 is M ′′. The two second best matchings of s1 and s2, instead, have to be
recomputed. Figure 5.4 describes this branching rule by reporting, for each node, the two
best matchings (when known) and the sets of forbidden and imposed edges.
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The overall best matching M1 is the first matching of the root node. The kth best
matching Mk is determined at iteration k by selecting the minimum value matching among
those that have not yet been stored and are associated with the leaves of the decision tree.
When the first descending node s1, the “left” node, of a nodeh is defined, the best unstored
matching that can be associated with it is the second best matching of s1. On the contrary,
the best unstored matching of the second descending node s2, the “right” node, is its best
matching. The Chegireddy–Hamacher algorithm can be described as follows. We denote
with LSAP2(I,O) the problem of finding the second best perfect matching that uses all
the edges in set I and none from set O.

Algorithm 5.2. Revised_ranking.
Algorithm for finding the K minimum value assignments.

Solve LSAP(∅, ∅) and LSAP2(∅, ∅) yielding, respectively, the minimum and second
minimum value perfect matchings M ′ and M ′′;

Q := {〈z(M ′),M ′,M ′′, ∅, ∅,right〉}, k := 1;
repeat

comment: select the kth minimum value assignment;
remove from Q the 6-tuple 〈z,M ′,M ′′, I,O, lr〉 of minimum z value;
if lr = left then Mk := M ′′ else Mk := M ′;
k := k + 1;
if k ≤ K and M ′′ �= ∅ then

comment: branching phase;
select an edge [i, j ] ∈ M ′ \M ′′;
solve LSAP2(I ∪ {[i, j ]},O) yielding the second best perfect matching M̃;
if M̃ �= ∅ then Q := Q ∪ {〈z(M̃),M ′, M̃, I ∪ {[i, j ]},O,left〉};
solve LSAP2(I,O ∪ {[i, j ]}) yielding the second best perfect matching M̃;
Q := Q ∪ {〈z(M ′′),M ′′, M̃, I,O ∪ {[i, j ]},right〉};
comment: this 6-tuple is stored even if M̃ = ∅, in order to preserve M ′′

endif
until k > K or Q = ∅ [comment: if Q = ∅ less than K assignments exist]

Algorithm Revised_ranking executes at most K iterations. At the root node we com-
pute the two best assignments, while at each of the other decision nodes we compute only
the second minimum assignment. Chegireddy and Hamacher suggested that one compute
the second best assignment by (i) selecting the edges of the best matching, one edge at a
time; (ii) forbidding it; and (iii) reoptimizing by means of a single shortest path computation.
Using this technique each node can be explored inO(n3) time. The overall time complexity
of the algorithm isO(Kn3), i.e., the same as that of an efficient implementation of Murty’s
algorithm.

Example 5.15. We make use of the instance introduced in Example 5.14 (see Figure 5.3)
with K = 3. The initial execution of LSAP(∅, ∅) and LSAP2(∅, ∅) yields M ′ = Mα and
M ′′ = Mβ , so we setQ = {〈z(M ′),M ′,M ′′, I,O, lr〉} = {〈3,Mα,Mβ, ∅, ∅,right〉} and
k = 1. At the first iteration we emptyQ and setM1 = Mα , k = 2. We select [i, j ] = [2, 2]
and solve LSAP2({[2, 2]}, ∅) (yielding M̃ = Mε) and LSAP2(∅, {[2, 2]}) (yielding M̃ =
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Mγ ). We obtain the new set of 6-tuplesQ = {〈107,Mα,Mε, [2, 2], ∅,left〉, 〈7,Mβ,Mγ ,

∅, [2, 2],right〉}. At the second iteration we remove from Q the second 6-tuple and set
M2 = Mβ , k = 3. We select [i, j ] = [1, 1] and solve LSAP2({[1, 1]}, {[2, 2]}) (yielding
M̃ = ∅ so Q is not enlarged) and LSAP2(∅, {[2, 2], [1, 1]}) (yielding M̃ = Mδ). We now
haveQ = {〈107,Mα,Mε, {[2, 2]}, ∅,left〉, 〈13,Mγ ,Mδ, ∅, {[2, 2], [1, 1]},right〉}. At
the third iteration we remove the second 6-tuple from Q, set M3 = Mγ , k = 4, and
terminate.

Computational experiments performed by Pascoal, Captivo, and Clímaco [539] on C
implementations show that their algorithm is faster than that by Chegireddy and Hamacher
[181], which in turn is much faster than the original algorithm by Murty [506].

5.4.2 k-cardinality assignment problem

Let C = (cij ) be a given n× n cost matrix and k be a given value not greater than n. The
k-cardinality assignment problem, introduced by Dell’Amico and Martello [218], asks one
to assign exactly k rows to k different columns so that the sum of the corresponding costs
is a minimum. The problem can be formulated as

min
n∑
i=1

n∑
j=1

cij xij (5.16)

s.t.
n∑
j=1

xij ≤ 1 (i = 1, 2, . . . , n), (5.17)

n∑
i=1

xij ≤ 1 (j = 1, 2, . . . , n), (5.18)

n∑
i=1

n∑
j=1

xij = k, (5.19)

xij ∈ {0, 1} (i, j = 1, 2, . . . , n). (5.20)

The linear sum assignment problem is the special case of (5.16)–(5.20) that arises when
k = n. In this case the model can be simplified by dropping equation (5.19) and replacing
the ≤ signs in (5.17) and (5.18) with the = sign, thus obtaining the LSAP model.

Dell’Amico and Martello [218] proved that the constraint matrix of the k-cardinality
assignment problem is totally unimodular; hence, it can be solved by using any LP solver.
They also gave a specialized algorithm in which a preprocessing phase determines rows and
columns which must be assigned in an optimal solution and constructs a feasible solution,
while a primal algorithm obtains the optimal solution through shortest path techniques.

Note that the standard preprocessing techniques adopted for LSAP (see Sections 4.1.2
and 4.4.4) do not extend to the k-cardinality assignment problem, as they are based on the
assumption that each row has to be assigned, whereas in this case it is generally impossible
to establish that a given row will be assigned in the optimal solution. Consider, e.g., an
instance in which w1j = Q for all j , while wij " Q for all j and all i �= 1. The classical
Procedure Basic_preprocessing of Section 4.1.2 subtracts from each cost wij the minimum
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value in row i and assigns, in turn, each row to one of the columns corresponding to a zero
cost, if not yet assigned. Hence, row 1 would be assigned to column 1, but no optimal
solution (for k < n) assigns row 1.

The preprocessing algorithm by Dell’Amico and Martello [218] finds an optimal
solution to (5.16)–(5.20) with k replaced by a smaller value g, i.e., an optimal solution in
which g rows are assigned to g columns. It is proved that all rows and columns that are
assigned in such optimal solution must also be assigned in an optimal solution to (5.16)–
(5.20). Preprocessing is completed by determining additional rows and columns which must
be assigned in an optimal solution by computing lower and upper bounds on the optimal
solution value and by performing a reduction phase on the cost matrix.

Let C̃ be the k × k submatrix of C induced by the k rows and columns that are
assigned in the feasible solution found by the preprocessing phase. The optimal solution
for the complete cost matrix is then obtained by (i) solving an LSAP for the matrix C̃; and
(ii) executing a series of iterations in which a new row (or a new column) is added to C̃
and the new optimal solution is obtained through a shortest path computation on a specially
structured graph.

The overall algorithm has time complexityO(n3) for dense matrices. Efficient imple-
mentations, both for dense and sparse cost matrices, can be found in Dell’Amico, Lodi, and
Martello [216]. Computational experiments reported in [216] show that the code effectively
solves very large sparse and dense instances of the problem. Volgenant [649] described a
transformation to solve the k-cardinality assignment problem through a standard LSAP
algorithm.

5.4.3 Semi-assignment problem

Given an n×m cost matrix C, with n ≥ m, and a positive demand vector b ofm elements,
the semi-assignment problem asks one to select one element per row so that the number of
elements in each column j is bj and the sum of the selected elements is a minimum. The
problem can be formulated as

min
n∑
i=1

m∑
j=1

cij xij (5.21)

s.t.
m∑
j=1

xij = 1 (i = 1, 2, . . . , n), (5.22)

n∑
i=1

xij = bj (j = 1, 2, . . . , m), (5.23)

xij ∈ {0, 1} (i = 1, 2, . . . , n; j = 1, 2, . . . , m). (5.24)

Note that the problem has a solution only if
∑m

j=1 bj = n. The semi-assignment problem
can be seen as

(i) a generalization of LSAP for which we have m = n and bj = 1 for all j ; and

(ii) a special case of the transportation problem (see Section 4.5) in which the right-hand
side of (5.22) has ai instead of 1, with

∑n
i=1 ai =

∑m
j=1 bj .
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Barr, Glover, and Klingman [69] described various applications and gave an adaptation
of their alternating basis algorithm of Section 4.5.2 to the semi-assignment problem.

Kennington and Wang [416] showed how the various phases of the Jonker and Vol-
genant [392] shortest path algorithm described in Section 4.4.4 (column reduction, reduc-
tion transfer, augmenting row reduction, and shortest path augmentation) can be adapted to
handle the right-hand side of (5.23). The resulting algorithm solves the semi-assignment
problem inO(n2m) time, and the computational experiments reported in [416] show that it
can efficiently solve large-size sparse and dense instances of the problem. Volgenant [647]
discussed the corresponding modifications for the LSAP codes LAPJV and LAPMOD (see
Section 4.9.1) and gave a Pascal listing for the resulting LAPMOD code.

5.4.4 Rectangular cost matrix

The generalization of LSAP to rectangular cost matrices can be defined as follows. Given
an n×m cost matrix, and assuming n ≤ m, assign n rows to n different columns so that the
sum of the corresponding elements is a minimum. By adding m− n dummy rows of zero
elements, the problem can be solved as an LSAP on the resulting n×nmatrix. Alternatively,
one can use the transformation to a minimum cost flow problem of Section 4.4.1, which
does not require that vertex sets U and V have equal cardinality.

Specialized algorithms (together with an Algol implementation) were given by Bour-
geois and Lassalle [112, 111], who proposed an adaptation of the O(n4) Munkres [502]
algorithm for LSAP (see Section 4.1.3) to the rectangular case.

Volgenant [647] and Bertsekas [88] adapted, respectively, the LAPJV code and the
auction method (see Section 4.9.1) to the rectangular case.

5.5 Applications
Linear sum assignment problems occur quite frequently as subproblems in more involved
applied combinatorial optimization problems like the quadratic assignment problem (see
Chapter 7), asymmetric traveling salesman and vehicle routing problems (see Fischetti,
Lodi, and Toth [272] and Toth and Vigo [641] for recent surveys including sections on the
use of LSAP in these contexts), or scheduling problems (see, e.g., Section 3.8.2).

Some direct applications can also be found in the literature. The classical personnel
assignment problem was first discussed by Votaw and A. Orden [653]. Machol [467] de-
scribed a practical situation solved through LSAP: the modification of an electromechanical
punching typewriter to punch a modified six digit binary code so as to minimize the number
of mechanical changes to be made on the code bars.

Machol [468] reported another application of LSAP in which a swimming coach
must select four out of n swimmers to form a medley relay team, knowing the time of each
swimmer in each of the four strokes (back, breast, butterfly, and free-style). The solution
is obtained by solving LSAP on an n × n cost matrix having a row per swimmer, the first
four columns for their times in the four strokes, and the remaining n− 4 columns filled by
zeroes.

Ewashko and Dudding [263] reported on the use of the Hungarian algorithm for
deriving postings for servicemen.
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Neng [511] gave an interesting application in railway systems: he considered the
problem of assigning engines to trains due to traffic constraints and formulated it as a linear
assignment problem.

A relevant application in earth-satellite telecommunication, the time slot assignment
problem, was discussed in Section 3.8.2.

Brogan [115] described assignment problems in connection with locating objects in
space that could, however, be better modeled as linear bottleneck assignment problems and
are therefore discussed in Section 6.2.8.

Schwartz [602] discussed an LSAParising in military operations, namely, in a scenario
of strategic missile exchange between the US and the Soviet Union. The study had been
developed during the Cold War, when there was a perceived threat of Soviet attack by
thousands of missiles, and the US had to assign thousands of interceptors, each one dedicated
to attempt interception of one Soviet missile. The resulting large-size LSAP was solved
through the auction algorithm. (The actual experimental results, however, were not given,
as this was forbidden by the US Department of Defense.)

Bekker, Braad, and Goldengorin [81] proposed using LSAP to solve a system of two
polynomial equations f (x, y) = 0, g(x, y) = 0 having a finite number of solutions. The
solution, consisting of pairs of an x-value and a y-value, is obtained by independently
calculating all x- and y-roots and then matching them through a weighted bipartite graph
in which the costs represent the errors due to the numerical computations.

Recently, assignment problems found an interesting application in cosmology (Frisch
and Sobolevskiı̆ [289]). The present distribution of mass in the universe is highly clustered.
This distribution arose from minor fluctuations of an almost uniform density field. In a
discretized model, the authors propose to solve a linear assignment problem whose cost
coefficients are squared distances between primordial positions of fluctuations and recent
locations of galaxies.

5.5.1 Mean flow time minimization on parallel machines

Horn [377] showed that the scheduling of n jobs on m machines to minimize the average,
and, hence, total, flow time can be solved as an LSAP. Let pij be the processing time of job
i if executed on machine j (i = 1, 2, . . . , n; j = 1, 2, . . . , m). Given the sequence of the
nj jobs executed on machine j , let [k] denote the index of the kth last job in this sequence.
Then the total flow time on machine j is

Fj =
nj∑
k=1

kp[k]j , (5.25)

and the mean flow time is Fj/nj . The problem is then to assign each job to a position k
on a machine j so that

∑m
j=1 Fj is a minimum (with k = 1 for the last job, k = 2 for the

second last, and so on). This can be modeled through a rectangular cost matrix of n rows
(one per job) and nm columns (one per (k, j) pair), where entry (i, (k, j)) contains value
kpij . By adding n(m− 1) dummy rows of zero elements, the problem can be solved as an
LSAP on the resulting nm× nm matrix.
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5.5.2 Categorized assignment scheduling

Punnen and Aneja [562] considered two categorized assignment problems arising in a
scheduling environment in which

(i) n jobs must be assigned to n machines (one job per machine);

(ii) the entries of an n×n cost matrixC give the processing time cij required for executing
job i on machine j (i, j = 1, 2, . . . , n); and

(iii) the jobs are partitioned into r sets S1, S2, . . . , Sr .

In the first problem one is required to minimize the maximum, over all sets, of the sum of
the processing times of the jobs in a set, i.e., the objective function is

min
ϕ

max
1≤k≤r

∑
i∈Sk

ciϕ(i), (5.26)

where, as usual, ϕ is a permutation of {1, 2, . . . , n}. In the second problem the objective is
to minimize the sum, over all sets, of the maximum processing time of a job in the set, i.e.,

min
ϕ

r∑
k=1

max
i∈Sk

ciϕ(i). (5.27)

The first case arises if the jobs of each set must be processed in sequence but the sets may
be processed in parallel, while in the second case the jobs of each set may be processed
in parallel but the sets must be processed in sequence. These objective functions are a
combination of LSAP and the bottleneck assignment problem treated in Chapter 6.

As shown by Richey and Punnen [583], both (5.26) and (5.27) are NP-hard for general
r . The first problem is already NP-hard for r = 2, while the second one is polynomially
solvable for fixed r by enumerating all possible solutions as follows. A candidate solution
is obtained by selecting, for each set Sk , a pair (i, j) and imposing that it is the one that
produces maxi∈Sk ciϕ(i). The solution is tested for feasibility by checking if a complete
matching exists in the induced submatrix that only contains, for each set, those entries that
do not exceed the candidate’s value. Since the number of r-tuples isO(n2r ), and each check
can be performed inO(n2.5) time (see Section 3.3), the overall algorithm runs in polynomial
time. Punnen and Aneja [562] introduced Tabu search heuristics for both problems (5.26)
and (5.27). Aneja and Punnen [29] proposed, for the first problem (also called the multiple
bottleneck assignment problem), lower bounding techniques based on a decomposition into
a series of LSAPs.

5.5.3 Optimal depletion of inventory

Derman and Klein [231] considered a problem of optimal depletion of inventory. Astockpile
consists of n items of the same type, each having a known age ai (i = 1, 2, . . . , n). A
function f (a) gives the expected value of an item of age a when it is withdrawn from the
stockpile. Asequence of n values t1, t2, . . . , tn gives the times at which an item is demanded.
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The problem is to determine, for j = 1, 2, . . . , n, the item i(j) to be released at time tj so
that the total expected value,

n∑
j=1

f (ai(j) + tj ), (5.28)

is a maximum. The solution is given by a maximization LSAP on an expected value matrix
T with tij = f (ai + tj ) (i, j = 1, 2, . . . , n).

5.5.4 Personnel assignment with seniority and job priority

Caron, Hansen, and Jaumard [164] described a variation of LSAP arising in the daily
schedule of nurses that are assigned to various jobs in a hospital due to absence of regular
staff or work overload. These nurses belong to the float team and the availability list of the
hospital. Every nurse is qualified to perform a subset of jobs. The float team nurses are
under contract with the hospital and are assigned to training when no job for which they are
qualified is available. Hence, it is desired to assign them as much as possible. Unassigned
jobs (if any) are then assigned to nurses on the availability list, in order of seniority. Still
unassigned jobs (if any) are done on overtime, at a higher cost. Furthermore, the jobs have
different priorities, evaluated by the hospital units.

Given an LSAP in which the rows correspond to persons and the columns to jobs, let
the persons be partitioned into s seniority classes and the jobs intop priority classes. We say
that a solution satisfies the seniority constraints if and only if no unassigned person can be
given a job without a person of the same or higher class becoming unassigned. Similarly, a
solution satisfies the job priority constraints if and only if no unassigned job can be assigned
without a job of the same or higher priority becoming unassigned. In the nurses application
above all float team nurses form a unique (highest) class and every nurse of the availability
list constitutes a separate class. The entries cij of the cost matrix give the utility of assigning
nurse i to job j , and the problem is in maximization form.

The personnel assignment problem can be solved in O(n3) time. Caron, Hansen,
and Jaumard [164] showed that the problem can be solved as a maximization LSAP if the
cost matrix is modified by weighting each seniority and priority class sufficiently heavily
with respect to the next one. In this way the solution is the lexicographically highest
one. Volgenant [648] proposed a different algorithm that operates on the original costs and
determines the optimal solution by iteratively solving LSAPs of increasing size.

5.5.5 Navy personnel planning

Holder [374] considered the following problem arising in the job rotation of the United
States Navy personnel. Let U denote a set of sailors that have to be assigned at least one
job, and V the set of jobs (with |V | > |U |). Define

E={[i, j ] : sailor i can do job j}, (5.29)
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and let cij be the cost of assigning sailor i to job j . The basic problem is then

min
∑
[i,j ]∈E

cij xij (5.30)

s.t.
∑
[i,j ]∈E

xij ≥ 1 for all i ∈ U, (5.31)

∑
[i,j ]∈E

xij ≤ 1 for all j ∈ V, (5.32)

xij ∈ {0, 1} for all [i, j ] ∈ E. (5.33)

The actual problem, however, is not to make the assignments by determining an
optimal solution to (5.30)–(5.33). It is instead to generate, for each sailor, a list of jobs,
having a prefixed length ϑ , so that the sailor can choose a job from such list. Holder
[374] proposed a model that embeds (5.30)–(5.33), and is parametric in ϑ . He showed that
solving its continuous relaxation through an interior point method and generating the lists
through a parametric analysis on the solution found provides a good heuristic for the overall
problem. Recently Volgenant [650] proposed an alternative solution method based on the
linear assignment theory and shortest path computations.
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Chapter 6

Other types of linear
assignment problems

6.1 Introduction
In the two previous chapters we discussed in detail linear assignment problems with a sum
objective function of the form

min
ϕ

n∑
i=1

ciϕ(i).

In various situations, however, it is meaningful to replace the sum objective by a so-called
bottleneck objective function. This leads to a linear bottleneck assignment problem (LBAP)
of the form

min
ϕ

max
1≤i≤n

ciϕ(i).

We have seen in the introduction that such LBAPs occur in connection with assigning jobs to
parallel working machines. The goal is to assign the jobs such that the latest completion time
is minimized. We discuss linear bottleneck assignment problems in detail in Section 6.2. In
particular, we develop threshold algorithms, a dual method, and a shortest augmenting path
method for solving the LBAP. A practically efficient method will be obtained by thinning
out the underlying bipartite graph and exploiting the sparsity of the modified problem; see
Section 6.2.5. Moreover, we discuss special cases of the LBAP which can be solved in a
fast way. Finally, we describe the asymptotic behavior of LBAPs in Section 6.2.7.

Sum and bottleneck assignment problems can be viewed as special cases of a more
general model, the so-called algebraic assignment problem which is discussed in Section 6.3.
In Sections 6.4 and 6.5 we deal with assignment problems where we require to minimize
the sum of the k largest cost coefficients in the assignment, or the difference between the
largest and the smallest cost coefficient in the assignment. In Section 6.6 we deal with a
modified objective: we order the n cost coefficients of an assignment decreasingly and ask
for a solution which is lexicographically minimal.

171
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6.2 Bottleneck assignment problem

6.2.1 Background

Linear bottleneck assignment problems were introduced by Fulkerson, Glicksberg, and
Gross [292] and occur, e.g., in connection with assigning jobs to parallel machines so as
to minimize the latest completion time. Let n jobs and n machines be given. The cost
coefficient cij is the time needed for machine j to complete job i. If the machines work in
parallel and we want to assign the jobs to the machines such that the latest completion time
is as early as possible, we get an LBAP of the form

min
ϕ∈Sn

max
1≤i≤n

ciϕ(i). (6.1)

If we describe permutations by the corresponding permutation matricesX = (xij ), an LBAP
can be modeled as

min max
1≤i,j≤n

cij xij (6.2)

s.t.
n∑
j=1

xij = 1 (i = 1, 2, . . . , n),

n∑
i=1

xij = 1 (j = 1, 2, . . . , n),

xij ∈ {0, 1} (i, j = 1, 2, . . . , n).

The following lemma comprises two elementary observations concerning LBAPs
which are helpful in solving problems in practice.

Lemma 6.1. LetC = (cij ) be the cost matrix of an LBAP. Then the following two statements
hold:

1. The optimum value of the LBAP is taken by one of the cost coefficients cij .

2. The optimal solution ϕ∗ depends only on the relative order of the cost coefficients and
not on their numerical value.

Example 6.2. Consider an LBAP with cost matrix

C =
⎛⎝ π

√
3 54392

0 e3 e3

−2 sin π/8 4

⎞⎠ .
By ordering the cost coefficients we get

−2 < 0 < sin π/8 <
√

3 < π < 4 < e3 = e3 < 54392.

The smallest element is −2 which can be modeled by 0. The second smallest element is 0
which is replaced by 1. Then sin π/8 is replaced by 2, and so on. Therefore, we can replace
this cost matrix by

C =
⎛⎝ 4 3 7

1 6 6
0 2 5

⎞⎠ . (6.3)
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Thus, if the cost matrix of an LBAP has d different entries, we may model these entries by
0, 1, 2, . . . , d − 1. The LBAP with cost matrix (6.3) has the optimal solution

ϕ∗ = (2, 1, 3).

The largest value in this solution is c33 = 5, which corresponds to 4 in the originally given
cost matrix.

If one is interested in solving the “opposite” LBAP, i.e., in finding an assignment in
which (6.2) is replaced by

max min
1≤i,j≤n

cij xij ,

according to the second statement of Lemma 6.1, it is enough to model the elements in the
opposite way, i.e., with the largest element modeled by 0, the second largest by 1, and so
on.

Considering bottleneck assignment problems, Gross [342] proved the following min-
max theorem, which was a starting point of the theory on blocking systems; see Edmonds
and Fulkerson [249].

Theorem 6.3. (Gross [342], 1959.) Let N = {1, 2, . . . , n} and let Sn be the set of all
permutations ϕ on N . Then the following min-max equality holds for an arbitrary n × n
matrix C = (cij ) with elements cij drawn from a totally ordered set:

min
ϕ∈Sn

max
i∈N ciϕ(i) = max

I,J⊆N
|I |+|J |=n+1

min
i∈I,j∈J cij . (6.4)

Note that the Frobenius theorem, Theorem 2.4, can be seen as a special case of The-
orem 6.3, arising when C is a 0–1 matrix.

Proof. Let
c∗ = min

ϕ∈Sn
max
i∈N ciϕ(i).

We define two 0–1 matrices C and C by

cij =
{

1 if cij ≤ c∗,
0 otherwise,

and cij =
{

1 if cij < c∗,

0 otherwise.

According to the construction, matrix C contains a permutation matrix and matrix C does
not contain any permutation matrix. By applying Theorem 2.4 to matrix C we get that any
(k + 1) × (n − k) submatrix of C contains an entry ≤ c∗. By applying Theorem 2.4 to

matrix C we get that there is a (k+1)× (n− k) submatrix of C which contains only entries
≥ c∗. Thus we have shown

c∗ = max
I,J⊆N

|I |+|J |=n+1

min
i∈I,j∈J cij .
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A slight generalization of LBAPs are min-cost maximum matching problems with
a bottleneck objective: Let G = (U, V ;E) be a bipartite graph with edge set E. Every
edge [i, j ] has a length cij . The bottleneck min-cost maximum matching problem can be
formulated as follows. Find a maximum matching in G such that the maximum length of
an edge in this matching is as small as possible:

min{ max[i,j ]∈M cij : M is a maximum matching}. (6.5)

All solution methods for the LBAP mentioned below can be carried over in a straightforward
way to solution methods for the bottleneck min-cost maximum matching problem.

6.2.2 Threshold algorithms

The idea of using threshold methods for LBAP dates back to Garfinkel [301]. A threshold
algorithm alternates between two phases. In the first phase a cost element c∗—the threshold
value—is chosen and a threshold matrix C is defined by

cij =
{

1 if cij > c∗,

0 otherwise.
(6.6)

In the second phase it is checked whether for the cost matrixC there exists an assignment with
total cost 0. To check this we construct a bipartite graphG = (U, V ;E)with |U | = |V | = n
and edges [i, j ] ∈ E if and only if cij = 0. (In other words, we have to check whether a
bipartite graph with threshold matrix C contains a perfect matching or not.) The smallest
value c∗ for which the corresponding bipartite graph contains a perfect matching is the
optimum value of the LBAP (6.1).

There are several ways to implement a threshold algorithm. One possibility is to
apply a binary search in the first phase. This leads to an O(T (n) log n) algorithm, where
T (n) is the time complexity for checking the existence of a perfect matching. We can use
the matrix algorithm of Ibarra and Moran [384] (see Section 3.6) to decide whether there
exists a perfect matching or not. Thus the optimal objective function value of an LBAP can
be found by an algorithm of bitwise complexity O(nβ logk n). For multiplying two n × n
matrices, O(nβ) arithmetic operations are needed and k is some integer incurred by long
integer arithmetic (hence, it includes the log n term of the binary search). Coppersmith and
Winograd [197] showed that matrix multiplication is possible with β = 2.376. If we also
want the corresponding optimal solution, we can apply the method by Alt, Blum, Mehlhorn,
and Paul (see Section 3.4) and get, therefore, a total complexity of O(n2.5/

√
log n) in the

dense case. Here dense means that the number of non-zero cost coefficients cij is O(n2).
This method yields the theoretically best bound for dense LBAPs.

Theorem 6.4. An LBAP with an n×n cost matrix C can be solved inO(n2.5/
√

log n) time.

Let us formulate the threshold method as an algorithm. For a given value c∗, the
bipartite graph G[c∗] = (U, V ;E) with |U | = |V | = n and has an edge [i, j ] ∈ E if and
only if cij ≤ c∗.
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Algorithm 6.1. Threshold.
Threshold algorithm for the LBAP.

let C = (cij ) be a given n× n cost matrix;
c∗0 := minij {cij }, c∗1 := maxij {cij };
if c∗0 = c∗1 then

z := c∗0 [comment: any permutation of {1, 2, . . . , n} is optimal]
else

while C∗ = {cij : c∗0 < cij < c∗1} �= ∅ do
comment: find the median, c∗, of C∗;
c∗ := min{c ∈ C∗ : |{cij ∈ C∗ : cij ≤ c}| ≥ |C∗|/2};
Feasibility_check(c∗, c∗0, c∗1)

endwhile;
if Feasibility_check has not yet been executed for c∗0 then

Feasibility_check(c∗0, c∗0, c∗1)
endif ;
find a perfect matching in the current bipartite graph G[c∗1];
z := c∗1 [comment: value of the optimal matching]

endif

Procedure Feasibility_check(c∗, c∗0, c∗1)
define the current graph G[c∗];
if G[c∗] contains a perfect matching then

c∗1 := c∗
else

c∗0 := c∗
endif

Example 6.5. Let the cost matrix of an LBAP be given as

C =

⎛⎜⎜⎝
8 2 3 3
2 7 5 8
0 9 8 4
2 5 6 3

⎞⎟⎟⎠ .
We find c∗0 = 0 and c∗1 = 9. The median of the cost coefficients between 0 and 9 is 4. Thus
the threshold matrix of G[4] becomes

C[4] =

⎛⎜⎜⎝
8 0 0 0
0 7 5 8
0 9 8 0
0 5 6 0

⎞⎟⎟⎠ .
The corresponding bipartite graph is shown in Figure 6.1. The maximum cardinality match-
ing, shown by the thick lines, has 3 edges.
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a

b

c

d

a′

b′

c′

d ′

Figure 6.1. Bipartite graph G[4].

C[7] =

⎛⎜⎜⎝
8 0 0 0
0 0 0 8
0 9 8 0
0 0 0 0

⎞⎟⎟⎠
a

b

c

d

a′

b′

c′

d ′

Figure 6.2. Threshold matrix and bipartite graph G[7].

C[5] =

⎛⎜⎜⎝
8 0 0 0
0 7 0 8
0 9 8 0
0 0 6 0

⎞⎟⎟⎠
a

b

c

d

a′

b′

c′

d ′

Figure 6.3. Threshold matrix and bipartite graph G[5].

Thus we set c∗0 = 4 and determine the new value of c∗ = 7. This leads to the
new bipartite graph with complementary adjacency matrix C[7] as shown in Figure 6.2.
The corresponding maximum matching has cardinality 4. The graph G[7] allows a perfect
matching.

Therefore, we set c∗1 := 7 and determine c∗ = 5. The corresponding graph G[5],
shown in Figure 6.3, also allows a perfect matching.

Therefore, we set c∗1 := 5 and obtain C∗ = ∅. Since the current value c∗0 = 4
has already been checked for feasibility, we get the perfect matching in G[5]. An optimal
solution is thus ϕ∗ = (2, 3, 1, 4), with objective function value z = 5.
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6.2.3 A dual method

Closely related to the threshold method for solving linear bottleneck problems is the follow-
ing dual method. It uses the fact that one has some information about the threshold value
c∗. For example, every row and every column of the cost matrix contains a cost element
which contributes to the optimal objective function value. Therefore, the maximum of the
row minima and the maximum of the column minima are lower bounds for the optimum
objective function value. Thus we may choose as first threshold value c∗

c∗ = max
1≤k≤n

(min
1≤i≤n

cik, min
1≤j≤n

ckj ). (6.7)

This value may be computed in two nested loops. An efficient way to compute it consists
in stopping the minimum evaluation as soon as the current minimum gets smaller than the
maximum reached up to now. (Another efficient way for computing c∗ has been stated by
Carpaneto and Toth [167].)

The dual method starts with this value c∗ and constructs a minimum row and column
cover of all cost elements cij ≤ c∗. This can be performed by determining a maximum
matching in the bipartite graphG[c∗]whose edges [i, j ] correspond to cost entries cij ≤ c∗.
The maximum matching immediately leads to a minimum vertex cover of G[c∗] (see the
considerations following the labeling algorithm 3.1 of Section 3.2), or, in other terms, to
a minimum row and column cover (I, J ) of all cost elements cij ≤ c∗. The index sets I
and J contain the indices of the covered rows and columns, respectively. If the matching is
not perfect, an additional uncovered cost entry contributes to the optimal objective function
value. All uncovered cost entries are larger than c∗. Therefore, we replace c∗ by

c∗ = min
i �∈I,j �∈J cij

and define a new graphG[c∗] as before. This graphG[c∗] contains all edges of the previous
graph and at least one new edge. Thus one starts from the previously found matching
and determines a new maximum matching in G[c∗]. This step is repeated until a perfect
matching is found. We can summarize this method in the following algorithm.

Algorithm 6.2. Dual_LBAP.
Dual algorithm for the LBAP.

let C = (cij ) be a given n× n cost matrix;
c∗ := maxk=1,2,...,n (mini=1,2,...,n cik, minj=1,2,...,n ckj );
M := ∅;
while |M| < n do

define the bipartite graph G[c∗];
find a maximum matching M in G[c∗];
if |M| < n then

let I ⊆ U and J ⊆ V be vertex sets in a minimum vertex cover of G[c∗];
c∗ := mini �∈I, j �∈J cij

endif
endwhile
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Example 6.6. We illustrate the dual method on the same instance used for Example 6.5.
We find c∗ = 3 (the minimum entry of the last two columns). Thus the threshold matrix of
G[3] is

C[3] =

⎛⎜⎜⎝
8 0 0 0
0 7 5 8
0 9 8 4
0 5 6 0

⎞⎟⎟⎠ .
A maximum matching in the corresponding bipartite graph is given by M = {[1, 2], [3, 1],
[4, 4]}. Since this matching is not perfect, we need a minimum row and column covering of
the elements cij ≤ 3 and get I := {1}, J := {1, 4}. The minimum uncovered element has
the value 5. Thus we get c∗ := 5 and obtain graph G[5] of Figure 6.3. An augmentation
step leads to the maximum matching M = {[1, 2], [2, 3], [3, 1], [4, 4]}, which is perfect.
Thus an optimal solution of this bottleneck assignment problem is ϕ = (2, 3, 1, 4) with
value 5.

The threshold method can easily be combined with ideas from the dual method: the
smallest uncovered entry is always a lower bound for a feasible threshold value c∗.

6.2.4 Augmenting path methods

Another possibility for solving the LBAP is to mimic the Hungarian method; see Gross
[342], Page [521], and Derigs and Zimmermann [230]. The description we give closely
follows the implementation proposed by Derigs and Zimmermann [230].

For any matching M in G = (U, V ;E), let U(M) ⊆ U be the set of vertices in
U which are matched by M . Let the matching M have minimum bottleneck cost among
all matchings with fixed set U(M). In order to enlarge a matching M , we can use an
augmenting path P with respect toM . But at the same time we want the enlarged matching
M ′ to have minimum cost among all matchings withU(M ′) fixed. We show in the following
proposition that this can be achieved by augmenting matching M with an augmenting path
of minimum length. Let S be a set of edges in the underlying graph G; we will denote by
c(S) the bottleneck cost of S:

c(S) = max[i,j ]∈S cij .

Definition 6.7. Let P = ([i1, j1], [i2, j1], [i2, j2], . . . , [ik, jk]) be an augmenting path with
respect to a given matching M . The bottleneck length �(P ) of this path is defined by

�(P ) = max(c([i1, j1]), c([i2, j2]), . . . , c([ik, jk])). (6.8)

An augmenting path is called b-shortest augmenting path if its bottleneck length is minimum
with respect to all augmenting paths of matching M .

An explanation is in order concerning the somewhat strange definition of the bottleneck
length of an augmenting path. WhenM is augmented by P , the edges [i2, j1], [i3, j2], . . . ,
[ik, jk−1] are replaced by the edges [i1, j1], [i2, j2], . . . , [ik, jk] and thus the length of the
replaced edges does not play a role any more (see Part 1 of the proof of Proposition 6.8). For
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this reason we may skip these edges when defining the bottleneck length of an augmenting
path.

Proposition 6.8. Let C be an n× n cost matrix of an LBAP and letM be a matching in the
corresponding bipartite graphKn,n with minimum cost c(M) among all matchings with the
same set U(M). Let P be an augmenting path with respect to M starting in an arbitrary
unmatched vertex i ∈ U , which is b-shortest among all augmenting paths starting in this
vertex. Then the matchingM ′ = M �P has minimum cost among all matchings inG with
the same set U(M ′). Moreover, the cost c(M ′) is given by

c(M ′) = max(c(M), �(P )). (6.9)

Proof. 1. We get c(M) ≤ c(M ′). Suppose the contrary, namely, c(M ′) < c(M). In this
case there exists an augmenting path

P = ([i1, j1], [i2, j1], [i2, j2], . . . , [ik, jk])
with i2, i3, . . . , ik in U(M) and �(P ) < c(M). Let us exchange the edges [i2, j1], [i3, j2],
. . . , [ik, jk−1] of matching M by the edges [i1, j1], [i2, j2], . . . , [ik, jk]. Obviously, we get
a new matching M with U(M) = U(M) and c(M) < c(M). But this is a contradiction to
the assumption that M has minimum cost among all matchings with fixed U(M).

2. Let M be any matching with U(M) = U(M ′). Then c(M) ≥ c(M ′) holds.
Namely, the symmetric difference of the sets M and M contains a path P which starts in
a vertex i ∈ U(M ′) \ U(M). According to the definition of the augmenting path P which
leads to M ′, this path P is an augmenting path with respect to M with a bottleneck length
of �(P ) ≥ �(P ). This yields c(M) ≥ c(M �P) ≥ c(M �P) = c(M ′). Therefore,M ′ has
minimum cost among all matchings with the same set U(M ′).

3. The cost c(M ′) = max(c(M), �(P )) is an immediate consequence of the augmen-
tation step: some edges ofM are exchanged by the edges [i1, j1], [i2, j2], . . . , [ik, jk]. Due
to 1, it cannot happen that the cost decreases during the augmentation step.

It may well be that �(P ) < c(M). Moreover, note that Proposition 6.8 becomes
wrong if we require that M has minimum cost among all matchings which cover the same
vertices in sets U and V as the matching M . For example, consider the cost matrix

C =
(

5 0
0 7

)
.

The matchingM = {[1, 1]} has cost 5 and obviously has minimum cost among all matchings
which match the first vertex inU and the first vertex in V (there is only one such matching).
By augmenting M with the path P = ([2, 1], [1, 1], [1, 2]) we get the matching M ′ =
{[1, 2], [2, 1]} with c(M ′) = 0.

A b-shortest augmenting path can easily be found by adapting Dijkstra’s shortest path
algorithm to our situation (see Burkard [131]). As mentioned before, the actual values of
the cost coefficients do not really play a role in bottleneck problems, only their order is
relevant. Therefore, we can assume that all cost coefficients cij are nonnegative. (We could
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even assume that all cost coefficients are from the set {0, 1, 2, . . . , n2 − 1}.) Moreover,
the cost of the edges of matching M do not play any role during the augmentation step.
Therefore, we can assume that during the shortest path computation all edges of M have
cost 0.

The b-shortest augmenting path algorithm can be described as follows. Let M be the
matching already found in G = (U, V ;E) and let c∗ be the cost of the matching (i.e., the
cost of the most expensive matching edge). Let L be the set of unmatched vertices on the
left side of the bipartite graph, i.e., L ⊆ U . We choose one vertex of L as the start vertex i1.
During the shortest path algorithm we give every considered vertex x ∈ U (resp., x ∈ V )
a label (α(x), β(x)) (resp., (α(x), β(x))), where α(x) (resp., α(x)) is the bottleneck length
of a b-shortest augmenting path from i1 to this vertex, found up to this step, and β(x) (resp.,
β(x)) denotes the immediate predecessor on the b-shortest path from i1 to vertex x. We
start by labeling all neighbors of vertex i1: If the edge [i1, j1] has a length not greater than
c∗, we label j1 by (c∗, i1); otherwise, we label j1 by (ci1j1 , i1). Those j ∈ V which are
not neighbors of i1 get the first label α(j) = ∞. Now we determine a vertex j ∈ V with
minimum value α(j). If α(j) = ∞, then there does not exist an augmenting path starting
in i1. We delete i1 from L and choose another starting vertex in L. Otherwise, there are
two possibilities.

Case 1. Vertex j is unmatched. Then we have found a b-shortest augmenting path from i1
to j with bottleneck length α(j). This path P can be reconstructed by backtracking on the
labels β and β (alternately), which give the sequence of vertices (i1, . . . , β(β(j)), β(j), j).
In this case, the matching can be augmented to M ′ = M � P with cost max(c∗, α(j)).

Case 2. Vertex j is matched. We now mark vertex j as scanned. There is a matching
edge [i2, j ]. We label vertex i2 by (α(i2), β(i2)) := (α(j), j). Moreover, the labels of all
unscanned neighbors j2 of vertex i2 are updated as follows:

• if z = max(α(j), ci2,j2) < α(j2), then α(j2) := z, β(j2) := i2;

• otherwise, keep the label of j2 unchanged.

Now again an unscanned, labeled vertex, say, j ′, of V is determined with minimum α(j ′).
If this vertex is unmatched, we have found a b-shortest augmenting path. Otherwise, we
continue as above.

The validity of this algorithm is based on the following proposition.

Proposition 6.9. Let X be the set containing vertex i1 and all labeled vertices of L and X
the set containing all scanned vertices of V . Then the following two statements hold in any
step of the method described above:

1. For any vertex x ∈ X \ {i1} (resp., x ∈ X), the value α(x) (resp., α(x)) is the
bottleneck length of a b-shortest path from i1 to x in G.

2. For any labeled, but unscanned, vertex j ∈ V , the value α(j) is the bottleneck length
of a b-shortest path from i1 to j which uses as intermediate vertices only vertices of
X ∪X.

Proof. We prove the proposition by induction on the setX∪X. At the beginning,X = {i1},
X = ∅. After labeling all neighbors of i1, the second statement of Proposition 6.9 is
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obviously true. Next we determine a vertex j ∈ V with minimum value α(j). If α(j) = ∞,
vertex i1 has no neighbors and we stop. Otherwise, this α(j) is the shortest bottleneck length
of a path from i1 to j , since any path not using the edge [i1, j ] would pass through an edge
[i1, j ] with length ci1j ≥ α(j) and, therefore, has bottleneck length at least α(j). Thus the
first statement is true at the beginning, so we can assume that for all steps up to a certain
step the two statements of the proposition hold. Let us now analyze the next step.

Case 1. In the next step a vertex i ∈ U is labeled. Any path to this vertex i passes through
the matching edge [i, j ′] and this edge has bottleneck length 0. Moreover, j ′ ∈ X according
to the algorithm. This implies by induction that α(j ′) is the bottleneck length of a b-shortest
path from i1 to i.

Case 2. In the next step a vertex j ∈ V is labeled from a vertex i ∈ X. If α(j) = ∞,
no path from i1 to j was up to now possible in graph G. Therefore, the path via i fulfills
the second statement of the proposition. If α(j) is finite, then the bottleneck length of the
previous path to j and the bottleneck length of the path via vertex i are compared and α(j)
becomes the shorter of these two lengths. Therefore, again, the second statement of the
proposition holds.

Case 3. We scan a vertex j ∈ V if α(j) is minimum among all unscanned vertices of
V . Any path to j which does not use only vertices in X ∪ X must pass through a labeled
unscanned vertex j ′ with α(j ′) ≥ α(j). Thus it has at least bottleneck length α(j), showing
that after scanning the first property of the proposition remains true.

Corollary 6.10. The modified Dijkstra algorithm finds a b-shortest augmenting path.

As we stop the modified Dijkstra algorithm either when no augmenting path exists or
as soon as a first unmatched vertex of V is scanned, we have j ∈ X and, as j is unmatched,
the path from i1 to j is an augmenting path. Due to the scanning rule, any other augmenting
path would have a bottleneck length of at least α(j). Thus we have found a b-shortest
augmenting path. As every edge of G is considered at most once, the complexity of this
modified Dijkstra method is O(|E|).

Summarizing the ideas above, we can formulate an augmenting path algorithm for the
bottleneck assignment problem, or, even more generally, for a maximum matching problem
with minimum bottleneck cost, as follows. We start with a lower bound c∗ for the optimal
objective function value and grow b-shortest augmenting paths (which increase the value
of c∗) until a maximum matching is reached.

Algorithm 6.3. Augmenting_LBAP.
Derigs and Zimmermann augmenting path algorithm.

let G = (U, V ;E) be a bipartite graph with edge lengths cij for [i, j ] ∈ E;
find a lower bound c∗ for the optimum objective function value;
comment: e.g., c∗ := max(maxi∈U minj∈V cij , maxj∈V mini∈U cij );
find a maximum matching M in the graph G[c∗] having an edge [i, j ] iff cij ≤ c∗;
if |M| = |U | then stop [comment: M is an optimum matching of cost c∗]
else let L be the set of unmatched vertices of U
endif
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while L is nonempty do
choose an arbitrary vertex i ∈ L;
L := L \ {i};
Dijkstra(i); [comment: the procedure returns a path P starting in i]
if P �= nil then

M := M � P ;
c∗ := max(c∗, �(P ))

endif
endwhile
comment: M is a maximum matching with minimum cost c∗.

The b-shortest augmenting paths are found through the following procedure.

Algorithm 6.4. Procedure Dijkstra(i).
Modified Dijkstra algorithm for LBAP.

label all vertices j ∈ V by (α(j), β(j)) := (∞, nil);
R := V ; [comment: R contains the unscanned vertices of V ]
α(i) := c∗, P := nil;
Label(i);
while R �= ∅ do

find a vertex j1 ∈ R with minimum α(j1);
if α(j1) = ∞ then R := ∅
else

if j1 is unmatched then
find the path P induced by the vertex sequence (i, . . . , β(β(j1)), β(j1), j1);
�(P ) := α(j1);
R := ∅

else
let [i1, j1] be the matching edge;
label i1 with (α(i1), β(i1)) = (α(j1), j1);
R := R \ {j1};
Label(i1)

endif
endif

endwhile

Procedure Label(i)
for each neighbor j ∈ R of i do

if α(j) > max(α(i), cij ) then
α(j) := max(α(i), cij );
β(j) := i

endif
endfor
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Let us illustrate the augmenting path method by means of the following example.

Example 6.11. Let the cost matrix of an LBAP be given as

C =

⎛⎜⎜⎜⎜⎜⎜⎝
9 1 5 6 3 7
2 8 1 0 4 2
6 5 8 4 2 7
3 6 1 4 2 9
7 2 6 8 3 4
5 0 6 7 6 5

⎞⎟⎟⎟⎟⎟⎟⎠ .

We find c∗ = 2 and the corresponding matching M = {[2, 1], [3, 5], [4, 3], [5, 2]}. Thus
L ⊆ U is L = {1, 6}. We choose the left vertex i = 1 and call Procedure Dijkstra (1). We
get R := {1, 2, 3, 4, 5, 6} = V and the first call to Procedure Label produces the labeling
of all vertices of R by

α := (9, 2, 5, 6, 3, 7), β := (1, 1, 1, 1, 1, 1).

We find j1 = 2, which is a matched vertex. Thus we determine i1 = 5 and we label vertex
5 of U by (α(5) := 2, β(5) := 2). Now Label(5) produces, for vertices 1 and 6 of V ,

(α(1) := 7, β(1) := 5), (α(6) := 4, β(6) := 5).

We get min α(j) = 3 for j1 = 5. Vertex j1 is again a matched vertex and we find i1 = 3.
We label vertex 3 of U by (α(3) := 3, β(3) := 5), and Label(3) gives, for vertices 1 and 4
of V ,

(α(1) := 6, β(1) := 3), (α(4) := 4, β(4) := 3).

The minimum of α(j), j ∈ R = {1, 3, 4, 6} is attained for j1 = 4 with α(4) = 4 and j1

unmatched. Thus we get as augmenting path P = ([1, 5], [3, 5], [3, 4]) with �(P ) = 4.
An augmentation step yields the new matching M = {[1, 5],[2, 1],[3, 4],[4, 3], [5, 2]} with
c∗ := 4.

We still have an unmatched vertex in U , namely, vertex 6. Thus we call Dijkstra(6)
and set

α := (5, 4, 6, 7, 6, 5), β := (6, 6, 6, 6, 6, 6).

Now, j1 becomes 2. This is a matched vertex. We get i1 = 5 and Label(5) produces, for
vertices 5 and 6 of V ,

(α(5) := 4, β(5) := 5), (α(6) := 4, β(6) := 5).

We determine again j1 = 5, which is matched by i1 = 1, and Label(1) gives, for vertices 3
and 4 of V ,

(α(3) := 5, β(3) := 1), (α(4) := 6, β(4) := 1).

Now we have j1 = 6 and we found another augmenting path P([6, 2], [5, 2], [5, 6]) with
c∗ = 4. An augmenting step yields the perfect matching

M = {[1, 5], [2, 1], [3, 4], [4, 3], [5, 6], [6, 2]}
with c∗ := 4, which is the optimal solution.
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Usually one can find by heuristics a very good matching at the beginning such that
only a few augmentation steps are necessary to get a maximum matching with minimum
bottleneck cost. Fortran codes for this method can be found in the paper by Derigs and Zim-
mermann [230], in the book by Burkard and Derigs [145], and in Carpaneto and Toth [167].
The implementations differ in the determination of a starting solution and in the applied
data structures. One of the most efficient implementations is described in Derigs [225]. A
thorough investigation on computational issues concerning LBAPs can be found in Pferschy
[544]. Among others, Pferschy proposes an implementation using sparse subgraphs; see
Section 6.2.5.

Gabow and Tarjan [293] as well as Punnen and Nair [563] proposed to combine
threshold techniques with shortest augmenting path computations in order to design al-
gorithms with a good running time complexity for the maximum matching problem with
minimum bottleneck weight in bipartite graphs. Let a bipartite graph G = (U, V ;E) with
n = min(|U |, |V |) and |E| = m be given. Every edge e ∈ E has a weight c(e). We want to
find a maximum matching in G with minimum bottleneck weight. By applying Hopcroft–
Karp’s procedure to the unweighted graph G, we find the cardinality N of a maximum
matching in G. Next, in a first phase we apply a binary search to find a threshold value c∗
such that the corresponding graph G[c∗] allows a matching of cardinality at least equal to
N − n/k. In order to find this threshold value, we test at most O(log n) graphs G[c] by an
approximate version of the Hopcroft–Karp algorithm, which stops if either the matching is
maximum or has cardinality at least equal to N − n/k. Due to Proposition 3.12, this phase
takes O(km log n) time. In the second phase we grow shortest augmenting paths to get a
perfect matching with minimum bottleneck cost. Since at most n/k shortest augmenting
paths are necessary to find an optimum matching, and every shortest augmenting path com-
putation takes O(m) time, this second phase can be completed in O(mn/k) time. So we
get a total complexity of O(km log n + mn/k) time for finding an optimal solution to the
maximum matching problem with minimum bottleneck weight. Choosing

k =
√

n

log n

yields a total time complexity of O(m
√
n log n) for the Gabow–Tarjan algorithm.

Punnen and Nair [563] proposed the same technique. However, instead of the
Hopcroft–Karp algorithm, they used the method by Alt, Blum, Mehlhorn, and Paul (see
Section 3.4) to find an approximate matching M which differs from a maximum matching
by at most

√
n/k edges. Such a matching can be computed inO(kn2.5/ log n) time. So the

first phase (binary search for an approximate matching) takes O(kn2.5/ log n)O(log n) =
O(kn2.5) time. In the second phase, at most

√
n/k shortest augmenting paths have to be

computed. Thus we get as total complexity O(kn2.5 +m√n/k). Choosing

k = √m/n
yields a total time complexity of O(n

√
mn) for finding a maximum matching with mini-

mum bottleneck cost. Table 6.1 summarizes the complexities of the various algorithms for
the bottleneck assignment problem. The matrix threshold method refers to the algorithm
described in Section 6.2.2. The table shows that the best time complexities are those of the
matrix threshold algorithm for dense graphs and of the Gabow–Tarjan algorithm for sparse
graphs. Punnen–Nair’s method yields the best time complexity in between.



book
2008/12/11
page 185

6.2. Bottleneck Assignment Problem 185

Table 6.1. Complexity of threshold-based bottleneck assignment algorithms.

Method Complexity m = O(n) m = O(n2)

Threshold O(n2
√
n/ log n) O(n2

√
n/ log n) O(n2

√
n/ log n)

Gabow-Tarjan O(m
√
n log n) O(n

√
n log n) O(n2

√
n log n)

Punnen-Nair O(n
√
mn) O(n2) O(n2√n)

6.2.5 Sparse subgraph techniques

The results on bipartite random graphs (see Section 3.7) already show that very sparse
bipartite graphs without isolated vertices allow a perfect matching with high probability.
For example, if we assume that the cost coefficients of a bottleneck assignment problem are
independent and identically distributed (i.i.d.) and we choose only the three smallest entries
in every row and column, then there exists a perfect matching in the subgraph consisting of
these entries with a probability greater than 1 − (3/n)4/122 (see Theorem 3.26). In other
words, for n = 1,000 there is no perfect matching using these entries with a probability less
than 10−12. In the following we take advantage of this property by thinning out the given
cost matrix and solving a maximum matching problem with minimum bottleneck weight in
a sparse graph instead of the originally given problem. Following a suggestion of Pferschy
[543], we may describe an algorithm for the bottleneck assignment problem using sparse
subgraph techniques as follows.

1. find the smallest entry in every row and column of cost matrix C, and let the corre-
sponding edges form an edge set Ê;

2. determine the (n log n)th smallest value c∗ of the cost coefficients and add n log n
edges e with c(e) ≤ c∗ to Ê;

3. solve a maximum matching problem with minimum bottleneck cost in the sparse
bipartite graph with edge set Ê, and let k be the cardinality of this matching;

4. if k < n then execute a bottleneck assignment algorithm.

The value c∗ in Step 2 can be determined inO(n2) time by using a linear median algorithm.
The sparse graph constructed in Step 2 hasO(n log n) edges. So, when we solve this sparse
weighted matching problem by the method of Gabow and Tarjan, it takes O(n3/2 log3/2 n)

time. Step 4 has to be executed only with a small probability. If we assume that the cost
coefficients are i.i.d., then Theorem 3.25 tells us that this step is executed with a probability
less than O(1/

√
n log n). If we use the matrix threshold method for executing Step 4, then

the expected running time of Step 4 is O(n2/ log n). In practice, one may use the solution
found in Step 3 as a starting solution. Summarizing, we get the following result by Pferschy
[543].

Proposition 6.12. Let C be an n × n matrix with i.i.d. entries cij . Then the bottleneck
assignment problem with cost matrix C can be solved in O(n2) expected time.
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⎛⎜⎜⎜⎜⎜⎜⎜⎝

j l

...
...

i · · · cij · · · · · · cil · · ·
...

...

k · · · ckj · · · · · · ckl · · ·
...

...

⎞⎟⎟⎟⎟⎟⎟⎟⎠
Figure 6.4. Four elements involved in the Monge property.

The method outlined above not only provides a good bound in terms of expected time
complexity but is also very efficient and simple to use. Armstrong and Jin [45] proposed a
different algorithm, based on the concept of strong spanning trees (see Balinski [63]), which
has worst-case time complexity O(mn + n2 log n), where m denotes the number of edges
in E.

6.2.6 Special cases

In certain cases an optimal solution of an LBAP is known beforehand, provided the cost
matrix of the problem has a special structure.

Definition 6.13. An n× n matrix C = (cij ) is said to fulfill the bottleneck Monge property
(or to be a bottleneck Monge matrix) if (see Figure 6.4)

max(cij , ckl) ≤ max(cil, ckj ) (6.10)

holds for all 1 ≤ i < k ≤ n and 1 ≤ j < l ≤ n.
Matrix C fulfills the inverse bottleneck Monge property (is an inverse bottleneck

Monge matrix) if
max(cij , ckl) ≥ max(cil, ckj ) (6.11)

holds for all 1 ≤ i < k ≤ n and 1 ≤ j < l ≤ n.

As Klinz, Rudolf, and Woeginger [423] pointed out, it can be determined in O(n3)

steps whether a given matrix fulfills the bottleneck Monge property. But often one knows
in advance that a given matrix has the bottleneck Monge property. For example, if a1 ≤
a2 ≤ · · · ≤ an and b1 ≥ b2 ≥ · · · ≥ bn, then the matrices C = (cij ) defined by

cij = ai + bj ,
cij = max(ai, bj ),

cij = ai · bj , provided a1, bn ≥ 0,

satisfy (6.10). If a bottleneck Monge matrix is the cost matrix of an LBAP, we get the
identical permutation as an optimal solution.
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Proposition 6.14. If the cost matrix of a bottleneck assignment problem fulfills the bottleneck
Monge property, then the identical permutation is an optimal solution.

If the cost matrix fulfills the inverse bottleneck Monge property, then the permutation
ϕ(i) = n+ 1− i for i = 1, 2, . . . , n is an optimal solution.

Proof. We show the first part of this proposition by successive transformations to the
identical permutation. No transformation increases the objective function value. The second
part can be shown by analogous arguments using the inverse bottleneck Monge property.

Let ϕ∗ be an optimal solution of the bottleneck assignment problem whose cost matrix
fulfills the bottleneck Monge property. For i = 1, 2, . . . , n, perform the following step.
If ϕ∗(i) �= i, then let l = ϕ∗(i), find k such that ϕ∗(k) = i, and interchange the two
assignments by setting ϕ∗(i) = i and ϕ∗(k) = l. According to (6.10) we have

max(cii , ckl) ≤ max(cil, cki)

which shows that the new permutation does not have a larger objective function value.
Since at each iteration i we have ϕ∗(h) = h for h = 1, 2, . . . , i − 1, the interchange

never involves preceding rows and columns, so the resulting permutation remains opti-
mal.

An application of Proposition 6.14 to matrixC = (aibj ), where 0 ≤ a1 ≤ a2 ≤ · · · ≤
an and b1 ≥ b2 ≥ · · · ≥ bn ≥ 0, yields immediately a bottleneck version for Proposition
5.8.

Proposition 6.15. Let

0 ≤ a1 ≤ a2 ≤ · · · ≤ an and b1 ≥ b2 ≥ · · · ≥ bn ≥ 0.

Then for any permutation ϕ

max
1≤i≤n

aibi ≤ max
1≤i≤n

aibϕ(i) ≤ max
1≤i≤n

aibn+1−i .

The bottleneck Monge property depends on a proper numbering of the rows and
columns of matrix C. A matrix C = (cij ) is called a permuted bottleneck Monge matrix
if there are permutations ϕ and ψ of the rows and columns of C, respectively, such that
(cϕ(i)ψ(j)) fulfills the bottleneck Monge property. Recognizing permuted bottleneck Monge
matrices, however, is more difficult than solving the bottleneck assignment problem directly
(see Klinz, Rudolf, and Woeginger [423]), so we do not discuss it here. For further results
concerning the bottleneck Monge property see the survey article by Burkard, Klinz, and
Rudolf [152].

6.2.7 Asymptotic results

In Section 5.1 we showed that for a linear assignment problem whose cost coefficients are
i.i.d. random variables which obey an exponential distribution with mean 1, the expected
optimum value equalsπ2/6. Pferschy [543] investigated the asymptotic behavior of LBAPs.
He showed that the expected optimal objective function value of an LBAP tends toward the
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lower end of the range of cost coefficients for any bounded distribution function when the
size n of the problem increases. In particular he showed the following.

Proposition 6.16. LetF(x) be a continuous distribution function such that sup{x : F(x) <
1} <∞. The optimal value zn of a random LBAP whose cost coefficients are i.i.d. according
to the distribution function F satisfies

lim
n→∞E(zn) = inf {x : F(x) > 0}.

In the case that the cost coefficients of the LBAP are uniformly distributed in [0, 1],
Pferschy derived the following bounds for E(zn).

Proposition 6.17. Let B(x, y) be the Beta function. Then we get for n > 78

E(zn) < 1−
(

2

n(n+ 2

)2/n
n

n+ 2
+ 123

610n

and

E(zn) ≥ 1− nB(n, 1+ 1/n) = ln n+ 0.5749

n
+O

(
ln2 n

n2

)
.

6.2.8 Variants and applications

Linear bottleneck assignment problems arise as subproblems in more complex combinatorial
problems which model real-life applications.

Bus driver rostering

One of the most important optimization problems for public transport companies is the
so-called bus driver scheduling problem, which involves the assignment of drivers to a
selection of working shifts satisfying the service requirements. The solution methods from
the literature usually adopt a decomposition technique which splits the problem into two
subproblems: (i) find a set of working shifts that satisfy the service requirements, together
with the possible side constraint (certain authors call this problem the bus driver scheduling
problem); and (ii) assign each shift to one of the available drivers (rostering problem). The
latter can be difficult to solve when the complex clauses of the union contract have to be
taken into account. In most European countries one of the most important clauses requires
that the mix of shift types assigned to the drivers in a given finite time horizon are very
similar to each other. A simplified version of this rule associates a weight with each shift to
represent a global measure of the corresponding driving effort, coming from a combination
of several factors such as the driving duration (platform time) and the total elapsed time
(spread time). The objective function of the rostering problem can thus be defined as a
bottleneck function which requires one to minimize the maximum total weight of the shifts
assigned to a driver.

Given an m-day time horizon, we can model the problem through a layered digraph
(see Section 3.3) having one layer per day. Each layer k contains one vertex for each shift
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of day k and some additional dummy shifts introduced to give the same number of vertices,
say, n, to each layer. The arcs of the digraph join each vertex i of layer k with each vertex j
of the adjacent layer k + 1 if and only if the two corresponding shifts can be performed by
the same driver. Each arc starting from shift i of layer k (k = 1, 2, . . . , m− 2) is given the
weight of shift i. Each arc from shift i of layerm− 1 to shift j of layerm is given a weight
equal to the sum of the weights of the two shifts i and j . A path from the first layer to layer
m corresponds to a feasible m-day shifts assignment for a driver. The weight of the path is
the weight of the assignment. A feasible solution of the rostering problem is thus given by
n paths starting from layer 1 and ending at layer m, and the optimal solution is the one in
which the weight of the heaviest path is a minimum. It is easily seen that, for m = 2, the
problem is exactly an LBAP. It has been proved by Camerini [170] that it is NP-hard for
general m. The complexity of the problem is not known for fixed m > 2.

Carraresi and Gallo [170] proposed an effective heuristic algorithm for the rostering
problem based on the iterative solution of LBAPs obtained by fixing the arc choices for all
layers but two adjacent ones.

Product rate variation

Consider a mixed-model assembly line that produces units of n different types. Assume
that the setup time when the type changes is negligible and that each unit requires the same
production time for any type (the cycle time of the line, adopted, without loss of generality,
as the unit of time). We are given the numbers of units ui of type i (i = 1, 2, . . . , n) to be
produced in a time horizon of U =∑n

i=1 ui time units. The general product rate variation
problem (PRVP) is then to schedule the production so that the production rate of each type
i is as close as possible, over time, to its ideal production rate ri = ui/U (i = 1, 2, . . . , n).

Let xij denote the total production of units of type i in time periods from 1 to j
(i = 1, 2, . . . , n; j = 1, 2, . . . , U ). Different discrepancy functions fi(xij , j) can be
adopted for measuring the deviation between the actual and the ideal production. If the
objective is

min max
i,j

fi(xij , j), (6.12)

the problem is called the min-max PRVP. Bautista, Companys, and Corominas [76] showed
how to compute a cost matrix C such that the problem can be solved as an LBAP over
C. Moreno and Corominas [498] presented computational results for a number of different
implementations of LBAP approaches to the min-max PRVP.

Object tracking

Let us consider n objects which are detected by two passive sensors at geographically
different sites. Each sensor measures the horizon elevation angle and the azimuth bearing
angle under which the object can be seen, i.e., it provides n lines in the three-dimensional
space on which the objects lie. The location of every object is found by intersecting the
appropriate lines. Due to small errors during the measurements, these lines might not meet.
The pairing of the lines is modeled as follows: let cij be the smallest distance between the
ith line provided by sensor 1 and the j th line provided by sensor 2. Solving an LBAP with
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cost matrix C = (cij ) leads to very good results in practice (see Brogan [115] who used,
however, LSAPs instead of the error-minimizing bottleneck problems).

A similar technique can be used for tracking missiles in space. If their locations at two
different times t1 and t2 are known, we compute the (squared) Euclidean distances between
any pair of old and new locations and solve the corresponding LBAP in order to match the
points in the right way.

Categorized bottleneck assignment problems

We consider here two scheduling problems in which:

(i) n jobs must be assigned to m machines (1 ≤ m ≤ n);

(ii) the entries of anm×n cost matrixC give the processing time cij required for executing
job j on machine i (i = 1, 2, . . . , m; j = 1, 2, . . . , n); and

(iii) for each machine i, an associated value ki gives the number of jobs to be assigned to
that machine (with

∑m
i=1 ki = n).

In the first problem the objective is to minimize the maximum, over all machines, of
the sum of the processing times of the jobs executed on it:

min max
1≤i≤m

n∑
j=1

cij xij (6.13)

s.t.
n∑
j=1

xij = ki (i = 1, 2, . . . , m), (6.14)

m∑
i=1

xij = 1 (j = 1, 2, . . . , n), (6.15)

xij ∈ {0, 1} (i = 1, 2, . . . , m; j = 1, 2, . . . , n). (6.16)

In the second problem we consider, for each machine, the maximum processing time
of a job executed on it and minimize the sum, over all machines, of such processing times:

min
m∑
i=1

max
1≤j≤n

{cij : xij = 1} (6.17)

s.t. (6.14)− (6.16). (6.18)

For m = 1, (6.13)–(6.16) is the LSAP and (6.17)–(6.18) is the LBAP.
Aggarwal, Tikekar, and Hsu [8] presented algorithms for the “exact” solution of

both problems. Punnen [561] showed that these algorithms have pseudo-polynomial time
complexity. He also proved that both problems are strongly NP-hard for general m. Thus
the algorithms in [8] cannot guarantee the optimal solution unless P = NP , although they
may be used as good heuristics.
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6.2.9 Software

The AP web page (http://www.siam.org/books/ot106/assignmentproblems.html) associated
with this book provides codes for solving the bottleneck assignment problem. Such codes
implement a modification of code LAPJV by Jonker and Volgenant [392] (see Section 4.9.1).

At theAP web page one can also execute, by visualizing the most relevant information,
a didactic Java applet that implements the threshold algorithm of Section 6.2.2.

6.3 Algebraic assignment problem
Linear sum assignment problems can be solved by only adding, subtracting, and comparing
the cost coefficients. Moreover, a careful reasoning shows that a subtraction b − a occurs
only in the case that the cost element a is not greater than b. Thus when we want to determine
b−a, we ask for an element c such that a+c = b. These considerations lead to an algebraic
model, originally introduced in Burkard, Hahn, and Zimmermann [150], which allows one to
formulate and solve linear assignment problems within a general framework. The underlying
algebraic structure is a so-called d-monoid , i.e., a totally ordered commutative semigroup
(H, ∗,#)with composition ∗ and linear order relation#. We require that the order relation
is compatible with the composition ∗, i.e.,

a # b implies a ∗ c # b ∗ c for all c ∈ H.
Moreover, the d-monoid fulfills the following axiom.

Axiom 6.18. If a # b, then there exists an element c ∈ H such that a ∗ c = b.

Without loss of generality we may always assume that the d-monoid has a neutral
element e for which a ∗ e = a holds for all a ∈ H .

Given n2 cost coefficients cij ∈ H , the algebraic linear assignment problem can be
formulated as

min
ϕ

(c1ϕ(1) ∗ c2ϕ(2) ∗ · · · ∗ cnϕ(n)). (6.19)

The objective function value of permutation ϕ with respect to the cost matrix C is denoted
by

z[C, ϕ] = c1ϕ(1) ∗ c2ϕ(2) ∗ · · · ∗ cnϕ(n) .
Special examples for d-monoids are as follows.

• H = R with the addition as composition and the usual order relation. This model
leads to LSAPs:

min
ϕ

(c1ϕ(1) + c2ϕ(2) + · · · + cnϕ(n)).

• H is the set of extended real numbers R (including−∞) with the usual order relation.
The composition is defined by a ∗ b = max (a, b). This model leads to LBAPs:

min
ϕ

max{c1ϕ(1), c2ϕ(2), . . . , cnϕ(n)}.
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• H = R
n, the composition is the vector addition, and the order relation is the lexico-

graphical order. This leads to lexicographical sum assignment problems.

• H = R × R, the order relation is the lexicographical order, and the composition is
defined by

(a, b) ∗ (a, b) =

⎧⎪⎪⎨⎪⎪⎩
(a, b) if a > a,

(a, b) if a < a,

(a, b + b) if a = a.
This leads to the so-called time-cost assignment problem, in which a pair (a, b) rep-
resents the (time, cost) pair of an assignment. We want to find an assignment which
first minimizes the maximum occurring time. Second, under all solutions which yield
this time, a solution with minimum cost is to be found. Such problems occur if n
customers have to be served as fast a possible (e.g., under emergency aspects), and
then a cost minimal optimal solution should be found.

For solving the algebraic assignment problem we shall successively transform the
cost matrix until we find a “zero” cover which has n elements (see Proposition 2.9). To
realize this we have to describe suitable transformations of the cost matrixC (which we call
admissible transformations), we have to define zero elements inH , and we have to explain
in which way the admissible transformations can be applied in order to solve the algebraic
assignment problem. We start with the definition of admissible transformations.

Definition 6.19. (Admissible transformation.) A transformation T of the n × n matrix
C = (cij ) to the matrix C = (cij ) is called admissible with index z(T ) if

z[C, ϕ] = z(T ) ∗ z[C, ϕ]
for all ϕ ∈ Sn.

When we perform an admissible transformation T after an admissible transformation S,
we get again an admissible transformation. If S and T have the indices z(S) and z(T ),
respectively, their composition has index z(S) ∗ z(T ).

The definition above states a property of admissible transformations, but says nothing
about what an admissible transformation looks like. This is provided by the following
theorem by Burkard, Hahn, and Zimmermann [150].

Theorem 6.20. (Admissible transformations for assignment problems.) Let I, J ⊆
{1, 2, . . . , n}, m = |I | + |J | − n ≥ 1, and c = min{cij : i ∈ I, j ∈ J }. Then the
transformation T = T (I, J ) of the cost coefficients cij to new cost coefficients cij defined
by

cij ∗ c = cij , for i ∈ I, j ∈ J, (6.20)

cij = cij ∗ c , for i �∈ I, j �∈ J, (6.21)

cij = cij , otherwise, (6.22)
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is admissible with z(T ) = c∗c∗· · ·∗c, where the expression on the right-hand side contains
m factors.

Note that we make use of Axiom 6.18 in the first line of the definition of cij !

Proof. Let ϕ be an arbitrary permutation of {1, 2, . . . , n} and let n0 be the number of pairs
(i, ϕ(i)) with i ∈ I and ϕ(i) ∈ J . Similarly, let n1 be the number of pairs (i, ϕ(i)) with
i ∈ I and ϕ(i) /∈ J , or with i /∈ I and ϕ(i) ∈ J . Let n2 be the number of pairs (i, ϕ(i))with
i /∈ I and ϕ(i) /∈ J . Obviously, n0 + n1 + n2 = n and 2n0 + n1 = |I | + |J |. This implies

n0 − n2 = |I | + |J | − n = m. (6.23)

As the right-hand side in (6.23) does not depend on the particular permutation ϕ, (6.23)
holds for all permutations on {1, 2, . . . , n}.

Let C[i ∈ I ] denote the composition of all cost coefficients ciϕ(i) with i ∈ I , and let
ck denote c ∗ c ∗ · · · ∗ c (k times). Using this notation, (6.20) yields for any permutation ϕ

z(C, ϕ) = C[i ∈ I ] ∗ C[i /∈ I ] = cn0 ∗ C[i ∈ I ] ∗ C[i /∈ I ].
Now, (6.21) and (6.22) yield

cn2 ∗ C[i /∈ I ] = C[i /∈ I ].
Thus we get for all permutations ϕ

z(C, ϕ) = cm ∗ z(C, ϕ)
which shows that the transformation in Theorem 6.20 is feasible with index cm.

In the semigroupH the role of 0-elements is replaced by so-called dominated elements.
An element a ∈ H is dominated by an element z ∈ H if a ∗ z = z. Thus in (R,+,≤) the
0 is dominated by any other number. In (R,max,≤) every element a, a ≤ z, is dominated
by z. Now we can formulate the following optimality criterion.

Theorem 6.21. Let T be an admissible transformation such that there exists a permutation
ϕ̂ with the following properties:

1. z(T ) ∗ cij ≥ z(T ) for all i, j ;

2. z[C, ϕ̂] ∗ z(T ) = z(T ).
Then ϕ̂ is an optimal assignment with value z(T ).

The first property in Theorem 6.21 says that all cost coefficients cij are “nonnegative”
(with respect to z(T )). The second property says that the current objective function value
is already dominated by z(T ), i.e., it has value “0”.

Proof. Let ϕ be an arbitrary permutation. According to Definition 6.19 and properties 1
and 2 of the thesis we get

z[C, ϕ] = z(T ) ∗ z[C, ϕ] ≥ z(T ) = z(T ) ∗ z[C, ϕ̂] = z[C, ϕ̂].
Therefore, ϕ̂ is optimal.
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Now we have to specify in which way the admissible transformations should be
applied. This is stated in the following algorithm.

Algorithm 6.5. Algebraic_assignment.
Algorithm for solving linear algebraic assignment problems.

z := e, where e denotes the neutral element of semigroup H ;
comment: row reduction in matrix C;
for k := 1 to n do

perform an admissible transformation T (I, J ) with I = {k} and J = {1, 2, . . . , n};
replace matrix C by the transformed matrix C;
z := z ∗ z(T (I, J ))

endfor;
comment: column reduction;
for k := 1 to n do

perform an admissible transformation T (I, J ) with I = {1, 2, . . . , n} and J = {k};
replace matrix C by the transformed matrix C;
z := z ∗ z(T (I, J ))

endfor;
find a minimum cover of the elements cij for which cij ∗ z = z;
I := {i : row i is uncovered};
J := {j : column j is uncovered};
while |I | + |J | > n do

perform an admissible transformation T (I, J );
replace matrix C by the transformed matrix C;
z := z ∗ z(T (I, J ));
find a minimum cover of the elements cij for which cij ∗ z = z;
I := {i : row i is uncovered};
J := {j : column j is uncovered}

endwhile
comment: the current cover corresponds to a maximum matching of value z.

After performing the row reduction, all elements in the transformed matrix are “non-
negative” with respect to z, namely, cij ∗ z ≥ z.After the column reduction, every row and
column in the transformed cost matrix contains at least one element which is dominated
by z. All other elements remain nonnegative with respect to z. Then a bipartite graph
G = (U, V ;E) is defined, where set U corresponds to the rows of matrix C and set V
corresponds to the columns of matrix C. Graph G contains an edge (i, j) if and only if the
element cij is dominated by the current objective function value z. A minimum cover of the
dominated elements is obtained by determining a maximum matching in G (see König’s
theorem, Theorem 2.7). If the size of this minimum cover is less than n (i.e., if the maximum
matching has cardinality less than n), a further admissible transformation is performed. The
definition of sets I and J in the “while” loop guarantees that after each admissible transfor-
mation at least one further cost coefficient is dominated by the current objective function
value.

It is rather straightforward to show that this algorithm yields an optimal solution of
the algebraic assignment problem after at most O(n2) admissible transformations.
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If the composition ∗ is specialized to “+”, Algorithm 6.5 becomes a variant of the
Hungarian method. If the composition is specialized to the max operation, then we obtain
the bottleneck assignment problem and the above algorithm is a variant of the threshold
method.

If the semigroup (H, ∗,#) fulfills the weak cancellation rule, namely,

if a ∗ c = b ∗ c, then either a = b or a ∗ c = b, (6.24)

then an algebraic assignment problem can be solved in O(n3) time (see Burkard and Zim-
mermann [158] as well as Frieze [283]). For further results in this direction, consult the
survey on algebraic optimization by Burkard and Zimmermann [159].

Finally, we address a case where the solution of an algebraic assignment problem
can be stated explicitly. We say that a cost matrix C = (cij ) fulfills the algebraic Monge
property if it fulfills the following conditions:

cij ∗ ckl # cil ∗ ckj , for 1 ≤ i < k ≤ n, 1 ≤ j < l ≤ n. (6.25)

As in the sum and bottleneck cases of Monge matrices, the following can be shown.

Theorem 6.22. If the cost matrix C of an algebraic linear assignment problem fulfills the
algebraic Monge property (6.25), then the identical permutation is an optimal solution.

The problem of recognizing permuted algebraic Monge matrices is rather subtle in
general. It can be shown that this problem is NP-hard if n ≥ 3 and the ordered semigroup
fulfills no additional property. It becomes, however, polynomially solvable if, for instance,
a weak cancellation rule (6.24) is fulfilled. For details, see Burkard, Klinz, and Rudolf
[152].

6.4 Sum-k assignment problem
Given an n×n cost matrixC = (cij ) and a value k not greater than n, the sum-k assignment
problem is to assign each row to a different column so that the sum of the k largest selected
costs is a minimum. The two extreme cases, k = n and k = 1, coincide, respectively, with
LSAP and with the bottleneck assignment problem (see Section 6.2). This problem cannot
be modeled as an algebraic assignment problem. Grygiel [349] investigated it within an
algebraic framework and designed an O(n5) algorithm in the case of real cost coefficients.

6.5 Balanced assignment problem
Let C = (cij ) be a given real n × n matrix and ϕ be an arbitrary permutation of the set
{1, 2, . . . , n}. We call

sp(ϕ) = max
i
{ciϕ(i)} −min

i
{ciϕ(i)} (6.26)

the spread of solution ϕ. The balanced assignment problem, introduced by Martello, Pul-
leyblank, Toth, and de Werra [480] in the more general framework of balanced optimiza-
tion problems, minimizes the spread of an assignment solution. The balanced assignment
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problem is closely related to bottleneck assignment problems. Given a real n × n matrix
C = (cij ), the balanced assignment problem can be formulated as

min
ϕ

sp(ϕ). (6.27)

For solving this problem, the following algorithm can be used, which is a modification
of the original proposal by Martello, Pulleyblank, Toth, and de Werra.

Algorithm 6.6. Balanced_assignment.
Algorithm for the balanced assignment problem.

let an n× n cost matrix C = (cij ) be given;
let ϕ be an optimal solution of the LBAP with cost matrix C;
l := mini{ciϕ(i)};
u := maxi{ciϕ(i)};
sp(ϕ) := u− l;
Q := {(i, j) : l < cij };
fail := false;
while sp(ϕ) > 0 and fail = false do

E := {(i, j) ∈ Q : cij ≤ u};
find a minimum vertex cover VC in the bipartite graph with edge set E;
if |VC| = n then

let ϕ be the corresponding perfect matching;
l := mini{ciϕ(i)};
sp(ϕ) := u− l

else
Q := {(i, j) ∈ Q : (i, j) is uncovered};
if Q �= ∅ then

u := min{cij : (i, j) ∈ Q};
l := u− sp(ϕ)

else fail := true
endif ;
Q := Q \ {(i, j) ∈ Q : cij ≤ l}

endwhile

The correctness of the algorithm follows from the following facts. The optimal so-
lution of the corresponding linear bottleneck problem is the first candidate for an optimal
solution of the balanced assignment problem. Observe that any feasible assignment must
use elements of value at least equal to u and that no lower spread can be obtained by using
elements of value less than or equal to l. In the next steps the value u is kept fixed and the
spread is minimized by iteratively increasing the value of l. Only when this is not further
possible, i.e., with the current l and u values no perfect matching exists, the value of u is
increased. As in this case every feasible solution of the assignment problem must contain
an uncovered element, we can increase u to the smallest uncovered element. At the same
time we may forbid all elements which would lead to the same or a larger spread than that
already found. An optimal solution is reached if either sp(ϕ) = 0 or u cannot be increased
any more.
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With this implementation the algorithm breaks ties in the solution value by selecting
the balanced solution that minimizes the minimum (and hence the maximum) cost. For cases
where the solution that maximizes these values is preferred in case of a tie, it is enough to
execute the algorithm on a transformed instance having costs c̃ij = −cij .

The following example illustrates algorithm Balanced_assignment.

Example 6.23. Let the cost matrix of a balanced assignment problem be given as

C =

⎛⎜⎜⎝
8 9 3 2
4 7 3 8
0 8 10 4
2 5 8 3

⎞⎟⎟⎠ .
The bottleneck assignment problem with this cost matrix has the optimum value 5. An
optimal solution is ϕ = (4, 3, 1, 2) with l = 0, u = 5, and sp(ϕ) = 5. We forbid c31 (set
Q contains all elements but (3, 1)) so the resulting bipartite graph has a vertex cover of
cardinality n corresponding to the matching ϕ = (3, 1, 4, 2) with l = 3 and sp(ϕ) = 2. We
remove from Q all elements of value not greater than 3, so the nonforbidden elements are

C =

⎛⎜⎜⎝
8 9 − −
4 7 − 8
− 8 10 4
− 5 8 −

⎞⎟⎟⎠ .
The next bipartite graph only contains the three edges with value 4 or 5. The last three rows
provide a minimum vertex cover, and thusQ = {(1, 1), (1, 2)}. We increase u to 8 and l to
6, and we forbid all elements with a value not greater than 6. The edges of the new bipartite
graph correspond to the values 7 and 8 in the following matrix:

C =

⎛⎜⎜⎝
8 9 − −
− 7 − 8
− 8 10 −
− − 8 −

⎞⎟⎟⎠ .
This graph has a vertex cover of cardinality n corresponding to a perfect matching ϕ =
(1, 4, 2, 3) with l = 8 and sp(ϕ) = 0. Therefore, we have reached the optimal
solution.

If, at each iteration, the vertex cover is determined from scratch, using theO(n2.5)Hop-
croft–Karp algorithm of Section 3.3, the overall time complexity of Balanced_assignment
isO(n4.5). This can be improved if, at each iteration, the new vertex cover is obtained from
the current partial solution by completing the corresponding nonperfect matching through
augmenting path techniques (see Section 3.2). In the worst case this implementation will
perform an augmentation for each element that is forbidden when l is increased and an
augmentation for each new edge that enters the bipartite graph when u is increased. Since
a single augmentation requires O(n2) time, the resulting time complexity is O(n4).

Balanced linear assignment problems can be used in a heuristic for decomposing
traffic matrices arising from TDMA systems (see Section 3.8.2) in at most n switch modes
(see Balas and Landweer [51], who used LBAPs instead of balanced linear assignment
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problems in this context). Given the traffic matrix T , let ϕ∗ be an optimal solution of the
balanced assignment problem with coefficient matrix T . We set λ1 = max1≤i≤n tiϕ∗(i) and
forbid the elements tiϕ∗(i), i = 1, 2, . . . , n.With this new matrix we solve the next balanced
assignment problem and determine λ2. We continue in this way until all elements of T are
forbidden. The rational behind this approach is that during the application of a fixed switch
mode all involved stations should have about the same workload.

6.6 Lexicographic bottleneck assignment problem
LetC = (cij ) be a given real n×nmatrix and let ϕ be a permutation of the set {1, 2, . . . , n}.
By ordering the n elements ciϕ(i) decreasingly, we get a vector w(ϕ) = (w1, w2, . . . , wn)

where wk corresponds to the kth largest cost element in solution ϕ.

Example 6.24. Consider the matrix

C =

⎛⎜⎜⎝
8 9 3 2
4 7 3 8
0 8 10 4
2 5 8 3

⎞⎟⎟⎠
and the permutation ϕ = (3, 1, 4, 2), which yields

c1ϕ(1) = 3, c2ϕ(2) = 4, c3ϕ(3) = 4, c4ϕ(4) = 5.

Thus w(ϕ) is the vector
w(ϕ) = (5, 4, 4, 3).

When we consider the permutation ψ = (4, 3, 1, 2), we get

w(ψ) = (5, 3, 2, 0).

Note that both ϕ and ψ are optimal solutions of the bottleneck assignment problem with
cost matrix C. Solution ψ , however, yields a lexicographically smaller vector w and is
therefore preferred, in this context, to the solution described by ϕ.

The problem of finding a permutation ϕ which yields a lexicographic minimal vector
w(ϕ) is known as the lexicographic bottleneck assignment problem (LexBAP). Discrete
optimization problems with a lexicographic bottleneck objective were originally introduced
by Burkard and Rendl [155]. Their approach was later improved by Sokkalingam and Aneja
[615], who showed that linear programming duality helps in solving this problem. We
mainly follow here the approach of the latter two authors. For the sake of clarity we first
give a simplified version of the algorithm.

As in the case of bottleneck assignment problems, we can assume thatC has the entries
0, 1, 2, . . . , m− 1. First, we solve a bottleneck assignment problem with cost matrix C. Its
optimal value z defines the largest (first) entry of the vector w(ϕ). Since in a lexicographic
minimal solution as few entries as possible have the value z, we next solve an LSAP with
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the cost matrix D[z] defined by

dij =

⎧⎪⎪⎨⎪⎪⎩
∞ if cij > z,

1 if cij = z,
0 otherwise.

(6.28)

The set of optimal solutions of this problem contains the set of the optimal solutions of the
LexBAP, and possibly other solutions. Since LSAPs can be written as a linear program, we
can characterize the optimal solutions by complementary slackness conditions. Consider
the linear assignment problem

min
n∑
i=1

n∑
j=1

dij

s.t.
n∑
j=1

xij = 1 (i = 1, 2, . . . , n),

n∑
i=1

xij = 1 (j = 1, 2, . . . , n),

xij ≥ 0 (i, j = 1, 2, . . . , n).

The dual linear program reads as follows:

max
n∑
i=1

ui +
n∑
j=1

vj

s.t. ui + vj ≤ dij (i, j = 1, 2, . . . , n).

According to the theory of complementary slackness (see Section 4.1.2), the pair (x, (u, v))
of optimal solutions of these two linear programs is characterized by the condition

dij > ui + vj implies xij = 0. (6.29)

To guarantee that in the following subproblems we only consider solutions which are optimal
for cost matrix D[z], we forbid all entries which fulfill dij > ui + vj . Let F be the set
of forbidden entries: at this stage, F contains all elements (i, j) for which cij > z or
dij > ui + vj .

At the next step of our solution procedure we set up a new cost matrixD[z−1] defined
by

dij =

⎧⎪⎪⎨⎪⎪⎩
∞ if (i, j) ∈ F,
1 if cij = z− 1,

0 otherwise.

(6.30)

Note in particular that all previous entries dij = 1 with (i, j) �∈ F become dij = 0.
We again determine an optimal dual solution of the LSAP with cost matrixD[z− 1], forbid
new entries according to the complementary slackness conditions, and set up a new cost
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matrix D[z − 2]. We proceed in this way until we find an optimal solution for the LSAP
with cost matrix D[0], which is the optimal solution of the LexBAP. Summarizing, we get
the following algorithm.

Algorithm 6.7. Lex_BAP.
Algorithm for the LexBAP.

let an n× n cost matrix C = (cij ) with entries 0, 1, . . . , n2 − 1 be given;
let z be the optimal objective function value of the LBAP with cost matrix C;
F := {(i, j) : cij > z};
while z ≥ 0 do

if (i, j) ∈ F then dij := ∞
else

if cij = z then dij := 1 else dij := 0
endif;
find an optimal dual solution (u, v) for the LSAP with cost matrix (dij );
F := F ∪ {(i, j) : dij > ui + vj };
z := z− 1

endwhile
let ϕ be the optimal primal solution of the last LSAP.
comment: ϕ is also an optimal solution of the given LexBAP.

Example 6.25. Consider the matrix

C =

⎛⎜⎜⎜⎜⎝
6 6 4 2 1
0 6 5 1 1
2 5 6 3 1
5 2 3 4 6
6 6 2 0 1

⎞⎟⎟⎟⎟⎠ .

The bottleneck assignment problem with this cost matrix has an optimal solution ϕ =
(4, 5, 1, 2, 3), with optimum value z = 2. We set F = {(i, j) : cij > 2} and obtain as the
cost matrix for the first LSAP:

D[2] =

⎛⎜⎜⎜⎜⎝
∞ ∞ ∞ 1 0
0 ∞ ∞ 0 0
1 ∞ ∞ ∞ 0
∞ 1 ∞ ∞ ∞
∞ ∞ 1 0 0

⎞⎟⎟⎟⎟⎠ .

An LSAP algorithm yields an optimal dual solution

u = (1, 0, 1, 1, 0) and v = (0, 0, 1, 0,−1).

As d25 = d55 = 0 > u2 + v5 = u5 + v5 = −1, we add the elements (2, 5) and (5, 5) to the
set F of forbidden entries. Now we set z = 1 and determine an optimal dual solution of the
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LSAP with cost matrix D[1] defined as

D[1] =

⎛⎜⎜⎜⎜⎝
∞ ∞ ∞ 0 1
0 ∞ ∞ 1 ∞
0 ∞ ∞ ∞ 1
∞ 0 ∞ ∞ ∞
∞ ∞ 0 0 ∞

⎞⎟⎟⎟⎟⎠ .
Note that c55 = 1, but d55 = ∞ since (5, 5) ∈ F . An optimal dual solution is given by

u = (0, 0, 0, 0, 0) and v = (0, 0, 0, 0, 1).

Since d24 = 1 > u2+ v4 = 0, we add element (2, 4) to the set F of forbidden entries. Now
z = 0 is reached, so we solve an LSAP with matrix

D[0] =

⎛⎜⎜⎜⎜⎝
∞ ∞ ∞ 0 0
1 ∞ ∞ ∞ ∞
0 ∞ ∞ ∞ 0
∞ 0 ∞ ∞ ∞
∞ ∞ 0 1 ∞

⎞⎟⎟⎟⎟⎠ .
The optimal primal solution of this problem is the assignment ϕ = (4, 1, 5, 2, 3), which
yields the optimal vector w(ϕ) = (2, 2, 2, 1, 0).

The reduction of z by 1 in the “while” loop of the algorithm is simple, but it is not the
fastest implementation. For the cost matrix

C =

⎛⎜⎜⎜⎜⎝
24 23 22 21 20
19 18 17 16 15
14 13 12 11 10
9 8 7 6 5
4 3 2 1 0

⎞⎟⎟⎟⎟⎠
we get as optimal value for the bottleneck assignment problem z = 20 (the smallest entry
in the first row). Then we would have to solve four linear assignment problems, namely,
one each for z = 20, 19, 18, and 17, where we would add the elements (2, 1), (2, 2), and
(2, 3) to the set F of forbidden elements. Instead, one can solve an LBAP for the matrix

C =

⎛⎜⎜⎜⎜⎝
∞ ∞ ∞ ∞ 0
19 18 17 16 15
14 13 12 11 10
9 8 7 6 5
4 3 2 1 0

⎞⎟⎟⎟⎟⎠ ,
which immediately yields the next relevant value for z, namely, z = 16. All entries with
values 16 < cij < 20 can now be forbidden, i.e., added to set F . With this modification,
the algorithm has time complexityO(n4), since at each of the n iterations at least one entry
of vector w(ϕ) is fixed. In one iteration a bottleneck assignment and a sum assignment
problem have to be solved, which can be done in O(n3) time.
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Della Croce, Paschos, and Tsoukias [201] described another approach for lexico-
graphic bottleneck problems. Let k be the number of different cost values. Their algorithm
replaces the original cost coefficients by 0-1 vectors with k components: If c is the rth largest
cost coefficient among the k different values, then c is replaced by the vector (γ1, . . . , γk)

with

γi =
{

1 if i = r,
0 otherwise.

Then the problem is solved as a lexicographic sum problem. In the case of assignment prob-
lems, the lexicographic sum assignment problem can be solved by the methods described
in Section 6.3. Moreover, for LexBAPs we can choose k as the number of different cost
coefficients less than or equal to the optimal value of the bottleneck assignment problem.
This leads to an algorithm of time complexity O(n3k) for the LexBAP.
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Chapter 7

Quadratic assignment
problems: Formulations
and bounds

7.1 Introduction
Quadratic assignment problems (QAPs) belong to the most difficult combinatorial opti-
mization problems. Because of their many real-world applications, many authors have
investigated this problem class. For a monograph on QAPs, see the book by Çela [176].
A volume with selected papers on this topic was edited by Pardalos and Wolkowicz [536].
Some of the more recent surveys are Burkard [130], Pardalos, Rendl, and Wolkowicz [535],
Burkard, Çela, Pardalos, and Pitsoulis [142], Rendl [574], and Loiola, Maia de Abreu,
Boaventura-Netto, Hahn, and Querido [464]. The Quadratic Assignment Problem Library
(QAPLIB), set up by Burkard, Karisch, and Rendl [151] and currently maintained by P. Hahn
at http://www.seas.upenn.edu/qaplib/, contains not only many test examples with compu-
tational results, but also a detailed bibliography on this topic and a survey on the latest
results.

7.1.1 Models and applications

The QAP was introduced by Koopmans and Beckmann [427] in 1957 as a mathematical
model for the location of indivisible economical activities. We want to assign n facilities to
n locations with the cost being proportional to the flow between the facilities multiplied by
the distances between the locations plus, eventually, costs for placing the facilities at their
respective locations. The objective is to allocate each facility to a location such that the
total cost is minimized. We can model this assignment problem by means of three n × n
matrices:

A = (aik), where aik is the flow from facility i to facility k;

B = (bjl), where bjl is the distance from location j to location l;

C = (cij ), where cij is the cost of placing facility i at location j .

203
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The QAP in Koopmans–Beckmann form can now be written as

min
ϕ∈Sn

(
n∑
i=1

n∑
k=1

aikbϕ(i)ϕ(k) +
n∑
i=1

ciϕ(i)

)
, (7.1)

where, as usual, Sn is the set of all permutations of the integers 1, 2, . . . , n. Each individual
product aikbϕ(i)ϕ(k) is the transportation cost caused by assigning facility i to location ϕ(i)
and facility k to location ϕ(k). Thus each term ciϕ(i) +∑n

k=1 aikbϕ(i)ϕ(k) is the total cost
given, for facility i, by the cost for installing it at location ϕ(i), plus the transportation costs
to all facilities k, if installed at locations ϕ(1), ϕ(2), . . . , ϕ(n).

An instance of the QAP with input matricesA,B, andC is denoted by QAP(A,B,C).
If there is no linear term (hence, no matrix C), we just write QAP(A,B).

In many cases matrix B fulfills the triangle inequality bjl + blr ≥ bjr for all j, l, and
r . In these cases QAP(A,B) is called metric QAP.

A more general version of the QAP was considered by Lawler [445]. Lawler intro-
duced a four-index cost array D = (dijkl) instead of the three matrices A, B, and C and
obtained the general form of a QAP as

min
ϕ∈Sn

n∑
i=1

n∑
k=1

diϕ(i)kϕ(k). (7.2)

The relationship with the Koopmans–Beckmann problem is

dijkl = aikbjl (i, j, k, l = 1, 2, . . . , n; i �= k or j �= l);
dijij = aiibjj + cij (i, j = 1, 2, . . . , n).

Example 7.1. We consider a Koopmans–Beckmann problem QAP(A,B,C) with n = 3
and input matrices

A =
⎛⎝ 1 2 4

3 4 5
5 6 1

⎞⎠ , B =
⎛⎝ 2 3 6

1 4 7
5 6 2

⎞⎠ , and C =
⎛⎝ 9 7 9

6 5 7
8 9 8

⎞⎠ .
Given a permutation, say, ϕ = (2, 1, 3), we can easily compute the corresponding objective
function value by first permuting the rows and columns of B according to ϕ, as in

Bϕ = (bϕ(i)ϕ(k)) =
⎛⎝ 4 1 7

3 2 6
6 5 2

⎞⎠ ,
and then deriving from (7.1)

z = (4+ 2+ 28)+ (9+ 8+ 30)+ (30+ 30+ 2)+ (7+ 6+ 8) = 164.

In order to obtain the equivalent Lawler’s form, we need to define the four-index matrix
D. Let us represent it through n2 square matrices Dij of order n. Matrix Dij is formed
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by the elements dijkl with fixed indices i and j and variable indices k, l = 1, 2, . . . , n, for
example,

D11 =
⎛⎝ 11 3 6

4 6 12
8 12 24

⎞⎠ .
In order to compute the objective function value corresponding to the same permutation
ϕ = (2, 1, 3), we need the matrices D12, D21, and D33:

D12 =
⎛⎝ 1 11 7

2 8 14
4 16 28

⎞⎠ ,D21 =
⎛⎝ 6 9 18

14 12 24
10 15 30

⎞⎠ ,D33 =
⎛⎝ 25 30 10

30 36 12
5 6 10

⎞⎠ .
Note that each matrixDij has the cost ciϕ(i) added to the element stored in row i and column
j . We obtain

z = (11+ 2+ 28)+ (9+ 14+ 30)+ (30+ 30+ 10) = 164.

It is astonishing how many real-life applications can be modeled as QAPs. An early
natural application in location theory was used by Dickey and Hopkins [233] in a campus
planning model. The problem consists of planning the sites of n buildings on a campus,
where bjl is the distance from site j to site l and aik is the traffic intensity between building
i and building k. The objective is to minimize the total weekly walking distance between
the buildings. Another early application in this area was described by Steinberg [623] who
minimized the number of connections in a backboard wiring problem, nowadays an outdated
technology of historical interest only. Elshafei [251] used QAPs in hospital planning. Bos
[109] described a related problem for forest parks.

In addition to facility location, QAPs appear in a variety of applications such as
computer manufacturing, scheduling, process communications, and turbine balancing. In
the field of ergonomics Pollatschek, Gershoni, and Radday [551] as well as Burkard and
Offermann [153] showed that QAPs can be applied to typewriter keyboard design. The
problem is to arrange the keys on a keyboard so as to minimize the time needed to write
texts. Let the set of integers N = {1, 2, . . . , n} denote the set of symbols to be arranged.
Then aik denotes the frequency of the appearance of the ordered pair of symbols i and k.
The entries of the distance matrix bjl are the times needed to press the key in position l after
pressing the key in position j . A permutation ϕ ∈ Sn describes an assignment of symbols
to keys. An optimal solution ϕ∗ for the QAP minimizes the average time for writing a text.
A similar application related to ergonomic design is the development of control boards in
order to minimize eye fatigue by McCormick [484].

The turbine runner problem was originally studied by Bolotnikov [106] and Stoyan,
Sokolovskii, and Yakovlev [625]. The blades of a turbine, which due to manufacturing have
slightly different masses, should be welded on the turbine runner such that the center of
gravity coincides with the axis of the runner. Mosevich [499], Schlegel [598], and Laporte
and Mercure [446] applied the QAP model to this problem. It has been shown that the
minimization of the distance between the center of gravity and the axis of the runner is
NP-hard, whereas the maximization can be obtained in polynomial time (see Burkard,
Çela, Rote, and Woeginger [143] and Section 8.4).
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Other applications concern the ranking of archeological data (Krarup and Pruzan
[430]), the ranking of a team in a relay race (Heffley [366]), the scheduling of parallel
production lines (Geoffrion and Graves [309]), the analysis of chemical reactions for organic
compounds (Ugi, Bauer, Brandt, Friedrich, Gasteiger, Jochum, and Schubert [644]), the
arrangement of numbers around a dartboard under risk maximization (Eiselt and Laporte
[254]), the arrangement of probes on microarray chips (de Carvalho Jr. and Rahmann [173]),
and combinatorial data analysis (Hubert [380]). Winter and Zimmermann used a QAP for
modeling the shunting of trams in a storage yard [665].

A number of the problems studied in combinatorial optimization are special cases of
QAPs. We shortly describe some of them in the next sections.

7.1.2 Traveling salesman problem

The most prominent special case of QAP is the traveling salesman problem (TSP): given n
cities and a matrix A = (aik) of distances between the cities, find a cyclic permutation ψ

(i.e., a permutation representing a single cycle, see Section 1.1) which leads to a shortest
tour through these n cities. Thus the TSP can be stated as

min
ψ cyclic

n∑
i=1

aiψ(i). (7.3)

We can model the traveling salesman problem as a Koopmans–Beckmann problem with the
matrices A and B, where B = (bjl) describes any cyclic permutation. For example, matrix
B can be chosen as

B =

⎛⎜⎜⎜⎜⎝
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
1 0 0 0 0

⎞⎟⎟⎟⎟⎠ .
Thus the Koopmans–Beckmann problem

min
ϕ∈Sn

n∑
i=1

n∑
k=1

aikbϕ(i)ϕ(k) (7.4)

is an equivalent formulation to (7.3). The required permutation is obtained by setting
ψ(i) = k if bϕ(i)ϕ(k) = 1.

7.1.3 Minimum weight feedback arc set problem

In the minimum weight feedback arc set problem (FASP) we are given a weighted digraph
D = (N; Â) with vertex set N and arc set Â. The goal is to remove a set of arcs from
Â with minimum total weight such that the new graph is acyclic, i.e., it does not contain
directed cycles. Obviously the minimum weight feedback arc set problem is equivalent to
the problem of finding an acyclic subgraph of D with maximum weight. The unweighted
version of the FASP, that is an FASP where the arc weights of the underlying digraph are
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equal to 0 or 1, is called the acyclic subdigraph problem and has been thoroughly studied
by Jünger [395]. Both versions of the FASP are known to be NP-hard (see Karp [407],
Garey and Johnson [300]).

In an acyclic digraph the nodes can be labeled topologically, i.e., we can give a label
ϕ(i) to each vertex i such that each arc (i, j) fulfills ϕ(i) < ϕ(j). Therefore, the FASP can
be formulated as a QAP. Let A be the weighted adjacency matrix of digraph D. Since the
sum of weights is constant, we maximize the sum of the arc weights of an acyclic subgraph
of D if we consider

min
ϕ∈Sn

n∑
i=1

n∑
k=1

aikbϕ(i)ϕ(k),

where

bjl =
{

1 if j > l,

0 otherwise.

Therefore, the FASP can be modeled as QAP(A,−B) (since we minimize the objective
function in (7.1)). The resulting feedback arc set is {(i, j) ∈ Â : ϕ(i) > ϕ(j)}.

A special case of the minimum weight feedback arc problem, and therefore also of
the QAP, is the so-called triangulation problem of input-output matrices which plays an
important role in econometrics as it is used to forecast the development of industries (see
Leontief [452]). In this problem the rows and columns of a given n×nmatrixA have to be
permuted simultaneously such that the sum of elements in the permuted matrix above the
main diagonal is minimized. For modeling this problem as a QAP, let us introduce a matrix
B = (bjl) with

bjl =
{

1 if l > j,

0 otherwise.

Thus the triangulation problem becomes the QAP

min
ϕ∈Sn

n∑
i=1

n∑
k=1

aikbϕ(i)ϕ(k).

Concerning the triangulation of input-output matrices, we refer the interested reader to the
monograph by Reinelt [570] in which not only the polyhedral structure of the underlying
linear ordering polytope is described, but also economic implications of the problem are
discussed, and a powerful solution algorithm is given. Also note that the first monograph
on QAPs by Conrad [195] was devoted to the QAP, the TSP, and the triangulation of input-
output matrices.

7.1.4 Graph partitioning and maximum clique problem

Two well studied NP-hard combinatorial optimization problems, which are special cases
of the QAP, are the graph partitioning problem and the maximum clique problem.

In the graph partitioning problem (GPP) we are given a weighted graphG = (V ;E)
with n vertices and a number r which divides n. We want to partition the vertex set V into
r subsets V1, V2, . . . , Vr of equal cardinality such that the total weight of the edges between
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A =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 3 0 0 0 0 0 0
1 0 2 7 5 0 0 0 0
3 2 0 0 0 3 0 1 0
0 7 0 0 0 0 2 0 0
0 5 0 0 0 0 2 4 7
0 0 3 0 0 0 0 3 0
0 0 0 2 2 0 0 0 0
0 0 1 0 4 3 0 0 5
0 0 0 0 7 0 0 5 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Figure 7.1. Graph of Example 7.2 and its weighted adjacency matrix.

all sets Vi and Vj (i, j = 1, 2, . . . , r; i �= j) is minimized. Since the sum of all edge
weights is a constant, this task is equivalent to maximizing the weights on edges within
all components defined by V1, . . . , Vr . Therefore, we can formulate this problem in the
following way as a QAP(A,B): matrixA is the weighted adjacency matrix ofG and matrix
B aims at maximizing the sum of edge weights within the single components. It contains in
the diagonaln/rmatrices of size r×r with constant entries−1, while the remaining elements
are 0 (see the example below). The resulting partition is Vh = {i ∈ V : �ϕ(i)/r� = h}
(h = 1, 2, . . . , r). For more information on graph partitioning problems the reader is
referred to Lengauer [451].

Example 7.2. We want to partition the graph shown in Figure 7.1 into three components
so that the sum of weights of edges between different components is minimized.

Since G should be partitioned into three components, we choose as matrix B the
matrix

B =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1 −1 −1 0 0 0 0 0 0
−1 −1 −1 0 0 0 0 0 0
−1 −1 −1 0 0 0 0 0 0

0 0 0 −1 −1 −1 0 0 0
0 0 0 −1 −1 −1 0 0 0
0 0 0 −1 −1 −1 0 0 0
0 0 0 0 0 0 −1 −1 −1
0 0 0 0 0 0 −1 −1 −1
0 0 0 0 0 0 −1 −1 −1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

The GPP can now be stated asQAP(A,B). An optimal solution is ϕ = (1, 4, 2, 5, 7, 3, 6,
8, 9), hence, the optimal partition (shown by the dashed lines in Figure 7.1) isV1 = {1, 3, 6},
V2 = {2, 4, 7}, V3 = {5, 8, 9}.

In the maximum clique problem (MCP) we are given an unweighted simple graph
G = (V ;E) with n vertices and we wish to find a subset V ′ ⊆ V of maximum cardinality
|V ′| = r which induces a clique inG (i.e., such that each pair of vertices of V ′ is connected
by an edge of G). For a given tentative value r , the problem of deciding if G has a clique
of size r can be modeled as a QAP in the following form. Matrix A is the (unweighted)
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adjacency matrix of graphG. MatrixB models a clique of size r and n− r isolated vertices.
This matrix contains in its upper left part an (r × r) matrix with constant entries −1 and,
otherwise, 0 entries, as in the example below. There exists a clique of size r in G if and
only if the optimal value of the corresponding QAP is−r(r−1). The corresponding clique
is V ′ = {i ∈ V : ϕ(i) ≤ r}. For an extensive survey on clique problems see Pardalos and
Xue [537].

Example 7.3. We want to check whether the graph shown in Figure 7.1 has a clique of size
r = 4. The adjacency matrix A is given by

A =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 1 0 0 0 0 0 0
1 0 1 1 1 0 0 0 0
1 1 0 0 0 1 0 1 0
0 1 0 0 0 0 1 0 0
0 1 0 0 0 0 1 1 1
0 0 1 0 0 0 0 1 0
0 0 0 1 1 0 0 0 0
0 0 1 0 1 1 0 0 1
0 0 0 0 1 0 0 1 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (7.5)

We choose as matrix B the matrix

B =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1 −1 −1 −1 0 0 0 0 0
−1 −1 −1 −1 0 0 0 0 0
−1 −1 −1 −1 0 0 0 0 0
−1 −1 −1 −1 0 0 0 0 0

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

If the corresponding QAP returns −12 as the optimal value, then G has a clique with 4
vertices. This is obviously not the case in this example.

7.1.5 Graph isomorphism and graph packing problems

Let two undirected graphs G1 = (V1;E1) and G2 = (V2;E2) be given. We assume that
|V1| = |V2| = n. The two graphs are said to be isomorphic if there exists a bijective
mapping from V1 to V2 with the property that (i, j) ∈ E1 if and only if (ϕ(i), ϕ(j)) ∈ E2.
Let A be the adjacency matrix of graph G1 and let B be the adjacency matrix of graph G2.
Then we get the following.

Proposition 7.4. The graphs G1 and G2 are isomorphic if and only if the QAP

z∗ = max
ϕ∈Sn

n∑
i=1

n∑
k=1

aikbϕ(i)ϕ(k)

has the optimal objective function value z∗ = |E1|(= |E2|).
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A permutation π of {1, 2, . . . , n} is called a packing of G2 into G1 if (i, j) ∈ E1

implies (π(i), π(j)) �∈ E2, for 1 ≤ i, j ≤ n (see Bollobás [104]). In other words, a packing
ofG2 intoG1 is an embedding of the vertices ofG2 into the vertices ofG1 such that no pair
of edges coincides. The graph packing problem consists of finding a packing of G2 into
G1, if one exists, or proving that no packing exists.

The graph packing problem can be formulated as a Koopmans–Beckmann problem
where A is the adjacency matrix of G1 and B is the adjacency matrix of G2. There exists
a packing of G2 into G1 if and only if the optimal value of this QAP is equal to 0. The
formulation of the packing problem as a QAP also shows that the problem is symmetric: if
there is a packing of G2 into G1, then there is also a packing of G1 into G2. In general, the
packing problem is NP-hard. Polynomially solvable special cases have been discussed by
Çela [176].

7.1.6 Quadratic bottleneck assignment problem

By replacing the sums in the objective function of a QAP by the maximum, we get the
so-called quadratic bottleneck assignment problem (QBAP). A QBAP (in Koopmans–
Beckmann form) can be formulated as

min
ϕ

max
1≤i,k≤n

aikbϕ(i)ϕ(k). (7.6)

Such problems occur in a variety of applications such as very large-scale integration (VLSI)
design, numerical analysis (bandwidth minimization), and quadratic assignment under time
aspects, to mention just a few. Basically, all QAP applications give rise to a QBAP model
as well, because it often makes sense to minimize the largest cost instead of the overall cost
incurred by some decision.

The QBAP will be examined in detail in Chapter 9.

7.1.7 Complexity issues

In contrast to linear assignment problems, QAPs are very hard to solve. Currently it is only
possible to find an optimal solution (and to prove optimality) for QAPs up to the size of
about n = 30, and even this requires much computational effort (see Section 8.1). The
inherent difficulty for solving the QAP is also reflected by its computational complexity.
It is easy to see that the QAP belongs to the class of NP-hard problems since it contains
the TSP as a special case (see Section 7.1.2). Sahni and Gonzalez [593] showed that even
finding an approximate solution for the QAP within some constant factor from the optimum
value cannot be done in polynomial time, unless P = NP . These results hold even for
Koopmans–Beckmann QAPs with coefficient matrices fulfilling the triangle inequality, as
proved by Queyranne [568]. However, for a maximization version of the QAP in which
matrix B satisfies the triangle inequality, Arkin, Hassin, and Sviridenko [44] provided an
O(n3) time algorithm that guarantees a solution value within 1/4 from the optimum. In
addition, the linear dense arrangement problem, which is a special Koopmans–Beckmann
QAP, admits a polynomial-time approximation scheme (seeArora, Frieze, and Kaplan [46]).
In the linear dense arrangement problem, matrix A is the distance matrix of n points which
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are regularly spaced on a line, i.e., points with abscissae given by xp = p, p = 1, . . . , n
and matrix B is a dense 0-1 matrix, i.e., the number of 1-entries in B is at least kn2 for some
constant k.

Even local search is hard in the case of the QAP. It can be shown (see Pardalos,
Rendl, and Wolkowicz [535] for details) that the QAP is PLS-complete with respect to the
pairwise exchange neighborhood structure, as well as with respect to a Lin–Kernighan-like
neighborhood structure (see Murthy, Pardalos, and Li [505]). This implies that the time
complexity of a local search method for the QAP using either of the two mentioned neigh-
borhood structures is exponential in the worst case. Moreover, from results of Papadimitriou
and Wolfe [526] it follows that deciding whether a given local optimal solution of the QAP
is also globally optimum is NP-complete.

The QBAP is NP-hard as well, since it contains the Hamiltonian cycle problem as a
special case. To see this, consider a bottleneck QAP(A,B) where A is the complementary
adjacency matrix of the given graph (see equation (2.3)) and B is the permutation matrix of
a cyclic permutation.

7.2 Formulations
There exist different but equivalent mathematical formulations for the QAP which stress
different structural characteristics of the problem and lead to different solution approaches.

It is immediate that we can write the Koopmans–Beckmann QAP (7.1) as an integer
quadratic program of the form

min
n∑
i=1

n∑
j=1

n∑
k=1

n∑
l=1

aikbjlxij xkl+
n∑
i=1

n∑
j=1

cij xij (7.7)

s.t.
n∑
j=1

xij = 1 (i = 1, 2, . . . , n), (7.8)

n∑
i=1

xij = 1 (j = 1, 2, . . . , n), (7.9)

xij ∈ {0, 1} (i, j = 1, 2, . . . , n), (7.10)

where

xij =
{

1 if facility i is assigned to location j ;
0 otherwise.

Recall that every permutationϕ can be represented by a permutation matrixXϕ = (xij )
with xij = 1 if j = ϕ(i) and xij = 0 otherwise. Let Xn denote the set of all n × n

permutation matrices, i.e., all matrices defined by (7.9)–(7.10). Lawler’s general form (7.2)
can be written as

min
n∑
i=1

n∑
j=1

n∑
k=1

n∑
l=1

dijklxij xkl (7.11)

s.t. X ∈ Xn. (7.12)
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We can write the Koopmans–Beckmann QAP in a more compact way by defining an
inner product between matrices. The inner product of two real n× n matrices A and B is
defined by

〈A,B〉 =
n∑
i=1

n∑
j=1

aij bij .

Given an n×nmatrix B and a permutation ϕ ∈ Sn, with the associated permutation matrix
Xϕ ∈ Xn, we have

XϕBX
T
ϕ = (bϕ(i)ϕ(k)), (7.13)

where XT is the transposed matrix X. Thus a Koopmans–Beckmann QAP can be written
as

min 〈A,XBXT 〉 + 〈C,X〉 (7.14)

s.t. X ∈ Xn.

7.2.1 Trace formulation

The last formulation leads immediately to the so-called trace formulation of a Koopmans–
Beckmann problem. The trace of an n × n matrix A = (aik) is the sum of its diagonal
elements:

tr(A) =
n∑
i=1

aii .

Some simple properties of the trace operator are

tr(A) = tr(AT );
tr(A+ B) = tr(A)+ tr(B);
tr(AB) = tr(AT BT ).

Therefore, the inner product
n∑
i=1

n∑
k=1

aikbik

can be written as the trace of the productABT of the two matricesA = (aik) andB = (bik).
Moreover, the matrix (bϕ(i)ϕ(k)) can be written as XϕBXTϕ (see (7.13)). Since tr(CXT ) =∑n

i=1 ciϕ(i), the QAP can be formulated as

min tr((AXBT + C)XT ) (7.15)

s.t. X ∈ Xn.

The trace formulation of the QAP appeared first in Edwards [252] and was used by Finke,
Burkard, and Rendl [270] to introduce eigenvalue bounds for QAPs (see Section 7.7).
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Example 7.5. We consider the same instance used in Example 7.1. We first illustrate the
quadratic program formulation. The permutation matrix corresponding to ϕ = (2, 1, 3) is

Xϕ =
⎛⎝ 0 1 0

1 0 0
0 0 1

⎞⎠ ;
hence,

XϕBX
T
ϕ =

⎛⎝ 0 1 0
1 0 0
0 0 1

⎞⎠⎛⎝ 2 3 6
1 4 7
5 6 2

⎞⎠⎛⎝ 0 1 0
1 0 0
0 0 1

⎞⎠ =
⎛⎝ 4 1 7

3 2 6
6 5 2

⎞⎠ .
The objective function value is then computed, through the inner products, as z =
〈A,XϕBXTϕ 〉 + 〈C,Xϕ〉:

z =
〈⎛⎝ 1 2 4

3 4 5
5 6 1

⎞⎠ ,
⎛⎝ 4 1 7

3 2 6
6 5 2

⎞⎠〉
+
〈⎛⎝ 9 7 9

6 5 7
8 9 8

⎞⎠ ,
⎛⎝ 0 1 0

1 0 0
0 0 1

⎞⎠〉

= (4+ 2+ 28+ 9+ 8+ 30+ 30+ 30+ 2)+ (7+ 6+ 8) = 164.

In order to compute the same objective function value through the trace formulation
we need to compute

AXϕB
T =

⎛⎝ 1 2 4
3 4 5
5 6 1

⎞⎠⎛⎝ 0 1 0
1 0 0
0 0 1

⎞⎠⎛⎝ 2 1 5
3 4 6
6 7 2

⎞⎠ =
⎛⎝ 31 34 24

47 51 48
33 33 62

⎞⎠ ,
from which

(AXϕB
T + C)XTϕ =

⎛⎝⎛⎝ 31 34 24
47 51 48
33 33 62

⎞⎠+
⎛⎝ 9 7 9

6 5 7
8 9 8

⎞⎠⎞⎠⎛⎝ 0 1 0
1 0 0
0 0 1

⎞⎠
=

⎛⎝ 41 40 33
55 53 55
42 41 70

⎞⎠ .
The trace of the resulting matrix gives z = 41+ 53+ 70 = 164.

7.2.2 Kronecker product formulation

Let U and V be two real n × n matrices. The Kronecker product of matrices U and V is
defined as

U ⊗ V =
⎛⎜⎝ u11V u12V · · · u1nV

...
...

. . .
...

un1V un2V · · · unnV

⎞⎟⎠ .
For U = (uij ) and V = (vkl) the Kronecker product U ⊗ V is the n2 × n2 matrix formed
by all possible products uij vkl .
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Let X be a permutation matrix. Using the four index cost matrix D introduced in
equation (7.2), we can write the cost coefficients of a general QAP as an n2 × n2 matrix
D = (Dij ), where every n × n matrix Dij is formed by the elements dijkl with fixed
indices i and j and variable indices k, l = 1, 2, . . . , n. That is, the entry dijkl lies in the
((i − 1)n + k)th row and ((j − 1)n + l)th column of matrix D. For n = 3, for example,
the cost matrix D has the form

D =
⎛⎝ D11 D12 D13

D21 D22 D23

D31 D32 D33

⎞⎠ .
Using this notation, the objective function (7.11) can be rewritten as

n∑
i=1

n∑
j=1

xij 〈Dij ,X〉. (7.16)

This leads to the Kronecker product formulation of a QAP (see Lawler [445])

min 〈D,Y 〉 (7.17)

s.t. Y = X ⊗X, (7.18)

X ∈ Xn. (7.19)

This formulation is used for computing the so-called Gilmore–Lawler bound for general
QAPs (see Section 7.6).

7.2.3 Convex and concave integer models

For any n×nmatrixU , let vec(U) ∈ R
n2

be the vector formed by the columns ofU . (In the
following, if no confusion arises we write just x instead of vec(X).) A well-known identity
from matrix analysis states that

vec(UXV ) = (V T ⊗ U) vec(X). (7.20)

Using this identity and tr(AB) = tr(BT AT ) the trace formulation of a QAP can be rewritten
as

tr(AXBTXT ) = xT vec(AXBT ) = xT (B ⊗ A)x.
Therefore, a Koopmans–Beckmann problem can be formulated as

min xT (B ⊗ A)x + vec(C)T x (7.21)

s.t. X ∈ Xn.

The element aikbjl lies in the ((j − 1)n+ i)th row and ((l − 1)n+ k)th column of matrix
B ⊗ A. Therefore, we can arrange the n4 cost coefficients dijkl in a new way so that the
element dijkl lies in row (j − 1)n+ i and column (l− 1)n+ k of an n2× n2 matrix D̃. The
general QAP can then be written as



book
2008/12/11
page 215

7.2. Formulations 215

min xT D̃x (7.22)

s.t. X ∈ Xn.

Since for any vector x we have xT D̃x = xT [ 1
2 (D̃ + D̃T )]x, we can assume that D̃ is

symmetric. The addition of a constant to the entries of the main diagonal of D̃ does not
change the optimal solutions of the corresponding QAP since it simply adds a constant to
the objective function value. By adding a large positive constant to the diagonal elements of
D̃, we can achieve that all eigenvalues of D̃ become positive, i.e., that D̃ is positive definite.
If we add a sufficiently small constant to the diagonal elements of D̃, we can achieve that
all eigenvalues of D̃ become negative, i.e., that D̃ is negative definite. Thus we can write a
QAP as a quadratic convex program or as a quadratic concave program.

Example 7.6. We consider again the instance used in Example 7.1. In order to compute the
solution value corresponding to permutation ϕ = (2, 1, 3) through the Kronecker product
formulation, we need to define matrices D and Yϕ = Xϕ ⊗Xϕ :

D =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

11 3 6 1 11 7 5 6 11
4 6 12 2 8 14 10 12 4
8 12 24 4 16 28 20 24 8
6 9 18 3 12 21 15 18 6

14 12 24 4 21 28 20 24 15
10 15 30 5 20 35 25 30 10
10 15 30 5 20 35 25 30 10
12 18 36 6 24 42 30 36 12
10 3 6 1 13 7 5 6 10

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
;

Yϕ =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 1 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Then we obtain

z = 〈D,Yϕ〉 = 11+ 2+ 28+ 9+ 14+ 30+ 30+ 30+ 10 = 164.

Finally, we consider the convex formulation. Let xϕ = vec(Xϕ). For permutation
ϕ = (2, 1, 3) we have
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z = xTϕ (B ⊗ A)xϕ + vec(C)T xϕ

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
1
0
1
0
0
0
0
1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

T ⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 4 8 3 6 12 6 12 24
6 8 10 9 12 15 18 24 30
10 12 2 15 18 3 30 36 6
1 2 4 4 8 16 7 14 28
3 4 5 12 16 20 21 28 35
5 6 1 20 24 4 35 42 7
5 10 20 6 12 24 2 4 8
15 20 25 18 24 30 6 8 10
25 30 5 30 36 6 10 12 2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
1
0
1
0
0
0
0
1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
+

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

9
6
8
7
5
9
9
7
8

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

T ⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
1
0
1
0
0
0
0
1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
= 164.

7.2.4 Mean objective value of feasible solutions

The mean and the variance of the objective function values of all feasible solutions can be
computed directly from the input data in a more or less straightforward way. They play a
role in heuristics for finding solutions of good quality (as in the algorithm by Graves and
Whinston [339] discussed in Section 8.2.2).

Let a Koopmans–Beckmann problem (7.1) be given. By redefining C = (cij ) as
cij := cij + aiibjj (i, j = 1, 2, . . . , n), we can assume that the diagonal entries of the input
matrices A and B are 0. We denote the probability that an index i is assigned to an index j
by P(i → j). It is easy to see that

P(i → j) = 1

n
for all i, j (7.23)

and that

P((i → j) ∧ (k→ l)) = 1

n(n− 1)
for i �= k, j �= l. (7.24)

The mean objective value μ(A,B,C) of (7.1) is given by

μ(A,B,C) =
n∑
i=1

n∑
j=1

cijP (i → j)+
n∑
i=1

n∑
j=1

n∑
k=1

n∑
l=1

aikbjlP ((i → j) ∧ (k→ l)).

(7.25)
This immediately yields the following.

Proposition 7.7. The mean of the objective function values of a Koopmans–Beckmann
problem (7.1) is given by

μ(A,B,C) = 1

n

n∑
i=1

n∑
j=1

cij + 1

n(n− 1)

(
n∑
i=1

n∑
k=1

aik

)⎛⎝ n∑
j=1

n∑
l=1

bjl

⎞⎠ . (7.26)
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In the case of a general QAP (7.2) one gets

μ(D) = 1

n

n∑
i=1

n∑
j=1

dijij + 1

n(n− 1)

n∑
i=1

n∑
j=1

n∑
k=1
k �=i

n∑
l=1
l �=j

dijkl . (7.27)

These formulae are easy to evaluate and can be extended to the case where some of the
indices are already fixed (see Graves and Whinston [339]).

The computation of the variance σ 2(A,B,C) is more involved and needs the evalu-
ation of partial sums of the given data.

7.3 Linearizations
In all formulations seen so far the objective function of the QAP is a quadratic function.
It was observed that the quadratic objective function can be linearized by introducing new
variables and requiring additional constraints. Lawler [445] replaced the quadratic terms
xij xkl in the objective function (7.11) by n4 variables

yijkl = xij xkl (i, j, k, l = 1, 2, . . . , n)

and obtained in this way an integer program with n4 + n2 binary variables and n4 + 2n+ 1
constraints. The QAP (7.11)–(7.12) can be rewritten as an integer program in the following
form:

min
n∑
i=1

n∑
j=1

n∑
k=1

n∑
l=1

dijklyijkl

s.t.
n∑
i=1

n∑
j=1

n∑
k=1

n∑
l=1

yijkl = n2, (7.29)

xij + xkl − 2yijkl ≥ 0 (i, j, k, l = 1, 2, . . . , n), (7.30)

yijkl ∈ {0, 1} (i, j, k, l = 1, 2, . . . , n), (7.31)

X ∈ Xn. (7.32)

If X is a feasible solution of (7.11)–(7.12) and we define yijkl = xij xkl , then yijkl
obviously fulfills constraints (7.29)–(7.31) and yields the same objective function value.
Conversely, let (xij ) = X and (yijkl) be a feasible solution of (7.29)–(7.32). Observe that
yijkl can take the value 1 only if xij = xkl = 1. SinceX is a permutation matrix, the number
of pairs ((i, j), (k, l)) such that xij = xkl = 1 is exactly n2. Therefore, we have

yijkl = 1 if and only if xij = xkl = 1,

which implies yijkl = xij xkl . Thus the two objective function values are equal.
For computational purposes this linearization is rather inconvenient due to the many

additional binary variables and constraints. Thus efforts have been made to find lineariza-
tions with fewer variables and constraints. Bazaraa and Sherali [78] showed that the QAP
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can be written as a mixed integer linear program with n2 binary variables, n2(n−1)2/2 real
variables, and 2n2 linear constraints. A linearization with a smaller number of additional
variables and constraints has been described by Kaufman and Broeckx [412], who derived
a mixed integer linear programming formulation of the QAP using n2 new real variables
and 2n2 additional constraints.

7.3.1 Kaufman–Broeckx

Recall that by using the matrix Dij defined by

d
ij

kl = (aikbjl)
(see Section 7.2.2), the objective function of a Koopmans–Beckmann problem QAP(A,B)
can be written as

n∑
i=1

n∑
j=1

n∑
k=1

n∑
l=1

aikbjlxij xkl =
n∑
i=1

n∑
j=1

xij 〈Dij ,X〉,

where X is the matrix X = (xkl).
Kaufman and Broeckx defined n2 real variables wij as

wij = xij 〈Dij ,X〉 = xij
n∑
k=1

n∑
l=1

aikbjlxkl . (7.33)

Using these variables, the objective function of a Koopmans–Beckmann problem can be
rewritten as

n∑
i=1

n∑
j=1

wij .

Kaufman and Broeckx [412] proved the following.

Proposition 7.8. The Koopmans–Beckmann problem QAP(A,B) with nonnegative cost
coefficients aik and bjl

min
n∑
i=1

n∑
j=1

n∑
k=1

n∑
l=1

aikbjlxij xkl

s.t. X ∈ Xn

is equivalent to the following mixed-integer linear program:

min
n∑
i=1

n∑
j=1

wij (7.34)

s.t. fij xij + 〈Dij ,X〉 − wij ≤ fij (i, j = 1, 2, . . . , n), (7.35)

wij ≥ 0 (i, j = 1, 2, . . . , n), (7.36)

X ∈ Xn, (7.37)
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where

fij =
n∑
k=1

n∑
l=1

aikbjl . (7.38)

Note that we can assume nonnegative cost coefficients without loss of generality,
since adding a constant to all cost coefficients does not change the optimal solution. The
Kaufman–Broeckx formulation can also be obtained by applying a general linearization
strategy proposed by Glover [317].

Proof. If (xij ) is a feasible solution of the QAP, then we obtain a feasible solution of
(7.34)–(7.37) with the same objective function value by defining

wij = xij 〈Dij ,X〉. (7.39)

Conversely, let (xij ) and (wij ) be an optimal solution of (7.34)–(7.37): we have to prove
that (7.39) holds. If xij = 0, then wij must be 0 since 〈Dij ,X〉 < fij by definition and
the sum of the nonnegative variables wij is minimized. If xij = 1, then constraints (7.35)
imply 〈Dij ,X〉 ≤ wij . Again the argument that we minimize the sum of variableswij yields
(7.39).

7.3.2 Balas–Mazzola

A similar linearization was proposed by Balas and Mazzola [53] (see also Burkard and
Bönniger [134]). Let gij be an upper bound for {〈Dij ,X〉 : X ∈ Xn}. Moreover, we define
for every Y ∈ Xn a matrix H(Y) = (hkl(Y )) and a real number h(Y ) by

hkl(Y ) = gklykl +
n∑
i=1

n∑
j=1

dijklyij (7.40)

and

h(Y ) = 〈G,Y 〉. (7.41)

Then we get the following.

Proposition 7.9. Every optimal solution X∗ of a QAP(A,B) with nonnegative cost coeffi-
cients dijkl uniquely corresponds to an optimal solution (z∗, X∗) of the integer program

min z (7.42)

s.t. z ≥ 〈H(Y),X〉 − h(Y ) for all Y ∈ Xn. (7.43)



book
2008/12/11
page 220

220 Chapter 7. Quadratic Assignment Problems: Formulations and Bounds

Proof. Definition (7.40) yields, for any Y ∈ Xn,

〈H(Y),X〉 − h(Y ) =
n∑
k=1

n∑
l=1

⎛⎝gklykl + n∑
i=1

n∑
j=1

aikbjlyij

⎞⎠ xkl − 〈G,Y 〉
=

n∑
i=1

n∑
j=1

(
n∑
k=1

n∑
l=1

aikbjlxkl

)
yij

+
n∑
k=1

n∑
l=1

gklxklykl −
n∑
k=1

n∑
l=1

gklykl

=
n∑
i=1

n∑
j=1

(
〈Dij ,X〉 + gij (xij − 1)

)
yij

= 〈W(X), Y 〉,
where W(X) = (wij (X)) is defined by

wij (X) = 〈Dij ,X〉 + gij (xij − 1).

Therefore, (7.42)–(7.43) can be rewritten as

min{z : z ≥ 〈W(X), Y 〉} = min
X∈Xn

max
Y∈Xn

〈W(X), Y 〉.

For fixed X = X an optimal solution of

max
Y∈Xn

〈W(X), Y 〉

is given by Y = X, since

(i) xij = 1 implies wij (X) = 〈Dij ,X〉 ≥ 0;
(ii) xij = 0 implies wij (X) = 〈Dij ,X〉 − gij ≤ 0.

Note that Y is feasible since X ∈ Xn. Now we get

〈W(X), Y 〉 = 〈W(X),X〉
=

n∑
i=1

n∑
j=1

n∑
k=1

n∑
l=1

aikbjlxij xkl +
n∑
i=1

n∑
j=1

gij (xij − 1)xij .

Since xik ∈ {0, 1} implies (xik − 1)xik = 0 for all i and k, we obtain

〈W(X),X〉 =
n∑
i=1

n∑
j=1

n∑
k=1

n∑
l=1

aikbjlxij xkl .

Therefore,

min
X∈Xn

max
Y∈Xn

〈W(X), Y 〉 = min
X∈Xn

〈W(X),X〉 = min
X∈Xn

n∑
i=1

n∑
j=1

n∑
k=1

n∑
l=1

aikbjlxij xkl .
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7.3.3 Frieze–Yadegar

Frieze and Yadegar [287] replaced the products xij xkl of the binary variables by continuous
variables yijkl (yijkl = xij xkl). They obtained the following mixed integer linear program-
ming formulation for the QAP (7.11)–(7.12) using n4 real variables, n2 binary variables, and
n4 + 4n3 + 2n constraints, plus the nonnegativity constraints on the continuous variables:

min
n∑
i=1

n∑
j=1

n∑
k=1

n∑
l=1

dijklyijkl (7.44)

s.t.
n∑
i=1

yijkl = xkl (j, k, l = 1, 2, . . . , n), (7.45)

n∑
j=1

yijkl = xkl (i, k, l = 1, 2, . . . , n), (7.46)

n∑
k=1

yijkl = xij (i, j, l = 1, 2, . . . , n), (7.47)

n∑
l=1

yijkl = xij (i, j, k = 1, 2, . . . , n), (7.48)

X ∈ Xn, (7.49)

0 ≤ yijkl ≤ 1 (i, j, k, l = 1, 2, . . . , n). (7.50)

Proposition 7.10. The QAP (7.11)–(7.12) is equivalent to the mixed-integer linear program
(7.44)–(7.50).

Proof. Given an xij ∈ Xn and defining yijkl = xij xkl , it is straightforward that the constraints
(7.45)–(7.48) and (7.50) are fulfilled, and that (7.44) and the objective function of the QAP
yield the same value. Conversely, let (xij ) and (yijkl) be a solution of (7.44)–(7.50) and
observe that

xij = 0 implies yijkl = 0 for all k, l, (7.51)

xkl = 0 implies yijkl = 0 for all i, j. (7.52)

We now have only to show that xij = xkl = 1 implies yijkl = 1. Let xkl = 1 and observe
that, for a fixed j , constraints (7.45) require that

∑n
i=1 yijkl has total value 1. But (7.51)

imposes that only one of the y variables in the summation can take a positive value, namely,
yijkl , which must take value 1, thus concluding the proof.

7.3.4 Adams–Johnson

Adams and Johnson [5] presented a 0-1 linear integer programming formulation for the
QAP which resembles to a certain extent the linearization of Frieze and Yadegar. It is based
on a linearization technique for general 0-1 polynomial programs introduced by Adams and
Sherali [6, 7]. The QAP with a coefficient array D = (dijkl) is proven to be equivalent to
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the following mixed 0-1 linear program:

min
n∑
i=1

n∑
j=1

n∑
k=1

n∑
l=1

dijklyijkl (7.53)

s.t.
n∑
i=1

yijkl = xkl (j, k, l = 1, 2, . . . , n), (7.54)

n∑
j=1

yijkl = xkl (i, k, l = 1, 2, . . . , n), (7.55)

yijkl = yklij (i, j, k, l = 1, 2, . . . , n), (7.56)

X ∈ Xn (7.57)

yijkl ≥ 0 (i, j, k, l = 1, 2, . . . , n), (7.58)

where each yijkl represents the product xij xkl . The above formulation contains n2 binary
variables xij , n4 continuous variables yijkl , and n4 + 2n3 + 2n constraints, excluding the
nonnegativity constraints on the continuous variables. The constraint set (7.54)–(7.58)
describes a solution matrix Y which is the Kronecker product of two permutation matrices
X (see (7.17)–(7.19)). Hence, this formulation of the QAP is equivalent to (7.11)–(7.12).

Another simple way to prove that this is a valid linearization is to observe that xij xkl =
xklxij , i.e., matrix (yijkl) has the symmetry yijkl = yklij . The Frieze–Yadegar linearization
can thus be rewritten by substituting (7.47)–(7.48) with (7.56).

Adams and Johnson [5] noted that a significantly smaller formulation, both in terms of
variables and constraints, could be obtained, but the structure of the continuous relaxation
above is favorable for solving the problem approximately by means of the Lagrangean
dual (see Section 7.5). The theoretical strength of this linearization lies in the fact that it
comprises the previous linearizations, which are just linear combinations of its constraints.

7.3.5 Higher level linearizations

Recently, Adams, Guignard, Hahn, and Hightower [4] refined theAdams–Johnson approach
by using a reformulation-linearization technique developed by Sherali and Adams [606,
607, 608] for general 0-1 programming problems. In particular, they implemented a level-2
reformulation which can be obtained from the Adams–Johnson formulation as follows: (i)
multiply (7.54)–(7.58) by the binary variable xpq ; (ii) linearize all nonlinear terms using
new variables

zijklpq = xij xklxpq;

and (iii) append the resulting equations to the Adams–Johnson model. Thus the following
new constraints are added to (7.53)–(7.58):
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n∑
i=1
i �=k,p

zijklpq = yklpq (j, k, l, p, q = 1, 2, . . . , n, j �= l �= q, k �= p), (7.59)

n∑
j=1
j �=l,q

zijklpq = yklpq (i, k, l, p, q = 1, 2, . . . , n, i �= k �= p, l �= q), (7.60)

zijklpq = zklijpq = zijpqkl = zklpqij = zpqijkl = zpqklij
(i, j, k, l, p, q = 1, 2, . . . , n, i < k < p, j �= l �= q), (7.61)

zijklpq ≥ 0 (i, j, k, l, p, q = 1, 2, . . . , n, i �= k �= p, j �= l �= q). (7.62)

The resulting linear program (7.53)–(7.62) yields considerably tighter bounds than the
Adams–Johnson linearization. Adams, Guignard, Hahn, and Hightower proposed a re-
laxation of the symmetry constraints (7.56) and (7.61) in a Lagrangean fashion and proved
that the resulting program can be efficiently solved by computing one LSAP of size n, n2

LSAPs of size n− 1, and n2(n− 1)2 LSAPs of size n− 2. A dual ascent method is used to
find an optimal set of Lagrangean multipliers.

The above technique can be extended to obtain level-3 reformulations, which can
produce better lower bound values but require very extensive computations (Hahn [356]).

7.4 Quadratic assignment polytopes
Polyhedral combinatorics has proven to be a powerful tool for attacking hard combina-
torial optimization problems. The main idea of polyhedral combinatorics is the study of
the polytope which occurs as the convex hull of all feasible solutions of a combinatorial
optimization problem. Knowing a linear description of a polytope, i.e., its defining hyper-
planes, an optimal solution of the underlying combinatorial optimization problem can be
found by applying linear programming techniques, for example, interior point methods. A
nice monograph on geometric algorithms and combinatorial optimization was written by
Grötschel, Lovász, and Schrijver [343].

A direct application of polyhedral combinatorics to the QAP is not possible, since
the objective function is quadratic. So, first one has to find a suitable linearization for the
QAP and in the next step one can study the convex hull of all (integral) feasible points of
the linearized problem. Studies on the QAP polytope were begun by Barvinok [73] and
Padberg and Rijal [519] (see also Rijal’s Ph.D. thesis [584]). A few years later Jünger and
Kaibel [396, 398, 397] contributed further interesting results (see also Kaibel’s Ph.D. thesis
[400]).

The linearizations discussed in the previous sections can be used as a starting point
for the definition of the QAP polytope. For example, we can define the QAP polytope
denoted by QAPn as convex hull of all 0-1 vectors (xij , yijkl), 1 ≤ i, j, k, l ≤ n, which are
feasible solutions of the mixed integer linear program (MILP) formulation of Adams and
Johnson [5]. Jünger and Kaibel [396] chose another way of describing the QAP polytope.
Their formulation provides more insight into the problem. For each n ∈ N they considered
the graph Gn = (Vn;En) with vertex set Vn = {(i, j) : 1 ≤ i, j ≤ n} and edge set
En = {((i, j), (k, l)) : i �= k, j �= l}. Obviously, every permutation matrix X ∈ Xn
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corresponds to a maximal clique inGn with cardinality n and vice versa. Given an instance
of the Lawler QAP with coefficients dijkl , we introduce dijij as vertex weights and dijkl for
i �= k, j �= l as edge weights in Gn. Finding an optimal solution of the QAP is equivalent
to finding a maximal clique with minimum total vertex and edge weights. For each clique
C in Gn with n vertices we denote its incidence vector by (xC, yC), where xC ∈ R

n2
,

yC ∈ R
n2(n−1)2

2 :

xij =
{

1 if (i, j) ∈ C,

0 otherwise,
yijkl =

{
1 if (i, j), (k, l) ∈ C,

0 otherwise.

The QAP polytope QAPn is the convex hull of all vectors (xC, yC) where C is a clique with
n vertices inGn. It turns out (see Kaibel [400]) that the traveling salesman polytope and the
linear ordering polytope are projections of QAPn. Moreover, QAPn is a face of the so-called
Boolean quadric polytope. (For a definition and study of the Boolean quadric polytope see,
e.g., Padberg [518]).

Barvinok [73], Padberg and Rijal [519], and Jünger and Kaibel [396] independently
computed the dimension of QAPn and showed that the inequalities yijkl ≥ 0, i �= k, j �= l,
are facet defining. The corresponding facets are usually called trivial facets of QAPn.
Moreover, Padberg and Rijal as well as Jünger and Kaibel independently showed that the
affine hull of QAPn is described by the following equations:

n∑
j=1

xij = 1 (i = 1, 2, . . . , n), (7.63)

n∑
i=1

xij = 1 (j = 1, 2, . . . , n), (7.64)

−xkl +
n∑
i=1
i �=k

yijkl = 0 (i, j, k = 1, 2, . . . , n; i �= k), (7.65)

−xij +
j−1∑
l=1

yijkl +
n∑

l=j+1

yijkl = 0 (i, j, l = 1, 2, . . . , n; j �= l). (7.66)

This result was strengthened by Barvinok [73], Padberg and Rijal [519], and Jünger and
Kaibel [396].

Theorem 7.11.

(i) The affine hull of the QAP polytope QAPn is given by the linear equations (7.63)–
(7.66). Redundant equations can be eliminated, resulting in a set of equations which
are linearly independent. The rank of such an equation system is 2n(n− 1)2 − (n−
1)(n− 2) for n ≥ 3.

(ii) The dimension of QAPn is equal to 1+ (n−1)2+n(n−1)(n−2)(n−3)/2 for n ≥ 3.

(iii) The inequalities yijkl ≥ 0, i < k, j �= l, define facets of QAPn.
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Padberg and Rijal [519] identified two additional classes of valid inequalities for
QAPn, the so-called clique inequalities and the cut inequalities. They gave conditions
under which the cut inequalities are not facet defining. A larger class of valid inequalities,
the so-called box inequalities, was described by Jünger and Kaibel [397]. These inequalities
are obtained by exploiting the relationship between the Boolean quadric polytope and the
QAP polytope. A nice feature of the box inequalities is that it can be decided efficiently
whether they are facet defining or not. In the latter case some facet defining inequalities
which dominate the corresponding box inequality can be derived.

The case of symmetric coefficient matricesA andB of a Koopmans–Beckmann prob-
lem leads to another linear description of the QAP which takes the symmetry into account.
The corresponding polytope is known as the symmetric QAP polytope SQAPn. Padberg
and Rijal [519] modified the system of equations that describes QAPn to obtain a minimal
linear description of the affine hull of SQAPn. Jünger and Kaibel [396] proved that the
dimension of SQAPn is (n−1)2+n2(n−3)2/4 (which was already conjectured by Padberg
and Rijal). Moreover, they introduced a class of facet defining inequalities, the so-called
curtain inequalities. The separation problem for these inequalities has been shown to be
NP-hard.

7.5 Gilmore–Lawler bound and reduction methods
Since the QAP is NP-hard, good lower bounds are of great importance for solving it
by implicit enumeration procedures like branch-and-bound. A good lower bound for a
combinatorial optimization problem should be tight and easy to compute compared with
solving the problem itself. In this and in the next sections we describe lower bounds based
on linearizations and eigenvalues, as well as more recent approaches that use semidefinite
programming and ideas from convex analysis.

7.5.1 Gilmore–Lawler bound

The term Gilmore–Lawler bound (GLB) comes from folklore: Gilmore [311] introduced
this bound in 1962 for Koopmans–Beckmann problems, and the next year Lawler [447]
extended it to general QAPs.

Let us consider a Koopmans–Beckmann problem QAP(A,B,C). Without loss of
generality we can assume that all entries in matrices A and B are nonnegative. Since the
diagonal entries of A and B may enter the linear part of the QAP by defining

cij := cij + aiibjj ,

we do not consider these entries in the following. For each row index i let âi be the (n−1)-
dimensional vector obtained from the ith row of A by deleting the element aii . Similarly,
define b̂j for every row j of matrix B. According to Proposition 5.8 we get the minimum
scalar product

〈a, b〉− = min
ϕ

n−1∑
i=1

aibϕ(i)
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of two vectors a, b ∈ R
n−1 by sorting the elements of a nondecreasingly and the elements

of b nonincreasingly.
Let us suppose that a solution ϕ maps i to j = ϕ(i). We can fix the indices i and j

and get a lower bound for
n∑
k=1

aikbjϕ(k)

by computing the minimum scalar product 〈âi , b̂j 〉− and adding the term aiibjj . So, in order
to find a lower bound on the optimum value of a QAP instance, we first compute the n2

minimum scalar products 〈âi , b̂j 〉− and define a new cost matrix L = (lij ) by

lij = cij + aiibjj + 〈âi , b̂j 〉− (i, j = 1, 2, . . . , n). (7.67)

We obtain the Gilmore–Lawler lower bound for the Koopmans–Beckmann QAP by solving
the LSAP with cost matrix L. The appropriate sorting of the rows and columns of A and B
can be done in O(n2 log n) time. The computation of all lij values takes O(n3) time, and
the same amount of time is needed to solve the last LSAP. Thus the Gilmore–Lawler bound
for Koopmans–Beckmann QAPs can be computed in O(n3) time. This bound is easy to
compute, but it deteriorates quickly with increasing size n of the problem.

Example 7.12. Let us consider a Koopmans–Beckmann problem QAP(A,B,C) with the
following data:

A =

⎛⎜⎜⎝
7 2 1 7
0 0 4 2
3 0 5 6
2 3 4 0

⎞⎟⎟⎠ B =

⎛⎜⎜⎝
1 7 3 1
2 1 0 6
0 4 2 6
0 0 3 7

⎞⎟⎟⎠ and C = 0.

Now we get

â1 = (2, 1, 7), b̂1 = (7, 3, 1);
â2 = (0, 4, 2), b̂2 = (2, 0, 6);
â3 = (3, 0, 6), b̂3 = (0, 4, 6);
â4 = (2, 3, 4), b̂4 = (0, 0, 3).

Therefore, the matrix

(〈âi , b̂j 〉−) =

⎛⎜⎜⎝
20 10 14 3
10 4 8 0
15 6 12 0
27 18 24 6

⎞⎟⎟⎠ ,
together with matrices C and

(aiibjj ) =

⎛⎜⎜⎝
7 7 14 49
0 0 0 0
5 5 10 35
0 0 0 0

⎞⎟⎟⎠ ,
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yields

L =

⎛⎜⎜⎝
27 17 28 52
10 4 8 0
20 11 22 35
27 18 24 6

⎞⎟⎟⎠ .
The optimal solution of the linear assignment problem with cost matrixL is the permutation
ϕ = (2, 3, 1, 4) with optimum value z = 51. Therefore, we get the lower bound 51 for the
optimum value of this QAP instance.

We can also easily compute the exact objective function value for the permutation
ϕ = (2, 3, 1, 4) by permuting the rows and columns of matrix B according to ϕ,

Bϕ = (bϕ(i)ϕ(k)) =

⎛⎜⎜⎝
1 0 2 6
4 2 0 6
7 3 1 1
0 3 0 7

⎞⎟⎟⎠ ,
and computing the objective function value 〈A,Bϕ〉, which for this feasible solution is equal
to 104.

Given a Koopmans–Beckmann problem, it is an NP-complete problem to decide
whether the corresponding GLB equals the optimum value, as shown by Li, Pardalos,
Ramakrishnan, and Resende [457].

Proposition 7.13. Let z∗(A,B) be the optimum value of an instance of QAP(A,B), and
let GLB(A,B) be the corresponding Gilmore–Lawler bound. It is NP-complete to decide
whether GLB(A,B) = z∗(A,B).

Proof. We reduce the Hamiltonian cycle problem to our decision problem. LetG = (V ;E)
be an undirected simple graph with n nonisolated vertices. We defineA to be the adjacency
matrix of a cycle of length n. Let B = (bjl) be defined by

bjl =
⎧⎨⎩

0 for j = l,
1 for (j, l) ∈ E,
2 otherwise.

(7.68)

Every row of matrix A has n− 1 entries 0 and just one nondiagonal entry 1. The smallest
nondiagonal element in every row of matrix B is 1. Therefore, the GLB has the value n due
to the fact that all ordered products are 1. On the other hand, z∗(A,B) = n if and only if
graph G = (V ;E) contains a Hamiltonian cycle.

Other authors proposed bounding strategies similar to those by Gilmore and Gomory.
The basic idea relies again on decomposing the given QAP into a number of subproblems
which can be solved efficiently: first solve each subproblem, then build a matrix with the
optimal values of the subproblems, and solve a linear assignment problem with such matrix
as cost matrix to obtain a lower bound for the given QAP. For example, Christofides and
Gerrard [188] decomposed the Koopmans–Beckmann QAP(A,B) based on isomorphic
subgraphs of graphs whose weighted adjacency matrices areA andB. The GLB is obtained
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(a) (b)

Figure 7.2. (a) A star graph; (b) a double star graph.

j

l
r

Figure 7.3. A shortest path triple (j, l, r) in a rectangular grid.

as a special case if these subgraphs are stars (see Figure 7.2(a)), and it generally outperforms
the bounds obtained by employing other subgraphs, such as single edges or double stars
(see Figure 7.2(b)) introduced by Gavett and Plyter [304].

In the case of a metric QAP the GLB can be strengthened by decomposing the flow
matrix A. Let z∗(A,B) be the optimal value of QAP(A,B). For A = A1 + A2 we get

min
ϕ
〈A1 + A2, Bϕ〉 ≥ min

ϕ
〈A1, Bϕ〉 +min

ϕ
〈A2, Bϕ〉.

Therefore,
z∗(A,B) ≥ z∗(A1, B)+ z∗(A2, B).

We call a triple (j, l, r) of locations a shortest path triple if l lies on a shortest path
from j to r , i.e.,

bjl + blr = bjr . (7.69)

Figure 7.3 shows a shortest path triple in the case where the locations are grid points in a
rectangular grid in which the distances are measured by the l1-metric. Now let us associate
the following symmetric matrix T to the shortest path triple (j, l, r):

tj l = tlj = tlr = trl = 1, tjr = trj = −1, and tik = 0 otherwise.

Chakrapani and Skorin-Kapov [179] showed the following.

Lemma 7.14. IfT is the matrix associated with a shortest path triple, then we get z∗(αT , B) =
0 for all α ≥ 0.
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Proof. For any permutation ϕ we have

〈αT ,Bϕ〉 = 2α(bϕ(j)ϕ(l) + bϕ(l)ϕ(r) − bϕ(j)ϕ(r)) ≥ 0

due to the triangle inequality. Ifϕ is the identical permutation we get, by (7.69), 〈αT ,B〉 = 0,
which shows the lemma.

By choosing matrix A1 = A − αT and A2 = αT , where matrix T corresponds to
a shortest path triple, Lemma 7.14 guarantees that the Gilmore–Lawler bound (GLB) of
QAP(A1, B) yields a lower bound for z∗(A,B). For improving the GLB of QAP(A,B),
one can choose a set T of shortest path triples together with suitable positive constants and
compute the GLB of the problem QAP(A−∑

αsTs, B) where the matrices Ts correspond
to shortest path triples in T . This technique has been used by Chakrapani and Skorin-
Kapov [179] to generate improved Gilmore–Lawler bounds. Palubetskis [524] used such a
decomposition to generate QAPs with known optimal objective function values. A further
improvement was suggested in Palubeckis [544] where simple graphs other than triangles
are used for the decomposition.

7.5.2 Reduction methods

The quality of the Gilmore–Lawler bound may be improved if the given problem is trans-
formed so that the contribution of the quadratic term in the objective function is decreased
by moving costs to the linear term. This is the aim of the so-called reduction methods. The
reduction method was introduced by Conrad [195] and has been subsequently investigated
by many researchers, such as Burkard [126], Roucairol [591], Christofides, Mingozzi, and
Toth [189], Edwards [252], and Frieze and Yadegar [287]. The general idea is to decompose
each quadratic cost coefficient into several terms so as to guarantee that some of them end up
being linear cost coefficients and can be moved to the linear term of the objective function.

In the case of a Koopmans–Beckmann QAP the general decomposition scheme is

aik = aik + rk + ui (i, k = 1, 2, . . . , n; i �= k), (7.70)

bjl = bjl + sl + vj (j, l = 1, 2, . . . , n; j �= l), (7.71)

with real vectors r, s, u, v ∈ R
n. Frieze and Yadegar [287] have shown that the inclusion

of vectors u and v does not affect the value of lower bound GLB. Therefore, these vectors
are redundant and will no longer be considered. Since we can add the terms aiibjj to the
linear term cij by redefining cij = cij + aiibjj , we only need to consider a reduction of
aik for i �= k and of bjl for j �= l. In the following we assume that aii = aii = 0 and
bjj = bjj = 0.

From (7.70) and (7.71) we have, for i �= k and j �= l,
aikbjl = (aik − rk)(bjl − sl) = aikbjl − rkbjl − slaik + rksl .

Therefore, we get

n∑
i=1

n∑
k=1

aikbϕ(i)ϕ(k) +
n∑
k=1

ckϕ(k) =
n∑
i=1

n∑
k=1

aikbϕ(i)ϕ(k) +
n∑
k=1

ckϕ(k)
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with

ckl = ckl + rk
n∑
j=1

bjl + sl
n∑
i=1

aik − (n− 1)rksl . (7.72)

Several rules have been suggested on how to choose rk and sl . A choice which
guarantees that, after reduction, all reduced elements aik and bjl are nonnegative is

rk = min{aik : 1 ≤ i ≤ n; i �= k} (k = 1, 2, . . . , n),

sl = min{bjl : 1 ≤ j ≤ n; j �= l} (l = 1, 2, . . . , n).

Example 7.15. Let us consider the same Koopmans–Beckmann problem as in Example
7.12. First we split the objective function of the problem into a linear and a quadratic term
by redefining

ckl = ckl + akkbll (k, l = 1, 2, . . . , n)

and setting aii = bii = 0 for i = 1, 2, . . . , n. We obtain

C =

⎛⎜⎜⎝
7 7 14 49
0 0 0 0
5 5 10 35
0 0 0 0

⎞⎟⎟⎠ .
The reduction of matrix A yields

r1 = r2 = 0, r3 = 1, and r4 = 2

and the reduced matrix

A =

⎛⎜⎜⎝
0 2 0 5
0 0 3 0
3 0 0 4
2 3 3 0

⎞⎟⎟⎠ .
The reduction of matrix B yields

s1 = s2 = s3 = 0 and s4 = 1

and the reduced matrix

B =

⎛⎜⎜⎝
0 7 3 0
2 0 0 5
0 4 0 5
0 0 3 0

⎞⎟⎟⎠ .
The linear part becomes, according to (7.72),

C =

⎛⎜⎜⎝
7 7 14 49
0 0 0 0
5 5 10 35
0 0 0 0

⎞⎟⎟⎠+
⎛⎜⎜⎝

0 0 0 5
0 0 0 5
2 11 6 19
4 22 12 35

⎞⎟⎟⎠ =
⎛⎜⎜⎝

7 7 14 54
0 0 0 5
7 16 16 54
4 22 12 35

⎞⎟⎟⎠ .
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Now we can apply the Gilmore–Lawler bound to the reduced matrices A and B. We get

â1 = (2, 0, 5), b̂1 = (7, 3, 0),

â2 = (0, 3, 0), b̂2 = (2, 0, 5),

â3 = (3, 0, 4), b̂3 = (0, 4, 5),

â4 = (2, 3, 3), b̂4 = (0, 0, 3),

from which

(〈âi , b̂j 〉−) =

⎛⎜⎜⎝
6 4 8 0
0 0 0 0
9 6 12 0

23 16 22 6

⎞⎟⎟⎠ .
Adding this matrix to C yields

L =

⎛⎜⎜⎝
13 11 22 54

0 0 0 5
16 22 28 54
27 38 34 41

⎞⎟⎟⎠ .
The optimal solution of an LSAP with cost matrix L is the permutation ϕ = (2, 4, 1, 3),
which yields a lower bound value equal to 66. This is a slight improvement upon the
Gilmore–Lawler bound of 51. The objective function value of the QAP for this permutation
is 97.

Li, Pardalos, Ramakrishnan, and Resende [457] proposed choosing the reduction
terms rk and sl so as to minimize the variance of all off-diagonal entries of matrix A and B.
Let m(Aj) be the arithmetic mean of the off-diagonal entries in the j th column of matrix
A:

m(Aj) = 1

n− 1

n∑
i=1
i �=j

aij . (7.73)

The value m(Bj ) is defined in an analogous way. The choice proposed in [457] is

rk = m(An)−m(Ak), (7.74)

sl = m(Bn)−m(Bl). (7.75)

Computational tests showed that this choice leads, in most of the tested cases, to a better value
than the Gilmore–Lawler bound and that its performance increases with increasing values
of n. Pardalos, Ramakrishnan, and Resende also developed another reduction scheme,
where matrices A and B are replaced by A + �(A) and B + �(B). Matrices �(A) and
�(B) do not have constant row entries as above. Computational tests showed, however,
that their choice of�(A) and�(B) does not lead to an essential improvement of the bound
computed by (7.74) and (7.75), although the bounds based on �(A) and �(B) are much
more complicated to compute. Therefore, we refrain here from a detailed description of
these bounds and refer the interested reader to [457].
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Frieze and Yadegar [287] showed an interesting connection between the Gilmore–
Lawler bound and a Lagrangean relaxation of their linearization. Let us recall the Frieze–
Yadegar linearization (7.44)–(7.50). By relaxing constraints (7.45) and (7.46) via La-
grangean multipliers αjkl and βikl , respectively, we obtain

L(α, β) =min
n∑
i=1

n∑
j=1

n∑
k=1

n∑
l=1

dijklyijkl +
n∑
i=1

n∑
j=1

eij xij

s.t.
n∑
k=1

yijkl = xij (i, j, l = 1, 2, . . . , n),

n∑
l=1

yijkl = xij (i, j, k = 1, 2, . . . , n),

0 ≤ yijkl ≤ 1 (i, j, k, l = 1, 2, . . . , n),

X ∈ Xn,

where

dijkl = aikbjl − αjkl − βikl,

eij =
n∑
l=1

αlij +
n∑
k=1

βkij .

Frieze and Yadegar [287] showed the following.

Proposition 7.16. Any lower bound obtained by the Gilmore–Lawler method with reduction
cannot be larger than

L∗ = max
α,β

L(α, β).

According to a result by Geoffrion [308] the value L∗ equals the minimum objective
function value of the linear relaxation of the Frieze–Yadegar linearization. Frieze and Yade-
gar proposed a subgradient method for approximately computing the value L∗ .

In branch-and-bound algorithms and in some heuristics, we have to compute lower
bounds on the objective function value of a QAP under the additional constraint that some
of the indices are already assigned and therefore fixed. Let M ⊂ {1, 2, . . . , n} and let ϕ(i)
be fixed for i ∈ M . We call (M, ϕ) a partial permutation.

Given a partial permutation (M, ϕ), how can we find a lower bound for

min
ϕ

n∑
i=1

n∑
k=1

aikbϕ(i)ϕ(k)

under the side constraint that ϕ(i) is already fixed to ϕ(i) for i ∈ M? We can rewrite the
objective function as∑

i∈M

∑
k∈M

aikbϕ(i)ϕ(k) +
∑
i∈M

∑
k �∈M

(
aikbϕ(i)ϕ(k) + akibϕ(k)ϕ(i)

)+∑
i �∈M

∑
k �∈M

aikbϕ(i)ϕ(k). (7.76)
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The first term in (7.76) is a constant, since ϕ(i) and ϕ(k) are fixed. For the second term
in (7.76) a lower bound can be derived by solving an LSAP with cost coefficients ckl for
k �∈ M and l �∈ ϕ(M) = {ϕ(i) : i ∈ M} defined by

ckl = akkbll +
∑
i∈M

(
aikbϕ(i)l + akiblϕ(i)

)
.

The third term in (7.76) can be viewed as the objective function of a QAP with problem size
n− |M|. Therefore, the previously derived Gilmore–Lawler and reduction bounds can be
applied to this term.

7.6 Admissible transformations and other bounds
Let us consider a general QAP (7.2) and denote the objective function value of a feasible
solution X by z(D,X). In analogy to Definition 6.19 we have the following.

Definition 7.17. The transformation T which transforms the cost coefficients D of (7.2)
into D is admissible with index z(T ) if for all X ∈ Xn the equation

z(D,X) = z(T )+ z(D,X) (7.77)

holds.

When we perform an admissible transformation T with index z(T ) after an admissible
transformation S with index z(S), we get again an admissible transformation. It has the
index z(S)+ z(T ). Theorem 6.21 can now be expressed as follows.

Proposition 7.18. Let T be an admissible transformation of D into D and let X∗ ∈ Xn be
such that

1. D ≥ 0;

2. z(D,X∗) = 0.

Then X∗ is an optimal solution of (7.2) with objective function value z(T ).

Proof. LetX be any feasible solution of (7.2). According to Definition 7.17 and assumptions
1 and 2 above we get

z(D,X) = z(T )+ z(D,X) ≥ z(T ) = z(T )+ z(D,X∗) = z(D,X∗),
which means that X∗ is an optimal solution with value z(T ).

7.6.1 Admissible transformations

We start from the Kronecker product formulation (7.17)–(7.19) where the cost coefficients
dijkl are arranged in an n2 × n2 matrix D such that the entry dijkl lies in row (i − 1)n+ k
and column (j − 1)n + l. Remember that we can write D as a matrix (Dij ) where every
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Dij is the matrix (dijkl) with fixed indices i and j . The coefficients dijil with j �= l and the
coefficients dijkj with i �= k can never occur in the objective function since ϕ is a one-to-one
mapping. Therefore, we can assume

dijkl = ∞ for (i = k and j �= l) or (i �= k and j = l). (7.78)

For n = 3, for example, the cost matrix has the form (using “∗” for∞)

D =
⎛⎝ D11 D12 D13

D21 D22 D23

D31 D32 D33

⎞⎠

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

d1111 ∗ ∗ ∗ d1212 ∗ ∗ ∗ d1313

∗ d1122 d1123 d1221 ∗ d1223 d1321 d1322 ∗
∗ d1132 d1133 d1231 ∗ d1233 d1331 d1332 ∗
∗ d2112 d2113 d2211 ∗ d2213 d2311 d2312 ∗

d2121 ∗ ∗ ∗ d2222 ∗ ∗ ∗ d2323

∗ d2132 d2133 d2231 ∗ d2233 d2331 d2332 ∗
∗ d3112 d3113 d3211 ∗ d3213 d3311 d3312 ∗
∗ d3122 d3123 d3221 ∗ d3223 d3321 d3322 ∗

d3131 ∗ ∗ ∗ d3232 ∗ ∗ ∗ d3333

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Now we get the following.

Proposition 7.19. (Admissible transformations for the QAP.) Let D = (Dij ) be the cost
matrix of a general QAP (7.2). We will consider two types of transformation:

I. LetDij be a fixed submatrix ofD. Adding arbitrary constants to the rows and columns
ofDij such that the constants sum up to 0 yields an admissible transformation T with
index z(T ) = 0.

II. Adding arbitrary constants to the rows and columns ofD yields an admissible trans-
formation T whose index z(T ) equals the negative sum of the constants.

Remark: Since every submatrix Dij has only one entry dijij �= ∞ in row i and column j
(leading element), the first part of Proposition 7.19 tells that we can add or subtract arbitrary
constants to the rows k �= i and columns l �= j , provided that we, respectively, subtract or
add the same constants to the leading element dijij . The second part of Proposition 7.19
tells us that when we can collect the leading elements dijij in an n×nmatrix L = (lij )with
lij = dijij and apply any admissible transformations to this LSAP, we get an admissible
transformation for the QAP.

Proof.

I. From the Hungarian method (see Section 4.2.1) we know that adding constants uk to
the rows and vl to the columns of matrix Dij yields, for dijkl = dijkl + uk + vl ,

〈Dij ,X〉 = −
(

n∑
k=1

uk +
n∑
l=1

vl

)
+ 〈Dij

,X〉 for all X ∈ Xn.
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Since we assume
∑

k uk +
∑

l vl = 0, we can rewrite the objective function of (7.2)
as

n∑
i=1

n∑
j=1

n∑
k=1

n∑
l=1

dijklxij xkl =
n∑
i=1

n∑
j=1

〈Dij ,X〉xij =
n∑
i=1

n∑
j=1

〈Dij
,X〉xij , (7.79)

thus getting z(T ) = 0.

II. Applying the same argument to the n2 × n2 matrix D yields

〈D,Y 〉 = −
⎛⎝ n2∑
r=1

ur +
n2∑
s=1

vs

⎞⎠+ 〈D,Y 〉 for all Y ∈ Xn2;

hence, in particular for Y = X⊗XwithX ∈ Xn, we get an admissible transformation
with z(T ) = −(∑n2

r=1 ur +
∑n2

s=1 vs).

7.6.2 General Gilmore–Lawler bound

Lawler [445] suggested the following way to compute a lower bound for (7.2). For every
pair (i, j) we solve the LSAP with cost matrix Dij and, according to (7.78), we need only
to solve an LSAP of size n − 1. Let uk (k �= i) and vl (l �= j) be the corresponding dual
variables. By setting

dijij = dijij +
n∑
k=1
k �=i

uk +
n∑
l=1
l �=j

vl;

dijkl = dijkl − uk − vl (k, l = 1, 2, . . . , n; k �= i, l �= j),
we get an admissible transformation. The dual variables uk and vl can be chosen such that
dijkl ≥ 0. Now we collect the leading elements in an n × n matrix and solve the linear
assignment problem with the cost coefficients lij = dijij . This again produces an admissible
transformation whose index is denoted as zL. Since D ≥ 0, the value zL is a lower bound
on all feasible solutions of the QAP. Let ϕ∗ and the corresponding permutation matrix X∗
be the optimal solution of the LSAP with cost matrix L = (lij ). According to Proposition
7.18 the permutation ϕ∗ is an optimal solution of the QAP if

n∑
i=1

〈Diϕ∗(i)
, X∗〉 = 0. (7.80)

As several authors noted (Burkard [126], Frieze and Yadegar [287], Hahn and Grant
[358]), a further strengthening of the bound is possible by taking into account that xij xkl =
xklxij . Due to such a relation we can set

dijkl =
{
dijkl + dklij for k > i,

0 for k < i,
(7.81)

and apply afterward the bounding procedure described above.
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Example 7.20. Let the cost coefficients of a general QAP be given by

D =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

10 ∗ ∗ ∗ 2 ∗ ∗ ∗ 3
∗ 5 3 7 ∗ 4 4 1 ∗
∗ 1 2 3 ∗ 2 8 9 ∗
∗ 1 2 1 ∗ 5 4 2 ∗
2 ∗ ∗ ∗ 2 ∗ ∗ ∗ 3
∗ 5 5 8 ∗ 9 1 8 ∗
∗ 7 8 9 ∗ 1 4 3 ∗
∗ 1 4 1 ∗ 8 1 2 ∗
9 ∗ ∗ ∗ 9 ∗ ∗ ∗ 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

The symmetrization (7.81) yields the new cost matrix⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

10 ∗ ∗ ∗ 2 ∗ ∗ ∗ 3
∗ 6 7 8 ∗ 6 6 6 ∗
∗ 10 6 10 ∗ 5 16 10 ∗
∗ 0 0 0 ∗ 0 0 0 ∗
2 ∗ ∗ ∗ 2 ∗ ∗ ∗ 3
∗ 6 6 9 ∗ 11 5 16 ∗
∗ 0 0 0 ∗ 0 0 0 ∗
∗ 0 0 0 ∗ 0 0 0 ∗
9 ∗ ∗ ∗ 9 ∗ ∗ ∗ 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Solving the nine LSAPs with cost matricesDij , we get the following matrix, which contains
the optimum value of each subproblem in its leading element:⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

22 ∗ ∗ ∗ 15 ∗ ∗ ∗ 19
∗ 0 1 0 ∗ 0 0 0 ∗
∗ 4 0 3 ∗ 0 6 0 ∗
∗ 0 0 0 ∗ 0 0 0 ∗
8 ∗ ∗ ∗ 11 ∗ ∗ ∗ 8
∗ 0 0 0 ∗ 2 0 11 ∗
∗ 0 0 0 ∗ 0 0 0 ∗
∗ 0 0 0 ∗ 0 0 0 ∗
9 ∗ ∗ ∗ 9 ∗ ∗ ∗ 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

In order to find a lower bound we collect the leading elements in a cost matrix L = (lij ):

L =
⎛⎝ 22 15 19

8 11 8
9 9 0

⎞⎠ .
The optimal solution for the LSAP with cost matrix L is given by

x12 = x21 = x33 = 1 (7.82)

with value 23. Therefore, 23 is a lower bound for the optimal objective function value of
the given QAP. Moreover, for all permutation matrices X, the equation

〈L,X〉 = 23+ 〈L,X〉
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with

L =
⎛⎝ 7 0 4

0 3 0
9 9 0

⎞⎠
holds. If we replace the leading entries in the transformed cost matrix of the QAP by the
new values lij , we get a new cost matrix D:⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

7 ∗ ∗ ∗ 0 ∗ ∗ ∗ 4
∗ 0 1 0 ∗ 0 0 0 ∗
∗ 4 0 3 ∗ 0 6 0 ∗
∗ 0 0 0 ∗ 0 0 0 ∗
0 ∗ ∗ ∗ 3 ∗ ∗ ∗ 0
∗ 0 0 0 ∗ 2 0 11 ∗
∗ 0 0 0 ∗ 0 0 0 ∗
∗ 0 0 0 ∗ 0 0 0 ∗
9 ∗ ∗ ∗ 9 ∗ ∗ ∗ 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Now it is easy to verify that (7.80) holds. Therefore, the solution Y = X ⊗ X with X
defined by (7.82) yields the objective function value 0 for the reduced QAP with objective

function
∑n

i=1

∑n
j=1〈Dij

,X〉xij , which shows that (7.82) is an optimal solution of the given
QAP.

Hahn and Grant [358] suggested the following procedure to further strengthen this
bound in the caseL �= 0. They distribute the leading values lij equally to the other elements

of the transformed matrices D
ij

, for example,

dijkl =
{
dijkl + lij /(n− 1) for i �= k and j �= l,
0 for i = k or j = l.

This is an admissible transformation of the first type in Proposition 7.19. Then, a sym-
metrization step is again applied and the new leading elements are collected as coefficients
of a new LSAP (admissible transformation of the second type). If the solution of this LSAP
has a positive objective function value, this value can be added to the previous lower bound,
which is thereby improved. The procedure can be iterated until no further improvement
occurs.

Similar approaches which apply alternately admissible transformations of types I and
II were suggested by Assad and Xu [47] as well as by Carraresi and Malucelli [171]. They
differ only in the choice of the parameters of the transformation.

The bounds obtained in this section are closely related to a Lagrangean relaxation
obtained from the Adams–Johnson [5] linearization (7.53)–(7.58). Adams and Johnson
added the complementarity constraints

yijkl = yklij (i, j, k, l = 1, 2, . . . , n) (7.83)

via Lagragean parameters αijkl to the objective function (7.53), thus obtaining the La-
grangean function L(α). Again due to Geoffrion [308] we get that maxα L(α) equals the
optimum value of the continuous relaxation of (7.53)–(7.58). For maximizing L(α)Adams
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and Johnson proposed an iterative dual ascent method. At each iteration L(α) is evalu-
ated for the fixed value α. Clearly, L(α) is a lower bound for the considered QAP. Then
the multipliers αijkl are updated by using the information contained in the dual variables
of the LSAPs solved during the previous iteration. The algorithm stops after having per-
formed a prespecified number of iterations. Adams and Johnson showed that L(0) equals
the Gilmore–Lawler bound, whereas GLBs obtained after applying reductions as well as
the bounds of Carraresi and Malucelli [171] and Assad and Xu [47] equal L(α) for special
settings of the Lagrangean multipliers αijkl .

Karisch, Çela, Clausen, and Espersen [404] considered the dual of the continuous re-
laxation of the mixed-integer linear program (7.53)–(7.58) proposed byAdams and Johnson.
They developed an iterative algorithm for approximately solving this dual and showed that
the Hahn-Grant bound, the Adams–Johnson bound L(α), and all other Gilmore–Lawler-
like bounds can be obtained by applying this algorithm with specific settings for the control
parameters. Moreover, they identified a setting of parameters which produces a bound that
is competitive with the Hahn-Grant bound, but provides a better time/quality trade-off.

Resende, Ramakrishnan, and Drezner [578] used an interior point approach to solve
the continuous relaxation of the Adams–Johnson linearization, which turns out to be highly
degenerate. This method yields rather strong bounds, but it is computationally expensive.
It has been reported that the bounding algorithm by Karisch, Çela, Clausen, and Espersen
yields bounds of about the same quality with an effort which is at least one order of magnitude
less than the interior point method.

7.7 Eigenvalue bounds
The trace formulation of Koopmans–Beckmann problems is the basis for a new class
of bounds, the so-called eigenvalue bounds which were introduced in 1987 by Finke,
Burkard, and Rendl [270]. We consider first the case of a Koopmans–Beckmann problem
QAP(A,B) with symmetric matrices A and B. Later, we comment on how to proceed
in the non-symmetric case. When implemented carefully, eigenvalue bounds are quite
strong in comparison with Gilmore–Lawler bounds, but they are usually expensive to com-
pute. Moreover, they deteriorate quickly when lower levels in a branch-and-bound tree are
searched (see Clausen, Karisch, Perregaard, and Rendl [191]).

In this section we make extensive use of the properties of the trace operator (see
Section 7.2.1).

7.7.1 Symmetric Koopmans–Beckmann problems

LetA andB be real symmetric matrices. In this case all their eigenvalues are real. We collect
the eigenvalues λ1, λ2, . . . , λn of matrixA in a vector λ and the eigenvaluesμ1, μ2, . . . , μn
of matrix B in a vector μ. For any permutation matrix Xϕ , the matrix BTϕ = XϕB

TXTϕ
has the same eigenvalues as B. Let diag(λ) denote a square matrix whose elements are
all zero, except for those on the main diagonal, which have the values λ1, λ2, . . . , λn. The
matrices A and BTϕ possess diagonalizations of the form A = P�PT and BTϕ = QMQT

with orthogonal matrices P and Q and diagonal matrices � = diag(λ) and M = diag(μ).
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Let p1, p2, . . . , pn denote the columns of P and q1, q2, . . . , qn the columns of Q. Then

A =
n∑
i=1

λipip
T
i and BTϕ =

n∑
i=1

μiqiq
T
i .

Therefore,

〈A,Bϕ〉 = tr(ABTϕ ) = tr

⎛⎝ n∑
i=1

n∑
j=1

λiμjpip
T
i qjq

T
j

⎞⎠ = n∑
i=1

n∑
j=1

λiμj 〈pi, qj 〉2.

Since p1, . . . , pn and q1, . . . , qn are orthonormal bases of R
n, we get

n∑
j=1

〈pi, qj 〉2 = 〈pi, pi〉 = 1 and
n∑
i=1

〈pi, qj 〉2 = 〈qj , qj 〉 = 1.

This shows that matrix Sϕ = (〈pi, qj 〉2) is a doubly stochastic matrix. According to
Birkhoff’s theorem 2.18, matrix Sϕ can be written as a convex combination of permutation
matrices Xr :

Sϕ =
∑
r

αrXr .

Thus we get

tr(ABTϕ ) =
∑
r

αr〈λ,Xrμ〉. (7.84)

Let us denote by 〈λ,μ〉− the minimum scalar product of the vectors λ and μ,

〈λ,μ〉− = min
ϕ

n∑
i=1

λiμϕ(i)

and let

〈λ,μ〉+ = max
ϕ

n∑
i=1

λiμϕ(i).

Proposition 5.8 tells us how to compute 〈λ,μ〉− and 〈λ,μ〉+. Equation (7.84) yields

〈λ,μ〉− ≤
∑
r

αr〈λ,Xrμ〉 ≤ 〈λ,μ〉+.

Thus we have shown (see Finke, Burkard, and Rendl [270]) the following.

Proposition 7.21. All objective function values of a Koopmans–Beckmann problem with
symmetric matrices A and B lie in the interval

〈λ,μ〉− ≤
n∑
i=1

n∑
k=1

aikbϕ(i)ϕ(k) ≤ 〈λ,μ〉+. (7.85)
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The bound given by Proposition 7.21 is not very strong, asA andB may have negative
eigenvalues. One way to improve the bound is to apply reductions to matrices A and B.
The spread sp(A) of a symmetric matrix A is defined as the difference between its largest
and smallest eigenvalue

sp(A) = max
i,j
|λi − λj |. (7.86)

Unfortunately, there is no simple formula to compute the spread. Mirsky [495] suggested
the following approximation for sp(A):

sp(A) ≤
⎛⎝2

n∑
i=1

n∑
k=1

a2
ik −

2

n

(
n∑
i=1

aii

)2
⎞⎠1/2

= m(A). (7.87)

Minimizing m(A) leads to a system of linear equations from which the coefficients of the
reduction can be computed explicitly. The reduction ofA = (aik) toA = (aik) has the form

aik = aik + αi + αk + γik,
where the coefficients αi and γik are computed by

z = 1

2(n− 1)

(
n∑
i=1

n∑
k=1

aik −
n∑
i=1

aii

)
,

αi = 1

n− 2

(
n∑
k=1

aik − aii − z
)
,

γik =
{
aii − 2αi for i = k,
0 otherwise.

The reduced matrix A is again symmetric and has zeroes in the diagonal. Moreover, every
row and column sum of A equals 0. Analogous values z, βj , and δjl can be computed, for
reducing B = (bij ) to B = (bij ), by replacing aik with bik in the equations above.

Using these properties we can derive the following lower bound for QAPs. We reduce
the matrices A and B by

aik = aik + αi + αk + γik,
bjl = bjl + βj + βl + δjl .

Then we get

n∑
i=1

n∑
k=1

aikbϕ(i)ϕ(k) =
n∑
i=1

n∑
k=1

aikbϕ(i)ϕ(k) +
n∑
i=1

n∑
k=1

bϕ(i)ϕ(k)(αi + αk + γik)

+
n∑
i=1

n∑
k=1

aik(βϕ(i) + βϕ(k) + δϕ(i)ϕ(k)).
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Since all row and column sums of the symmetric matrixA are zero, aii = 0 and δik = 0 for
i �= k, and we get

n∑
i=1

n∑
k=1

aik(βϕ(i) + βϕ(k) + δϕ(i)ϕ(k)) = 0.

Moreover, since B is symmetric, we have

n∑
i=1

n∑
k=1

bϕ(i)ϕ(k)(αi + αk + γik) =
n∑
i=1

aiibϕ(i)ϕ(i) + 2
n∑
i=1

αi

n∑
k=1
k �=i

bϕ(i)ϕ(k).

We can collect the linear terms in a cost matrix C = (cij ) of a linear assignment problem:

cij = aiibjj + 2αi

n∑
k=1
k �=j

bjk.

Let us denote the eigenvalues of A by λ1, . . . , λn and the eigenvalues of B by μ1, . . . , μn.
Then we get the new lower bound

〈λ,μ〉− +min
ϕ

n∑
i=1

ciϕ(i). (7.88)

Computational experiments showed that for large-size problems the bound (7.88) is stronger
than the Gilmore–Lawler bound.

Example 7.22. (Rendl [572]). Let a Koopmans–Beckmann problem be given by

A =

⎛⎜⎜⎝
0 1 1 3
1 0 4 4
1 4 0 5
3 4 5 0

⎞⎟⎟⎠ and B =

⎛⎜⎜⎝
0 1 3 1
1 0 4 2
3 4 0 2
1 2 2 0

⎞⎟⎟⎠ .
The reduction of A yields

z = 6;α1 = − 1
2 , α2 = 3

2 , α3 = 2, α4 = 3; γ11 = 1, γ22 = −3, γ33 = −4, γ44 = −6

and

A = 1

2

⎛⎜⎜⎝
0 0 −1 1
0 0 1 −1
−1 1 0 0

1 −1 0 0

⎞⎟⎟⎠
with the eigenvalues

λ1 = −1, λ2 = λ3 = 0, λ4 = 1.

The reduction of B yields the values

z = 13
3 ;β1 = 1

3 , β2 = 4
3 , β3 = 7

3 , β4 = 1
3 ; δ11 = − 2

3 , δ22 = − 8
3 , δ33 = − 14

3 , δ44 = − 2
3



book
2008/12/11
page 242

242 Chapter 7. Quadratic Assignment Problems: Formulations and Bounds

and

B = 1

3

⎛⎜⎜⎝
0 −2 1 1
−2 0 1 1

1 1 0 −2
1 1 −2 0

⎞⎟⎟⎠
with the eigenvalues

μ1 = μ2 = 2
3 , μ3 = 0, μ4 = − 4

3 .

Since aii = 0 for all i = 1, 2, . . . , n, the linear assignment problem

min
ϕ

n∑
i=1

ciϕ(i)

can be solved just by taking the minimum scalar product of the vectors 2α = (−1, 3, 4, 6)
and b = (5, 7, 9, 5), which yields the value 62. Therefore, we get the lower bound

〈λ,μ〉− + 〈2α, b〉− = −2+ 62 = 60.

The Gilmore–Lawler bound yields for this example the value 59. The optimal value of this
Koopmans–Beckmann instance is known to be 60.

Rendl and Wolkowicz [576] proposed a different reduction scheme. Obviously, the
eigenvalue bound given by (7.88) is a function on the 4n parameters

(α1, α2, . . . , αn; β1, β2, . . . , βn; γ11, γ22, . . . , γnn; δ11, δ22, . . . , δnn).

Maximizing this function yields a best possible bound using reductions. Rendl and Wolkow-
icz showed that this function is nonlinear, nonsmooth, and nonconcave. They applied a
steepest ascent method for approximately maximizing the bound. The new bound produces
good results, but is expensive to compute.

It is well known that the set of permutation matrices can be characterized as Xn =
On ∩ En ∩Nn, where

On = {X : XTX = I } is the set of orthogonal n× n matrices,

En = {X : Xe = XT e = e} is the set of n× n matrices with row

and column sums equal to one, and

Nn = {X : X ≥ 0} is the set of nonnegative n× n matrices.

Here, I denotes the n × n identity matrix and e = (1, 1, . . . , 1)T is the n-dimensional
vector of all ones. Therefore, the QAP can be relaxed by deleting one or two of the matrix
sets On, En, and Nn in the intersection Xn = On ∩ En ∩Nn. Rendl and Wolkowicz [576]
have shown that the eigenvalue bound is obtained by relaxing the feasible set to the set of
orthogonal matrices:

min
X∈On

tr(AXBTXT ) = 〈λ,μ〉−,
max
X∈On

tr(AXBTXT ) = 〈λ,μ〉+.

For a short proof of this result see Rendl [574].
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A tighter relaxation was proposed in Hadley, Rendl, and Wolkowicz [353, 354], who
relaxed the set of permutation matrices to On ∩ En. They observed that the solution of the
equation systems

Xe = e and XT e = e (7.89)

can explicitly be written as

X = 1

n
eeT + V YV T , (7.90)

where Y is an (n− 1)× (n− 1)matrix, while V is an n× (n− 1)matrix having rank n− 1
and satisfying V T e = 0. Thus V is a basis of the orthogonal complement of vector e. Since
X is supposed to be orthogonal, it is assumed that V T V = In−1 holds, where In−1 denotes
the (n− 1)× (n− 1) identity matrix. In this case we have

XTX = I if and only if YT Y = In−1.

Substituting X in the objective function tr(AXBTXT ) and exploiting the symmetry of
matrices A and B yields

tr(AXBXT ) = tr

(
A

(
1

n
eeT + V YV T

)
B

(
1

n
eeT + V YV T

)T)

= tr

(
1

n2
AeeT BeeT + 1

n
AeeT BV YT V T + 1

n
AV YV T BeeT + AVYV T BV YT V T

)

= (eT Ae)(eT Be)

n2
+ tr

(
2

n
AeeT BV YT V T + AVYV T BV YT V T

)
.

Since

V YV T = X − 1

n
eeT ,

we have

tr

(
2

n
AeeT BV YT V T

)
= tr

(
2

n
AeeT BX − 2(eT Ae)(eT Be)

n2

)
.

Moreover,
tr(AV YV T BV YT V T ) = tr

(
(V T AV )Y (V T BV )Y T

)
.

So, let Ã = V TAV and B̃ = V T BV . The matrices Ã and B̃ are (n − 1) × (n − 1)
matrices. We collect their eigenvalues in the vectors λÃ and μB̃ , respectively. Thus we get
the projection bound by Hadley, Rendl, and Wolkowicz [353, 354].

Proposition 7.23. Let

D = 2

n
AeeT B.

The projection bound for the symmetric QAP(A,B) is given by

〈λÃ, μB̃〉− +min
ϕ
diϕ(i) − (eT Ae)(eT Be)

n2
. (7.91)

Karisch and Rendl [405] studied the projection bound in connection with metric QAPs
by applying a triangle reduction as discussed at the end of Section 7.5.1.
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7.7.2 Nonsymmetric Koopmans–Beckmann problems

All bounds considered above rely on the fact that the eigenvalues of a real, symmetric matrix
are real. This is no longer the case when we consider nonsymmetric matrices A and B. Let
us first consider the case where only one of the matrices A and B is nonsymmetric. In the
case that matrix A is symmetric, we get the following.

Lemma 7.24. Let A and B be real n × n matrices, matrix A be symmetric, and B̂ =
1/2(B + BT ). Then we have, for any permutation matrix X,

tr(AXBTXT ) = tr(AXB̂T XT ). (7.92)

In particular, if B is skew symmetric, then tr(AXBTXT ) = 0.

Proof. The proof relies on some simple properties of the trace operator (see Section 7.2.1).
We have

tr(AXB̂T XT ) = 1

2

(
tr(AXBTXT )+ tr(AXBXT )

)
= 1

2

(
tr(AXBTXT )+ tr(AXBTXT )

) = tr(AXBTXT ).

The second part of the lemma follows from B̂ = 0, if B is skew symmetric.

Thus the lemma tells us that we can symmetrize the second matrix if one matrix is
already symmetric, and apply the methods discussed in the previous section.

In the case that both matricesA andB are nonsymmetric, Hadley, Rendl, and Wolkow-
icz [352] found a nice way to derive eigenvalue bounds for the problem. They transformed
the given matrices to certain complex Hermitian matrices which yield the same objective
function value. Recall that a matrix H is Hermitian if H equals the transposed, conju-
gate complex matrix H ∗. If H is real, then H ∗ = HT . Every Hermitian matrix has real
eigenvalues. Note that in the remainder of this section “i” will denote

√−1. Let us define

A+ = 1

2
(A+ AT ), A− = 1

2
(A− AT ), (7.93)

Ã+ = 1

2
(A+ + iA−), Ã− = 1

2
(A+ − iA−). (7.94)

Note that A+ is symmetric, A− is skew symmetric, and Ã+ as well as Ã− are Hermitian,
i.e., Ã+ = Ã∗+ and Ã− = Ã∗−. Ã+ is the positive Hermitian part ofA and Ã− is the negative
Hermitian part of A. In particular, Ã+ and Ã− have only real eigenvalues. Hadley, Rendl,
and Wolkowicz [352] have shown the following.

Proposition 7.25. Let A,B, and X be any real n× n matrices. Then

tr(AXBTXT ) = tr(Ã+XB̃∗+X
T ). (7.95)
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Proof. Since A+ and B+ are symmetric and A− and B− are skew symmetric, we can apply
Lemma 7.24 and get

tr(AXBTXT ) = tr
(
(A+ + A−)X(B+ + B−)T XT

)
= tr

(
(A+ + A−)X(B+ − B−)XT

)
= tr

(
A+XB+XT

)− tr
(
A−XB−XT

)
.

On the other hand, by applying Lemma 7.24 to the skew symmetric matrices A− and B−
we again get

tr(Ã+XB̃∗+X
T ) = tr

(
(A+ + iA−)X(B+ + iB−)∗XT

)
= tr

(
(A+ + iA−)X(B+ + iB−)XT

)
= tr

(
A+XB+XT

)− tr
(
A−XB−XT

)
,

which establishes (7.95).

An immediate consequence of this proposition is the following.

Proposition 7.26. Let a Koopmans–Beckmann problem with real matrices A and B be
given. Let λ = (λ1, λ2, . . . , λn) be the vector of the eigenvalues of the Hermitian matrix
Ã+ and let μ = (μ1, μ2, . . . , μn) be the vector of the eigenvalues of the Hermitian matrix
B̃+. Then we have, for any permutation ϕ,

〈λ,μ〉− ≤
n∑
i=1

n∑
k=1

aikbϕ(i)ϕ(k) ≤ 〈λ,μ〉+. (7.96)

Up until now, not many computational experiments have been performed with this
bound. In particular it seems that a sharpening of this bound by some kind of reduction
methods has not yet been investigated.

7.8 Bounds by semidefinite programming
In this section we consider again only symmetric Koopmans–Beckmannn problems, i.e.,
we suppose that both matrices A and B in QAP(A,B) are symmetric. Recall that an n× n
matrix U is called positive semidefinite if

xT Ux ≥ 0 for all x ∈ R
n.

We shall express the fact that U is positive semidefinite by U % 0. (Indeed, positive
semidefiniteness leads to an order relation, the so-called Löwner ordering.) In Section 7.2.3
we formulated the quadratic term of the Koopmans–Beckmann QAP in the form

min xT (B ⊗ A)x

s.t. X ∈ Xn,
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where x = vec(X). Now,

xT (B ⊗ A)x = tr
(
(B ⊗ A)(xxT )) .

By defining the n2 × n2 matrix Y by xxT we can write the QAP in the form

min tr ((B ⊗ A)Y )
s.t. Y = xxT ,

X ∈ Xn.

When we want to linearize this problem we have to choose Y in the convex hull

P = conv{xxT : x = vec(X), X ∈ Xn}.
It can be shown that the matrix Y −yyT is positive semidefinite for Y ∈ P and y = diag(Y ).
This immediately leads to a first semidefinite relaxation of QAP(A,B). Zhao, Karisch,
Rendl, and Wolkowicz [667] showed that the constraint Y % 0 can be strenghtened by
exploiting the fact that all row and column sums of a permutation matrix X are equal to
1 (similar to the projection bound discussed in Section 7.7). They defined an n × (n − 1)
matrix V by

V =
(

In−1

−eTn−1

)
and an n2 × ((n− 1)2 + 1) matrix W by

W =
(

1

n
e ⊗ e, V ⊗ V

)
and proved the following.

Lemma 7.27. Let Y ∈ P . Then there exists a symmetric, positive semidefinite matrix R of
order (n− 1)2 + 1, indexed from 0 to (n− 1)2 such that

r00 = 1 and Y = WRWT .

This leads to the following semidefinite relaxation of the QAP:

min tr(B ⊗ A)Y
s.t. Y = WRWT ,

Y − diag(Y ) diag(Y )T % 0, (7.97)

r00 = 1.

Though this semidefinite program is formulated in the variable Y , which represents matrices
from P , the actual degrees of freedom are given by matrix R. Thus during computations
the variable Y is eliminated by the substitution Y = WRWT . The nonlinear constraint

Y − diag(Y ) diag(Y )T % 0
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can be rewritten as (
1 rT

r WRWT

)
% 0 and r = diag(WRWT ).

This bound can be further strengthened by taking into account that all entries in matrix Y
are nonnegative and the symmetry conditions yijkl = yklij hold (recall that yijkl = xij xkl =
xklxij ). Moreover, one can impose the so-called pattern constraints (see (7.78)):

yijkl = 0 for (i = k and j �= l) or (i �= k and j = l). (7.98)

Finally, one can impose the orthogonality constraints XTX = XXT = I on X, which are
quadratic in X but linear in Y .

Rendl and Sotirov [575] showed that interior point methods are not well suited to
solving a semidefinite program with nonnegativity constraints yijkl ≥ 0 and the pattern
constraints (7.98). They developed a bundle method based on subgradient optimization for
handling these additional constraints in a semidefinite program and obtained good results.
For details, see Rendl and Sotirov [575] as well as the recent research report by Sotirov and
Wolkowicz [616] where the authors study several semidefinite programming relaxations of
the QAP, exploit their structure, and develop efficient solution techniques.

Alift-and-project method for solving the semidefinite relaxation problem was recently
proposed by Burer and Vandenbussche [125]. A cutting plane algorithm based upon a
semidefinte relaxation of the QAP has been developed by Faye and Roupin [265].

7.9 Bounds by convex quadratic programming
Anstreicher and Brixius [34] developed a novel powerful bound for the symmetric Koop-
mans–Beckmann problem which is based on convexity arguments. With the help of this
bound, it was possible for the first time to solve the hard test example nug30 [512] with size
n = 30 to optimality (see Section 8.1.4). The idea of Anstreicher and Brixius is based on
the identity

0 = tr
(
S(I −XXT )) = tr(S)− tr

(
(I ⊗ S)xxT )

which holds for any orthogonal matrix X and any symmetric matrix S. As in the previous
section, x denotes vec(X). This identity immediately yields, for any orthogonal matrix X
and any symmetric matrices S and T ,

tr
(
AXBTXT

) = tr(S)+ tr(T )+ tr
(
(B ⊗ A− I ⊗ S − T ⊗ I )xxT )

= tr(S)+ tr(T )+ xTQx (7.99)

with Q = (B ⊗ A − I ⊗ S − T ⊗ I ). If one fixes S and T , the right-hand side of (7.99)
becomes a convex, quadratic program in x.

Using diagonalizations of the symmetric matrices A and B, Anstreicher and Brixius
[34] showed the following.
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Proposition 7.28. Let A and B be symmetric (n× n) matrices and let X be an orthogonal
matrix. Then

min
X

tr
(
AXBTXT

) = max {tr(S)+ tr(T ) : B ⊗ A− I ⊗ S − T ⊗ I % 0;
S, T symmetric} . (7.100)

Anstreicher and Brixius used the optimal dual solutions s = (s1, s2, . . . , sn) and
t = (t1, t2, . . . , tn) of (7.100), which correspond to the diagonal entries of the optimal
symmetric matrices S and T in the program on the right-hand side of (7.100), and obtained
as a new bound for the optimal objective function value z(A,B) of QAP(A,B,C)

n∑
i=1

si +
n∑
i=1

ti +min
{
xTQx + cT x : X doubly stochastic

}
. (7.101)

This bound was used by Anstreicher, Brixius, Goux, and Linderoth [35] in a parallel branch-
and-bound algorithm for the QAP, which solved some well-known previously unsolved test
problems.
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Chapter 8

Quadratic assignment
problems: Algorithms

8.1 Exact algorithms
All main algorithmic techniques for the exact solution of NP-hard problems have been
used for attacking the QAP: decomposition, branch-and-bound, and branch-and-cut. The
QAP, however, bravely resisted. After decades of attacks, the results obtained on its optimal
solution are far from being satisfactory with respect to those obtained for most combinatorial
optimization problems.

The set of test instances proposed in the late 1960s by Nugent, Vollmann, and Ruml
[512] and enlarged in the following years (Nugent instances) are widely considered to be
“stubborn” QAP instances and have become a standard challenge for exact QAP algorithms.
Up until the mid-1990s the largest such instance ever solved to optimality had size equal
to 22. Better results came from technological progress. Parallel algorithms implemented
on supercomputers could solve the Nugent instances up to size 25 (see Brüngger, Clausen,
Marzetta, and Perregaard [121, 122] and Clausen and Perregaard [192]). In recent years,
the use of very large scale distributed computation (grid computing) allowed for the first
time the solution of Nugent instances of size 27, 28, and 30 (see Anstreicher, Brixius, Goux,
and Linderoth [35] and Adams, Guignard, Hahn, and Hightower [4]).

QAPs have also been tackled with some success by global optimization methods (see
Enkhbat and Javzandulam [256]).

8.1.1 Benders’ decomposition

Traditional cutting plane algorithms for the QAP were developed by different authors, such
as Bazaraa and Sherali [78, 79], Balas and Mazzola [52, 53, 54], and Kaufman and Broeckx
[412]. These algorithms are based on mixed integer linear programming linearizations of
the problem (see Section 7.3) which are suitable for Benders’ decomposition.

249
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Consider a linearization of the QAP having the form

min dT y

s.t. Ex + Fy ≥ e,
X ∈ Xn,

y ≥ 0,

y being continuous variables and x being binary variables such that x = vec(X). In
algorithms based on the decomposition invented by Benders [83], this formulation is de-
composed into a master problem and a slave problem. For a fixed assignment x, we obtain
the slave problem

min dT y

s.t. Fy ≥ e − Ex,
y ≥ 0,

which contains only the variables introduced for linearizing the objective function. Hence,
the slave is a linear program whose optimal primal and dual solutions can be obtained
in polynomial time. The optimal dual variables induce a cut in the master problem. The
algorithm starts with any feasible assignment x. Then it iteratively solves the slave problem,
adds the resulting cut to the master problem, and solves the master to obtain a new solution
x, hence, a new slave. Let uk denote the dual solution of the slave at iteration k: the master
problem is

min z

s.t. z ≥ ui(e − Ex) (i = 1, 2, . . . , k),

X ∈ Xn,

where x = vec(X). The solution of the master problem is a lower bound for the original
QAP. On the other hand, the objective function value of the QAP corresponding to any
feasible solution x is an upper bound. The algorithm terminates when these bounds coincide.
For the QAP, the convergence rate is generally poor, except for toy instances. However,
heuristics derived from this approach produce good suboptimal solutions in early stages of
the search (see, e.g., Burkard and Bönniger [134] and Bazaraa and Sherali [79]). Miranda,
Luna, Mateus, and Ferreira [493] used Benders’ decomposition for QAP instances arising
in a heuristic for electronic components placement problems.

8.1.2 Branch-and-bound

Branch-and-bound algorithms have been successfully used to solve many NP-hard com-
binatorial optimization problems, and they appear to be the most effective exact algorithms
for solving QAPs. All successful methods for the QAP belong to this class.

A branch-and-bound algorithm dynamically subdivides the feasible solutions space
into smaller regions, thus generating a series of subproblems represented through the nodes
of a branch-decision tree. For each node, a bound on the value of the best solution it can pro-
duce is computed by solving a relaxation (frequently the LP relaxation) of the corresponding
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subproblem (bounding phase). If this value is not better than that of the best feasible solu-
tion found so far for the original problem (incumbent solution), the node is fathomed and
another node is explored. Otherwise, the region corresponding to the current node is further
subdivided, producing new subproblems with smaller feasible regions (branching phase).
Whenever a new (better) feasible solution for the original problem is obtained at a node,
the incumbent solution is updated. The process terminates when no further branching is
possible, i.e., when the entire feasible solutions space has been implicitly searched. The
basic ingredients of a branch-and-bound algorithm are

• bounding technique;

• branching methodology;

• exploration strategy.

Bounding techniques

We have discussed in the previous sections the main lower bounds developed for the QAP.
For more than 30 years all of the most efficient branch-and-bound algorithms for this problem
employed the Gilmore–Lawler bound (GLB) discussed in Section 7.5.1. The main reason
for this choice was that other bounds, which outperform it in terms of bound quality, are too
expensive in terms of computation time.

Only in the last decade have other bounds been successfully incorporated into branch-
and-bound algorithms. Pardalos, Ramakrishnan, Resende, and Li [534] solved some previ-
ously unsolved instances from the QAPLIB through a branch-and-bound algorithm which
employs the variance reduction lower bound proposed in Li, Pardalos, Ramakrishnan, and
Resende [457] (see Section 7.5.2). The bound by Hahn and Grant [358] (see Section 7.6.2),
based on a dual procedure similar to the Hungarian algorithm for the LSAP (see Section
4.2), was used with good results in the algorithms by Hahn, Grant, and Hall [357] and Hahn,
Hightower, Johnson, Guignard, and Roucairol [359] (see also Hahn [355]). Results of com-
parable quality were obtained by Brixius and Anstreicher [114] with a branch-and-bound
algorithm incorporating the convex quadratic programming bound developed in Anstre-
icher and Brixius [34] (see Section 7.9). Very good results were recently obtained by
Adams, Guignard, Hahn, and Hightower [4] with lower bounds computed through the 2-
level reformulation-linearization technique (see Section 7.3.4) and a Lagrangean relaxation
solved by means of a number of LSAPs.

A special case of the QAP where matrices A and B are symmetric and the non-zero
flows form a tree in the graph induced by A (Tree QAP) arises in practice in assembly line
layout and in pipeline design. The Tree QAP is NP-hard and contains the TSP as a special
case. Christofides and Benavent [186] proposed a branch-and-bound algorithm in which
the bounds are computed using a Lagrangean relaxation that is solved through dynamic
programming.

Branching methodologies

Various types of branching rules have been used for producing the branch-decision tree. In
the single assignment branching (Gilmore [311], Lawler [447]), which is probably the most
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efficient methodology, each problem generates subproblems by fixing the location of one
of the facilities which is not yet assigned. The selection of the facility-location pair usually
depends on the bounding technique: if the GLB bound is adopted, the choice is frequently
formulated in terms of the reduced costs of the last assignment problem solved to bound the
subproblem which is currently being branched (see, e.g., Bazaraa and Kirca [77], Burkard
[130], Mautor and Roucairol [483]).

The pair assignment algorithms (Gavett and Plyter [304], Land [445], Nugent, Voll-
mann, and Ruml [512]) at a branching step assign a pair of facilities to a pair of locations.

In relative positioning algorithms (Mirchandani and Obata [494]) the levels of the
branch-decision tree do not correspond to the number of facilities already assigned to loca-
tions, but the fixed assignments within each subproblem are determined in terms of distances
between facilities. Numerical results show that pair assignment or relative positioning al-
gorithms are generally outperformed by single-assignment algorithms.

Another interesting methodology was proposed by Roucairol [592]. Polytomic branch-
ing does not produce a binary branch-decision tree, as most of the other approaches, but
each decision node generates n+1 children nodes as follows. Let ϕ denote the permutation
corresponding to the solution of the last linear assignment problem solved to compute the
Gilmore–Lawler bound for the current node of the search tree. Let S(i)n denote the subset
of Sn (the set of all permutations of {1, 2, . . . , n}) consisting of those permutations π such

that π(i) = ϕ(i) and S(i)n the set of those permutations such that π(i) �= ϕ(i). The n + 1
descendant nodes correspond then to the sets of feasible solutions given by

S(1)n ,

S(1)n
⋂

S(2)n ,

. . . ,

S(1)n
⋂

S(2)n
⋂ · · ·⋂S(n−1)

n

⋂
S(n)n ,

S(1)n
⋂

S(2)n
⋂ · · ·⋂S(n)n .

The term polytomic is also used for the branching scheme adopted by Mautor and
Roucairol [483] in which either one facility is assigned to all the available locations (row
branching) or all available facilities are assigned to one location (column branching). This
strategy has been used in the most effective recent algorithms for the exact solution of the
QAP.

Exploration strategy

This issue concerns the so-called selection rule, which determines the choice of the subprob-
lem to be branched. The adopted strategies range from problem-independent search (such
as depth-first or breadth-first) to instance dependent criteria related to the maximization of
lower bounds or reduced costs. There seems to be no clear winner among the different
strategies.
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8.1.3 Branch-and-cut

Branch-and-cut algorithms, developed in the late 1980s (see, e.g., Padberg and Rinaldi
[520]), cleverly combine branch-and-bound and traditional cutting plane methods. Similarly
to traditional branch-and-bound methods for integer linear programming methods, they are
based on the linear relaxation of the problem, but additionally they make use of valid
(possibly facet defining) inequalities known to hold for all feasible solutions of the original
problem.

Consider any node of the branch-decision tree. If the solution of the relaxation of
the current subproblem is feasible for the original problem, the exploration of the node is
complete. Otherwise, if some of the above-mentioned inequalities are violated, a cutting
phase is performed: one or more of the violated inequalities are added to the subproblem
relaxation and a new solution is determined. When none of the valid inequalities is violated,
but some integrality constraint is, the algorithm performs a branching step.

All the related elements of branch-and-bound algorithms (bounding techniques,
branching methodology, exploration strategy) play a role in branch-and-cut algorithms.
The key ingredient is, however, the use of cuts which are valid for the whole polytope of
the feasible solutions, while traditional cutting plane algorithms frequently use cuts which
are only valid for the current node (so the whole computation has to be done from scratch
for different variable fixings). In addition, cuts produced by facet defining inequalities can
be considerably “stronger” than traditional cuts, thus considerably accelerating the conver-
gence of the algorithm.

As seen in Section 7.4, some properties and few facet defining inequalities of the
QAP polytope are known, but stronger theoretical developments are needed for obtaining
successful branch-and-cut algorithms for the QAP. Some efforts in this direction have been
made by Padberg and Rijal [519], who tested their algorithm on sparse QAP instances from
QAPLIB, and by Kaibel [400, 401], who used branch-and-cut to compute lower bounds
for QAP instances from QAPLIB. A large family of valid inequalities inducing facets was
proposed by Blanchard, Elloumi, Faye, and Wicker [101]. Recently, Erdoğan and Tansel
[259] proposed two new integer programs derived from a flow-based linearization technique
and reported on computational experiments with a branch-and-cut algorithm.

8.1.4 Parallel and massively parallel algorithms

The extraordinary difficulty of exactly solving QAP instances made this problem a natural
candidate for high performance parallel computations (see Section 4.11 for a general intro-
duction to parallel computing). As previously mentioned, classical benchmarks for exact
QAP algorithms are the Nugent [512] instances, usually denoted as Nugxx (“xx” indicating
that the instance has size n = xx). Parallel branch-and-bound algorithms could exactly
solve, for the first time, “large” Nugent instances of size 20 or more.

Traditional parallel computers have been used for solving, in the years shown in
parentheses:

• nug20 (1997): Clausen and Perregaard [192], in 16 hours, on a MEIKO system of 16
Intel i860 processors, each with 16 MB of memory;
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• nug21 and nug22 (1997, 1998): Brüngger, Clausen, Marzetta, and Perregaard [121,
122], respectively, in 2 and 12 days, on a NEC Cenju-3 system using up to 96 pro-
cessors;

• nug25 (1999): Marzetta and Brüngger [482], in 30 days, on between 64 and 128
processors of an Intel Paragon and 9 DEC Alpha processors.

In recent years, branch-and-bound algorithms for the QAP have been used for grid
computing implementations. A computational grid is a collection of a large number of
geographically distributed heterogeneous computers that are dynamically available during
their idle times. The grid is managed through a resource management software which detects
the available processors and assigns them jobs to execute. This system is perfectly suitable
to a parallel branch-and-bound algorithm: a master machine handles the branch-decision
tree and assigns task (nonexplored nodes) to the worker machines, which report the results
of their computations back to the master (Master-Worker paradigm).

In 2002 Anstreicher, Brixius, Goux, and Linderoth [35] built up a federation of over
2,500 CPUs distributed around the globe, handled through the MW Master-Worker class
library (see Goux, Kulkarni, Linderoth, andYoder [336]) utilizing the Condor [463] resource
management software. Using an adaptation of the branch-and-bound algorithm by Brixius
and Anstreicher [114], which incorporates the bound by Anstreicher and Brixius [34](see
Section 7.9), they could solve the three surviving Nugent instances. The total CPU times
were normalized to times on a single HP9000 C3000 workstation:

• nug27 was solved in 65 CPU days;

• nug28 was solved in 10 CPU months;

• nug30 was solved in 7 CPU years.

Another test instance of size 30 required more than 17 years (C3000 equivalent). Together
with computations performed for large-size TSPs (see the TSP page at Georgia Tech), these
are among the largest CPU times ever spent for solving single instances of combinatorial
optimization problems.

In 2007 Adams, Guignard, Hahn, and Hightower [4] computed lower bounds through
a reformulation-linearization technique, developed by Sherali and Adams [606, 607, 608]
for general 0-1 programming problems, which provides different levels of representation
that give increasing strength to the bound (see Section 7.3.4). Bounds from the level-1
form had been implemented in Hahn, Grant, and Hall [357] and Hahn, Hightower, Johnson,
Guignard, and Roucairol [359] (see also Hahn [355]). By implementing level-2 bounds
the following results were obtained (CPU times are again normalized to times on a single
HP9000 C3000):

• nug27 was solved in 20 CPU days;

• nug28 was solved in 5 CPU months;

• nug30 was solved in 2.5 CPU years.

To our knowledge, these are currently the best computational results obtained for the exact
solution of these instances.
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8.2 Heuristics
We have shown in the previous sections that using the best exact algorithms currently
available, and allowing high running times, it is only possible to solve QAPs of small size.
The development of heuristic algorithms to find quality solutions in short computing times
is thus very reasonable. Due to its practical and theoretical relevance, the QAP has been
attacked with several constructive heuristics and tens of pure or hybrid local search methods.
For each of the main approaches we give a short description of the method and we present
a selection of the most relevant implementations and results.

8.2.1 Construction algorithms

These heuristics are greedy approaches which usually start with an empty solution and
iteratively select a facility and assign it to a free location. More formally, at a generic
iteration h the current partial solution is given by the set M ⊂ {1, 2, . . . , n} of the h
assigned facilities and by the corresponding partial permutation (M, ϕ) (i.e., ϕ(i) is fixed
for i ∈ M and ϕ(i) = null for i �∈ M). The algorithm starts with M = ∅ and, at each
iteration h, selects a facility ih, a location jh and increases the partial solution by setting
ϕ(ih) = jh and adding ih to M . The differences among the various greedy approaches are
in the rules used to select the current facility ih and its location jh.

In 1962 Gilmore [311] proposed a basic constructive algorithm whose refined version
is due to Burkard [130]. At each iteration h the refined algorithm computes the Gilmore–
Lawler bound by solving an LSAP on a (n− h+ 1)× (n− h+ 1)matrix (lij ) computed as
in Section 7.5.1, but considering only the indices of the facilities and the locations not yet
assigned. Let ϕ̃ be the corresponding optimal solution: the algorithm selects the facility ih
such that cih,ϕ̃(ih) = max{ci,ϕ̃(i) : i �∈ M} and assigns it to location jh = ϕ̃(ih). The time
complexity is O(n4).

Another construction method which yields good results has been proposed by Müller-
Merbach [500]. At each iteration h the facility ih is simply chosen as the hth element
of a prefixed ordering i1, i2, . . . , in of the indices 1, 2, . . . , n. To chose the location jh we
compute the increase�z(j) of the objective function value due to the assignment ϕ(ih) = j ,
for j = 1, 2, . . . , n, and select jh so that �z(jh) = minj �z(j). If the tentative location j
has not been assigned to a facility ofM , the computation of�z(j) is immediate. Otherwise,
if there is a facility i� ∈ M with ϕ(i�) = j , we need to assign i� to a new location. To
compute�z(j)we assign i�, in turn, to each of the free locations and we select the location,
say, l, that minimizes the overall cost increase induced by the assignments ϕ(ih) = j and
ϕ(i�) = l. The time complexity of the method is O(n3) since we perform n iterations and
the number of reassignments to be evaluated at a generic iteration h is n − h + 1 for each
of the h − 1 facilities in M . Finally, we observe that the initial order of the facilities is
arbitrary, so we can obtain different solutions by running this algorithm several times with
different ordering rules.

8.2.2 Limited exact algorithms

It is well known that exact methods are often able to find good solutions at early stages of the
search, but employ a lot of time to marginally improve that solution or to prove its optimality.
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This behavior suggests a classical way to design a heuristic algorithm: reduce the computing
time by imposing some limit to the exact method. To this end we can use several methods:
a simple time limit, an upper bound on the number of iterations, a restriction on the choices
we can adopt at some decision point, etc.

Graves and Whinston [339] proposed an implicit enumeration algorithm consisting
of a branch-decision tree in which the exact lower bound to be computed at each node is
substituted by a probabilistic bound which is stronger than the exact one but, in some cases,
is not valid. It follows that the algorithm implicitly enumerates more nodes and reduces the
overall computing time, but it may disregard some subtree containing the optimal solution.
Given a partial solution, the associated probabilistic bound is μ − tσ where μ and σ are,
respectively, the mean and standard deviation of the possible completions of such solution
(see Section 7.2.4) and t is a parameter related to the confidence level of the bound.

Burkard and Bönniger [134] considered the Balas–Mazzola linearization (7.42)–
(7.43), relaxed it by generating a limited number of constraints, and iteratively solved
the problem min{z : z ≥ 〈H(Y),X〉 − h(Y )} with Y fixed and corresponding to a single
constraint. The algorithm starts with a random permutation matrix Y and a search direction
(�0
ij ) (possibly empty). At each iteration r the new direction (�rij ) is obtained from (�r−1

ij )

by adding matrix H (see (7.40)) normalized with a term that decreases when the current
solution has a large value. The solution of an LSAP is involved in the construction of the
new permutation. Algorithm 8.1 formally describes the procedure.

Algorithm 8.1. Procedure BB_QAP.
Burkard and Bönniger heuristic for QAP.

compute gkl = ( max
1≤p≤n

akp)(max
1≤q≤n

blq) and set �0
kl := 0 for k, l = 1, 2, . . . , n;

randomly generate a permutation matrix Y = (yij );
X := Y , z :=

n∑
k=1

n∑
l=1

n∑
i=1

n∑
j=1

aikbjlyij ;

for r := 1 to ρ do

hkl := gklykl +
n∑
i=1

n∑
j=1

dijklyij for k, l = 1, 2, . . . , n [comment: see (7.40)];

h := 〈G,Y 〉 [comment: see (7.41)];
solve an LSAP with cost matrix (hij ) and let z be its optimum value;
δ := max(1, |z− h|);
�rij := �r−1

ij + hij /δ for i, j = 1, 2, . . . , n;
solve an LSAP with cost matrix (�rij ) yielding solution Y and optimum value zr ;
if zr < z then z := zr , X := Y

endfor;
return the solution X and its value z.

The input parameter ρ is used to determine the number of constraints and solutions
to be generated. Due to the random nature of the starting solution, the entire procedure can
be run several times.
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8.2.3 Basic elements of metaheuristic methods

A metaheuristic is a generic scheme (or template) for organizing a search in the solution
space of an optimization problem in order to find good solutions. The literature distinguishes
between single solution methods and population based methods. The first class includes,
e.g., Simulated Annealing (SA), Tabu Search (TS), and Greedy Randomized Adaptive Search
Procedure (GRASP), while in the second class we find Genetic Algorithms (GA), Scatter
Search (SS), and Ant Colony Optimization (ACO).

The trajectory followed by a solution during the search is often guided by a neighbor-
hood function N which associates with any solution s a portion N (s) of the solution space
containing solutions which are “close” to s. We say that two solutions s and s ′ are close to
each other if s ′ can be obtained by applying some “simple” operator to s. The term move
denotes the transformation of s into s ′.

A typical metaheuristic iteration explores the neighborhood N (s) of the current so-
lution s, looking for a solution s ′ that meets certain requirements, to be accepted as new
current solution for the next iteration. The most characteristic feature of these algorithms
is that improving solutions are not the only ones that can be accepted. In certain situations
(for example, when no improving solution exists in N (s)) a move that transforms s into a
worsening solution s ′ can be accepted in the hope that the subsequent iterations will drive
the trajectory out of a local minimum of the solution space.

The simplest neighborhood for the QAP is the pairwise exchange, which associates
with a permutation ϕ all the permutations obtained by swapping the location assignment of
two different facilities. This neighborhood is generalized by the k-exchange neighborhood,
which can be formally described as follows. Let ϕ and ϕ′ denote two different solutions
and define their distance as

d(ϕ, ϕ′) = |{i : ϕ(i) �= ϕ′(i)}|. (8.1)

The k-exchange neighborhood of a solution ϕ is then

Nk(ϕ) = {ϕ(i)′ ∈ S : d(ϕ, ϕ′) ≤ k} (with 2 ≤ k ≤ n). (8.2)

A Lin–Kernighan-like neighborhood structure (see Murthy, Pardalos, and Li [505])
consists in a sequence of applications of neighborhood N2. The search starts by finding
the best solution in the neighborhood of the current permutation ϕ and performing the
corresponding exchange. The two facilities involved in the exchange are then “frozen,”
and a new neighborhood search is performed by only allowing swaps within the remaining
n − 2 facilities. The procedure is iterated h times, until either h = n/2 − 1 or the best
solution of the restricted neighborhood N2 is nonimproving. Let ϕ1, ϕ2, . . . , ϕh denote the
solutions obtained in the h iterations and compute ϕ′ = arg min{z(ϕi) : i = 1, 2, . . . , h},
where z(ϕ) denotes the value of solution ϕ. Permutation ϕ′ is then selected as the neighbor
of the starting solution ϕ. A similar but wider neighborhood was proposed by Li, Pardalos,
and Resende [458]. They adopted the same scheme, but instead of “freezing” the swapped
locations they avoided the swaps in which both facilities have been swapped in a previous
iteration.
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An iterative improvement algorithm starts with a tentative permutation and iteratively
moves to the best neighbor if it is strictly better than the current solution. If no improving
solution exists in the current neighborhood the algorithm terminates by returning a local
optimum (i.e., a solution ϕ such that z(ϕ) ≤ z(ϕ′) for all ϕ′ ∈ N (ϕ)). The CRAFT method
introduced by Buffa, Armour, and Vollmann [123] is one of the first examples of iterative
improvement algorithm for QAP (although in the literature it is often erroneously described
as a constructive algorithm). In order to get better results, improvement methods can be
performed several times starting with different initial solutions. We call this method a
multistart algorithm.

The implementation of a neighborhood exploration is an important issue in the design
of efficient heuristic algorithms as it greatly affects the overall performance. Consider the
pairwise exchange neighborhood N2 and observe that, given a solution ϕ, the size of N2(ϕ)

is
(
n

2

)
. The value z(ϕ′) of each solution ϕ′ ∈ N2(ϕ) can be evaluated in O(n) (see Heider

[367] and Burkard and Rendl [154]) by computing the difference z(ϕ′) − z(ϕ) which is
affected only by the terms involved in the exchange. More precisely, let ϕ′ be the solution
obtained by exchanging the locations of the two facilities r and s. Then for symmetrical
cost matrices we have

�(ϕ, r, s) = z(ϕ′)− z(ϕ) = (arr − ass)(bϕ(r)ϕ(r) − bϕ(s)ϕ(s))

+2
n∑
k=1
k �=r,s

(ark − ask)(bϕ(s)ϕ(k) − bϕ(r)ϕ(k)), (8.3)

and the exploration from scratch of the entire neighborhood of N2(ϕ) requiresO(n3) time.
(A slightly more complicated formula has to be used for asymmetric cost matrices.) Frieze,
Yadegar, El-Horbaty, and Parkinson [288] observed that if we store the values �(ϕ, r, s)
the evaluation of N2(ϕ

′) can be done in O(n2) time. Observe that indeed �(ϕ′, u, v), with
u and v different from r or s, can be evaluated in O(1) using

�(ϕ′, u, v) = �(ϕ, u, v)
+ 2(aur − avr − aus + avs)(bϕ′(s)ϕ′(u) − bϕ′(s)ϕ′(v) + bϕ′(r)ϕ′(v) − bϕ′(r)ϕ′(u)) (8.4)

while each of the O(n) solutions with u or v equal to r or s can be computed in O(n) time
by means of (8.3). It follows that each neighborhood search except for the first one can be
implemented to run in O(n2) time.

The main elements that differentiate the various metaheuristic templates are (a) the
method for selecting a neighboring solution; (b) the intensification method, i.e., a strategy to
perform a deep search in areas of the solution space where it is expected to find high quality
solutions; and (c) the diversification method, i.e., a strategy to escape from areas with poor
solutions. In the next sections we present a selection of the metaheuristic algorithms that
have been applied to solve the QAP. A survey of several metaheuristic approaches to the
solution of the QAP has been presented by Drezner, Hahn, and Taillard [241], who also
introduced new benchmark instances that are difficult for standard metaheuristic algorithms
since the variance of the local optima computed with neighborhood N2 is very high. On the
other side these instances are relatively easy for modern exact methods that can solve them
up to size n = 75. A statistical analysis to compare nondeterministic heuristic methods has
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been also proposed in [241]. Angel and Zissimopoulos [30, 31, 32, 33] investigated the
ruggedness of the search space explored by a metaheuristic for the QAP and the quality of
the local minima obtainable from a given neighborhood.

8.2.4 Simulated annealing

Simulated annealing (SA) is one of the first metaheuristic approaches, going back to the
seminal papers by Kirkpatrick, Gelatt, and Vecchi [418] and Černý [177]. The algorithm
gets inspiration from a method used by physicians to obtain a state of minimum energy of
a multiparticle physical system. It is a thermal process that first increases the temperature
of a solid in a heat bath since it melts, then carefully decreases it until the particles of the
solid arrange themselves in a low energy state. The process is repeated until the ground
state of the solid is reached. Given a combinatorial optimization problem, we associate the
solutions with the states of the physical system and the corresponding objective function
values to the energy.

SA starts with a high “temperature” value T and performs a search in the solution
space by randomly selecting neighboring solutions and accepting them accordingly to a
probability function. After a number of iterations, depending on the so-called cooling
scheme, the temperature is reduced, thus inducing a decrease in the probability of accepting
a worsening solution. More precisely, given two solutions ϕ and ϕ′ with ϕ′ ∈ N (ϕ), the
probability of accepting the transition from ϕ to ϕ′ is

P(ϕ′ accepted) =
{

1 if z(ϕ′) < z(ϕ),

e−(z(ϕ′)−z(ϕ))/(kBT ) if z(ϕ′) ≥ z(ϕ), (8.5)

where kB is the Boltzmann constant. SAcan be mathematically modeled by a Markov chain,
and using this model it is possible to show that, under certain conditions on the slowness of
the cooling process, the algorithm asymptotically converges to a global optimal solution.
For a detailed discussion of the convergence and other theoretical aspects of SA the reader
is referred to the books by Aarts and Korst [2] and Aarts and Lenstra [1].

Burkard and Rendl [154] applied, for the first time, SA to the QAP. They used the
pairwise exchange neighborhood N2 and a simple cooling scheme. In each of the 2n
iterations the temperature is kept constant, and then it is halved at the next iteration. The
resulting SA was tested on some problem instances with n ≤ 36, comparing it, in particular,
with the Burkard and Bönniger [134] limited exact algorithm. SA proved to be superior to
the other methods, but sensitive to the starting solution, which was randomly generated.

Other SA algorithms for the QAP were proposed by different authors, such as, e.g.,
Wilhelm and Ward [664] and Connolly [194]. A C++ implementation of the Connolly al-
gorithm has been given by Taillard [629] (see the companion web page for this volume,
http://www.siam.org/books/ot106/assignmentproblems.html). All of these algorithms em-
ploy the pairwise exchange neighborhood and differ in the way the cooling process and the
termination criterion are defined. The numerical experiments show that the performance
of SA strongly depends on the values of the control parameters and on the choice of the
cooling schedule.
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8.2.5 Tabu search

The tabu search (TS) method introduced by Glover [319, 320] uses a simple and effective
rule to avoid being trapped in a local minimum: when no improving solution exists in the
current neighborhood, it selects a worsening solution that was not visited in the past. It is
obviously impractical to store all the visited solutions and to check, for each neighboring
solution, if it is identical to a previous one. Therefore, Glover proposed the adoption of a
tabu list that only stores some attribute of each solution. In most cases the attribute is the
move performed to transform a solution into a neighboring one. For example, if we use the
pairwise exchange neighborhood, we can store in the tabu list the pair of facilities that have
been swapped to obtain the new solution. At the next iterations we will not allow this pair
of facilities to be swapped again. Due to this use of the memory, the trajectory of the search
in a TS algorithm is guided by two elements: the local investigation of the neighborhood of
the current solution and the past evolution. The reader is referred to Glover, Taillard, and
de Werra [326] and to Glover and Laguna [325] for a comprehensive introduction to tabu
search algorithms.

Several other ingredients have been proposed to design effective TS algorithms. First
of all the tabu list length (known as tabu tenure) has a finite value, so old moves exit from
the list and their application is permitted again. Moreover the value of the tabu tenure can
either be fixed or it can vary according to some strategy. Basically the length is decreased
to intensify the search (i.e., to give a higher degree of freedom for the choice of the next
moves) and is increased to diversify the search. Other ingredients are (i) an aspiration
criterion, i.e., a condition that, when fulfilled, cancels a tabu status, and (ii) a long-term
memory, generally based on the frequency of the application of particular moves, which is
used for a better guiding of the search. Finally, observe that, due to the limited length of
the tabu list and to the fact that we store attributes instead of complete solutions, there is no
guarantee that the method does not enter a loop where it iteratively visits the same solutions.
Therefore, a stopping criterion based on some simple rule is always adopted (limitations on
the running time, on the number of iterations, etc.).

Due to the high and rich variety of tools and strategies, there is a lot of freedom in
the implementation of a tabu search. The resulting performance strongly depends on the
implementation chosen, but these algorithms are usually capable of finding, on average,
good solutions.

A first TS algorithm for QAP was presented by Skorin-Kapov [611]. Her algorithm
uses the pairwise exchange neighborhood N2, considers as tabu a move that swaps a pair
of facilities already swapped and stored in the tabu list, and adopts a fixed tabu tenure. It
also adopts some restarting mechanism to continue the search when all the solutions in a
neighborhood are tabu. In particular, a long-term memory is used to modify the distance
matrix B so as to penalize the assignment of facilities to pairs of locations that are often
involved in a swap.

The robust tabu search by Taillard [631] is another TS implementation which uses the
pairwise neighborhood, but it implements its evaluation with the efficient method proposed
by Frieze, Yadegar, El-Horbaty, and Parkinson [288]. The tabu list consists of a matrix TL
where the facilities are associated with the rows and the locations to the columns. When
an exchange assigns facility i to location j and facility i ′ to location j ′ such that ϕ(i) = j ′
and ϕ(i ′) = j , the algorithm stores in TLij the number of the iteration in which the swap is
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performed. At the following iterations a swap is declared tabu if both facilities are assigned
to locations they had occupied in the last tabu tenure iterations. The tabu tenure is randomly
chosen between prefixed minimum and maximum values and is frequently updated.

Battiti and Tecchiolli [74] introduced the reactive tabu search (RTS), which involves a
sophisticated mechanism for adapting the tabu tenure and an original diversification scheme.
The neighborhood and the tabu status are the same as in Skorin-Kapov [611] and Taillard
[631]. The algorithm reacts during the evolution of the search by increasing the tabu tenure
when a solution is repeated along the search, and decreasing it if no repetition occurs for a
certain number of iterations. Hashing functions, binary trees, and bucket lists are used to
store the solutions and to check if a neighbor solution was already visited. If a solution is
repeated more than once, the algorithm performs a diversification phase based on a random
walk, i.e., on the execution of a number of random swaps which are also stored in the tabu
list to avoid an immediate return to the region of the walk’s starting solution. The numerical
results show that RTS is competitive with robust tabu search in terms of number of iterations
performed to reach the best solution. In [75] the same authors compared their RTS with an
implementation of the SAby Burkard and Rendl [154]. They showed that if short computing
times are allowed, then SA beats RTS, but the latter needs less CPU time than SA to reach
average results which are as close as 1% to the best-known solution.

A number of parallel implementations of TS have been proposed. Taillard [631]
presented two parallel version of his robust TS. In the first one the neighborhood search is
decomposed by giving a subset of the exchanges to each processor and leaving the overall
coordination to a master processor. In the second implementation each processor executes
an independent run starting from different solutions. Algorithms based on the parallelization
scheme used in the first implementation by Taillard have been proposed, e.g., by Chakrapani
and Skorin-Kapov [178] and Talbi, Hafidi, and Geib [632]. Recently James, Rego, and
Glover [389] proposed an implementation of the second strategy of parallelization in which,
in addition, some reference solutions are stored in a global memory to guide the search of
the single TS algorithms. The results of computational experiments with a large number
of benchmark instances, using almost all of the most recent metaheuristic algorithms, are
provided in [389].

8.2.6 Genetic algorithms

The genetic algorithms (GAs) were introduced by Holland [375] in 1975. The basic idea is
to mimic the evolutionary mechanisms acting in the selection process in nature. GA starts
with a set of feasible solutions (initial population), which are generated either randomly
or by using some heuristic, and are encoded through a string. The algorithm performs a
number of iterations that evolve the population through the following steps:

1. select some pairs of individuals in the population (parents);

2. apply a crossover operator to the strings encoding each pair of parents in order to
generate one or more new solutions (children);

3. possibly apply a mutation operator to randomly modify a child;

4. possibly apply immigration to generate individuals not related to the current popula-
tion;



book
2008/12/11
page 262

262 Chapter 8. Quadratic Assignment Problems: Algorithms

5. select some individuals to be added to the population and some individuals to be
removed from it.

This basic scheme was applied to the QAP by Tate and Smith [635], who encoded
the individuals as permutations and initialized the population with random solutions. The
crossover operator they adopted is a technique which generates one child for each pair of
parents as follows: (i) each facility assigned to the same location in both parents remains
assigned to such location; (ii) unassigned locations are scanned from left to right and, for
each location, one of the facilities assigned to it in the two parents is randomly selected
and assigned to the location; and (iii) the remaining facilities are assigned to the remaining
location in a greedy way. The resulting algorithm has a poor performance, frequently failing
in generating the best-known solution even for QAPs of small or moderate size.

Better results can be obtained with hybrid algorithms, which apply some local opti-
mization tool to improve the quality of each individual. Fleurent and Ferland [273] obtained
promising results on some benchmark problems by applying TS to optimize the individuals.
They allowed a large number of TS iterations (up to 4,000n) for the initial population, but
much shorter runs (up to 4n TS iterations) for the population of the remaining individuals
generated by GA. Ahuja, Orlin, and Tivari [14] obtained good results on large scale QAPs
from QAPLIB with a hybrid GA which uses the following ingredients: (i) the initial pop-
ulation is produced by the construction phase of a GRASP heuristic (see Section 8.2.7);
(ii) a simple implementation of the path relinking strategy (see Glover [321]) is selected,
among three different crossovers, through computational experiments; and (iii) a coopera-
tive multistart technique, called tournamenting, is introduced. The tournamenting method
starts by generating an even number h > 1 of initial populations and applies GA with a
limited number of iterations to each population. It then reduces the number of populations to
h/2 by merging pairs of populations and eliminating 50% of the resulting individuals. The
process is iterated until h = 1. Another crossover tested in [14] is the optimized crossover,
an application to the QAP of the merging operator used by Balas and Niehaus [56] for the
maximum clique problem. Let ϕ1 and ϕ2 denote two solutions, and construct a bipartite
graphG = (U, V ;E1 ∪E2) where the vertex set U (resp., V ) contains one vertex for each
facility (resp., location) andE1 (resp.,E2) is the set of the edges (i, ϕ1(i)) (resp., (i, ϕ2(i))).
The optimized child solution ϕ3 is given by the minimum cost perfect matching ofG. Note
that this matching contains all the edges contained inE1∩E2 and either the odd or the even
edges of each cycle of G.

Lim, Yuan, and Omatu [459] implemented a hybrid GA with a local search based on
the k-exchange neighborhood, while Drezner [239, 240], Rodríguez, MacPhee, Bonham,
and Bhavsar [588], and Misevicious [496] tested a GA with different versions of a TS as
local optimizer.

8.2.7 Greedy randomized adaptive search procedure

The greedy randomized adaptive search procedure (GRASP) introduced by Feo and Resende
[269] consists of a randomized construction phase and a local improvement phase.

Li, Pardalos, and Resende [458] proposed a GRASP implementation for the solution
of the QAP. Their construction phase is divided into two steps: in the first step two facility-
location pairs are selected and fixed, while in the second step n−2 iterations are performed,
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each one fixing a single pair. The first step considers all theO(n4) couples ((i, j), (k, l)) of
facility-location pairs (where i and k refer to the facilities and j , l to the locations) and sorts
them by nonincreasing aikbjl values. A couple ((i, j), (k, l)) is randomly selected among
the first α (α ≥ 1) smallest cost couples and its two facility-location pairs are fixed. In the
second step each iteration assigns a single facility-location pair by randomly selecting this
pair among the β (β > 1) pairs which give the minimum increment to the objective function
value of the current partial solution. The improvement phase consists of a local search using
the 2-exchange neighborhood N2 described in Section 8.2.3. The Fortran listing of this code
has been presented in Pardalos, Pitsoulis, and Resende [533].

A straightforward parallel implementation can be obtained by executing a GRASP on
each processor (see Pardalos, Pitsoulis, and Resende [532]). Due to the random choices of
the first phase different runs evolve in different ways.

8.2.8 Ant colony optimization

The ant colony optimization (ACO), originally introduced by Colorni, Dorigo, and Maniezzo
[193], is a metaheuristic approach which takes inspiration from the behavior of an ant colony
in search of food. An ant is a simple computation agent, which iteratively constructs a
solution basing its decisions on its status, i.e., the partial solution it has constructed so
far, and some information on the solutions constructed by other ants. More precisely, at
each step an ant defines a set of feasible expansions of its partial solution (for the QAP an
expansion is a facility-location assignment) and chooses one with a probabilistic method.
The attractiveness of assigning a facility i to a location j depends on the so-called pheromone
trail, i.e., a value stored in a global array (τij ) accessible to all ants. The value τij is computed
using the objective function value of the previous solutions that assign i to j and is decreased
when proceeding from one iteration to the next.

More effective algorithms are obtained by applying a local search to the solutions
constructed by the ants, so giving a hybrid ACO method. Maniezzo and Colorni [479]
proposed a hybrid ANT algorithm which uses a local search optimization based on the 2-
exchange neighborhood N2. Gambardella, Taillard, and Dorigo [299] proposed a hybrid
method which works with complete solutions instead of partial ones. They start by generat-
ing a random solution for each ant and then perform some optimization by means of a fast
local search procedure based on a restriction of N2, which, however, does not guarantee
termination with a local minimum. Next, they iteratively modify all the solutions using
the pheromone information and optimize each of them with the restricted local search. In
addition, two further techniques are used: (i) an intensification mechanism that updates (τij )
when a new globally better solution is found; and (ii) a diversification technique that deletes
the pheromone information and restarts the search if no improvement has been found in the
last n/2 iterations.

Taillard [629] proposed the so-called fast ANT (FANT) method which is inspired by
the hybrid ACO method, but differs from it in two main respects: (i) it does not use a
population, but constructs one solution at a time; (ii) when a new solution ϕ is generated,
FANT reinforces each value τiϕ(i), but at the same time it gives a strong reinforcement to
the values τiϕ∗(i), where ϕ∗ is the best solution so far. This memory updating provides a fast
convergence toward the best solutions, but it also restricts the search to a small area of the
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search space. Therefore, a diversification method has been introduced which resets matrix
(τij ) when the current solution is identical to the best solution found.

Tseng and Liang [642] used a hybrid ACO method to generate the initial population
of a hybrid GA.

Stützle and Hoos [626] presented the max-min ACO method, which differs from a
classical ant method in three respects: (i) in order to exploit the best solutions found, at
each iteration only one ant adds pheromone (such ant may be the one which found the best
solution in the current iteration or the one which found the best solution from the beginning
of the trail); (ii) in order to avoid stagnation of the search, the τij values are limited to
an interval [τmin, τmax]; and (iii) pheromone τij is initialized to τmax to achieve a higher
exploration of solutions at the start of the algorithm.

Computational experiments show that ACO methods are competitive heuristics for
real-life instances where there are a few good solutions, clustered together. For instances
which have many good solutions distributed somewhat uniformly in the search space, they
are outperformed by the other heuristics.

8.2.9 Scatter search and path relinking

The scatter search (SS) method was introduced in 1997 by Glover [318]. It shares the
concept of population with the genetic algorithms, but differs from them in three main
respects: (i) the population is controlled with clustering techniques in order to maintain the
diversity of the solutions while keeping a set of high quality solutions; (ii) the number of
solutions that can take part in the construction of a new solution is not restricted to two; and
(iii) the size of the population is usually much smaller than in GAs.

An SS algorithm starts by generating a set of solutions (reference set) ensuring that it
contains both high quality solutions and solutions with high diversity from each other. The
diversity of two solutions ϕ, ϕ′ is a measure of the effort required to transform ϕ into ϕ′ (the
distance d(ϕ, ϕ′) defined in equation (8.1) is a possible diversity index). The reference set
is then iteratively updated through the following steps:

i. select subsets of solutions;
ii. generate new solutions by combining the solutions of each subset;

iii. locally optimize the new solutions;
iv. replace some solution of the reference set with new ones by preserving

diversity and quality.

The combination method used by SS algorithms for the QAP is as follows. Given
a subset S of solutions, we define a score matrix (sij ) where each entry (i, j) is a linear
combination of the solutions of S which assign i to j (the multipliers used for the combi-
nation are often related to the objective function value of the corresponding solutions). An
unassigned facility i is then assigned to an unassigned location j chosen with a probability
proportional to the scores.

The scores play the role of an adaptive memory system which drives the evolution
using in a strategic way the information gathered in the past by the algorithm. Note that this
use of memory information resembles the pheromone concept devised some years later for
the ACO method.
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In the SS implementation by Cung, Mautor, Michelon, and Tavares [202] two com-
bination methods are used. Both use linear combinations with multipliers equal to 1, but
the first one adopts for the score the linear combination of the solutions in the subset S,
while the second one uses the inverse of the combination of all solutions in the reference
set. In the first method the score is aimed at generating high quality solutions, whereas in
the second one sij is the inverse of the frequency of appearance of the assignment ϕ(i) = j ,
thus inducing the creation of solutions with high diversity from the previous ones. The
procedure used to locally optimize a solution is a simple TS method.

Using the concept of reference set and adaptive memory, but disregarding the concept
of diversity of the solutions, Fleurent and Glover [274] proposed a constructive multistart
heuristic enhanced with local optimization and diversification techniques.

Path relinking (PR) relies on the same principles as SS but generalizes it by replacing
the linear combination operator used to generate new solutions with an operator working in
the neighborhood space, thus providing a framework for local search algorithms to explore
adaptive memory in an evolutionary fashion. Given a pair of solutions, PR marks the best
one as a guiding solution and considers a path in the neighborhood space which goes from the
worst solution to the guiding one, i.e., a sequence of moves that transforms the worst solution
into the guiding one. All the solutions of the path are candidates to enter the reference set.
James, Rego, and Glover [388] implemented sequential and parallel versions of a PR method
that combines two solutions ϕ1 and ϕ2 as follows. Assume that ϕ1 is the guiding solution
and iteratively compare ϕ1(i) with ϕ2(i) for i = 1, 2, . . . , n. If ϕ1(i) �= ϕ2(i), tentatively
perform a 2-exchange in ϕ2 which assigns facility i to location ϕ1(i). If the new solution
has an objective function value not worse than the value it had before the exchange, then the
assignment of i to ϕ1(i) is confirmed, otherwise it is discarded and ϕ2(i) remains unchanged.
The local improvement of the solutions is obtained by applying the Taillard robust TS (see
Section 8.2.5). A parallel version of the algorithm is obtained by applying the improvement
method concurrently on each solution generated by the combination method.

8.2.10 Large scale and variable neighborhood search

We defined in Section 8.2.3 the k-exchange neighborhood, for general k values, but we
have also seen that almost all the practical implementations use it with k = 2. Indeed,
for increasing values of k > 2, the number of neighbor solutions becomes so huge that
it is impractical to explicitly search the neighborhood. Such neighborhoods fall under the
category of very large-scale neighborhoods (VLSN), structures with a size so large that
it is necessary to use implicit enumeration to find improving solutions. One of the tools
used to perform a search in a VLSN is the improvement graph, which associates with each
feasible solution a directed graph such that there is a one-to-one correspondence between
the neighbor of this solution and some cycle (possibly satisfying a set of constraints). For a
survey on algorithms based on VLSN structures see, e.g, Ahuja, Ergun, Orlin, and Punnen
[9].

An application to the solution of the QAP has been presented by Ahuja, Jha, Orlin,
and Sharma [10]. Given a starting solution ϕ, they proposed using an improvement digraph
D = (N;A) where the vertex set N contains one vertex for each facility and the arc
set A contains all ordered pairs (i, h), with i �= h. Each cycle C = (i1, i2, . . . , ik, i1) is
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associated with a neighborϕ′ ofϕ obtained by settingϕ′(il) = ϕ(il+1) for l = 1, 2, . . . , k−1,
ϕ′(ik) = ϕ(i1) and ϕ′(i) = ϕ(i) for i not in C. Note that the set of all cycles of D with
length smaller or equal to k exactly corresponds to the k-exchange neighborhood. Each
arc (i, j) is associated with a cost such that z(ϕ) + z(C) (where z(C) denotes the cost of
cycle C) approximates z(ϕ′). Several implementations of a generic procedure to evaluate
neighbors have been proposed and computationally tested using a multistart algorithm.

Another strategy that involves the use of complex neighborhoods is the variable
neighborhood search (VNS) introduced by Mladenović and Hansen [497]. The basic idea
is to use several neighborhood structures and to explore them in a systematic way, by
increasing complexity.

Concerning QAP, an application of VNS was proposed by Taillard and Gambardella
[630]. The neighborhoods used are the k-exchange neighborhoods with k smaller or equal
to a parameter kmax. The exploration strategy consists of a number, say, nI , of iterations
which use one neighborhood at a time in a cyclic manner, as follows.

randomly generate a solution ϕ∗ and set k := 1;
for i := 1 to nI do

randomly select ϕ′ ∈ Nk(ϕ
∗);

apply a fast improving procedure to ϕ′;
if (z(ϕ′) < z(ϕ∗)) then set ϕ∗ := ϕ′, k := 1;
else set k := k mod kmax + 1

endfor

8.3 Computer codes
The main web resource for the QAP is the QAPLIB by Burkard, Karisch, and Rendl [151],
available at http://www.seas.upenn.edu/qaplib/. QAPLIB contains instances, references,
news, links, and software codes for the QAP. The instances are due to different authors and
range from real-life applications to randomly generated test problems. The most celebrated
instances are those by Nugent, Vollmann, and Ruml [512].

From the software section of QAPLIB one can download (directly or through links to
other web pages) the following free source codes.

qapglb.f A Fortran code which computes the Gilmore-Lawler bound (see Section 7.5.1) as
implemented by Burkard and Derigs [145]. This code is dimensioned to compute the
bound for instances of size up to 256.

qapbb.f A Fortran code which implements the branch-and-bound algorithm by Burkard
and Derigs [145].

qapeli.f AFortran implementation of the projection bound (see Proposition 7.23) developed
by Karisch and Rendl [405] for symmetric metric QAPs.

GRASP A link redirects the user to the home page of Mauricio Resende, from which one
can download the source files (compressed tar-files) of two Fortran implementations
of GRASP for dense and sparse QAPs (see Section 8.2.7).
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qapsim.f A Fortran implementation of the SA algorithm by Burkard and Rendl [154].

Ro-TS, FANT, SA Three links redirect the user to the home page of Éric Taillard
from which one can download the following source files:

(i) a Pascal and a C++ implementation of the robustTS algorithm byTaillard [631](see
Section 8.2.5);

(ii) a C++ implementation of the FANT algorithm by Taillard [629] (see Section
8.2.8);

(iii) a C++ implementation of the SAalgorithm by Connolly [194] (see Section 8.2.4).

An interactive Java applet for solving small QAPs has been developed by the Opti-
mization and Technology Center at Northwestern University and is available at the Case
Studies in the NEOS Guide.

The source file of a Fortran implementation of the Li and Pardalos [456] generator for
QAP instances with known optimal solution is available at the home page of the Computa-
tional Optimization and Applications Software Forum. Other instances with known optimal
solutions, generated with the algorithms developed by Gintaras Palubeckis [522, 523], are
available at his home page.

8.4 Easy and hard special cases
For NP-hard problems the question arises under which assumptions on the structure and
on the data a problem becomes solvable in polynomial time. In this section we survey such
results for QAPs in Koopmans–Beckmann form. We shall not, however, deal with special
cases of the TSP and other combinatorial optimization problems which can be formulated as
QAPs such as those reviewed in Section 7.1. For TSPs we refer the reader to the survey by
Burkard, Deı̆neko, van Dal, van der Veen, and Woeginger [144]. Some additional special
cases of the other problems can be found in the survey by Burkard, Çela, Demidenko,
Metelski, and Woeginger [139] (on which this section is based) as well as in the monograph
by Çela [176].

In what follows we consider quadratic assignment problems QAP(A,B) in Koop-
mans–Beckmann form. Since QAP(A,B) is equivalent to QAP(Aψ, Bϕ) with permuted
matrices Aψ = (aψ(i)ψ(k)) and Bϕ = (bϕ(j)ϕ(l)), all of the following results also hold for
permuted coefficient matrices. In Lemma 7.24 we already showed the following first result.

Proposition 8.1. If matrixA is symmetric and matrixB is skew symmetric, then all solutions
of QAP(A,B) have the same value 0.

8.4.1 Sum and product matrices

Another simple case occurs when the matrices A and B are diagonal matrices (i.e., the
entries outside the main diagonal are all zero): in this case we just have to compute a
minimum scalar product by ordering the diagonal entries according to Proposition 5.8. A
similar situation occurs if matrix A is a sum matrix.
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We call A a sum matrix if there are two vectors u = (u1, u2, . . . , un) and v =
(v1, v2, . . . , vn) such that

aik = ui + vk (i, k = 1, 2, . . . , n).

Proposition 8.2. A Koopmans–Beckmann problem QAP(A,B) in which A is a sum matrix
can be solved via a linear assignment problem.

Proof. The objective function value z(A,B;ϕ)of QAP(A,B) corresponding to permutation
ϕ can be written as

z(A,B;ϕ) =
n∑
i=1

n∑
k=1

(ui + vk)bϕ(i)ϕ(k) =
n∑
i=1

ui

n∑
k=1

bϕ(i)ϕ(k) +
n∑
k=1

vk

n∑
i=1

bϕ(i)ϕ(k).

Thus QAP(A,B) is equivalent to a linear assignment problem with cost coefficients cij
defined by

cij = ui
n∑
l=1

bjl + vi
n∑
l=1

blj (i, j = 1, 2, . . . , n). (8.6)

Example 8.3. Let us consider the input matrices below, where u and v are shown on the
left and on the top of the sum matrix A, while

∑n
l=1 bjl and

∑n
l=1 blj are shown on the left

and on the top of matrix B:

3 0 2

2
0
1

⎛⎝ 5 2 4
3 0 2
4 1 3

⎞⎠
A

102 6 4

102
2
8

⎛⎝ 99 2 1
1 1 0
2 3 3

⎞⎠ .
B

The linear assignment problem matrix is obtained as

C =
⎛⎝ 204 4 16

0 0 0
102 2 8

⎞⎠+
⎛⎝ 306 18 12

0 0 0
204 12 8

⎞⎠ =
⎛⎝ 510 22 28

0 0 0
306 14 16

⎞⎠ .
The optimal solution, of value 38, is given by the permutation ϕ = (2, 1, 3).

The result of Proposition 8.2 can be sharpened if one of the two matrices is symmetric
or skew-symmetric.

Proposition 8.4. If matrix A is a sum matrix and if either A or B is symmetric or skew-
symmetric, then the Koopmans–Beckmann problem QAP(A,B) can be solved in O(n2)

time.
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Proof. We consider the case where A is a sum matrix and B is skew-symmetric. Let us
define

βj =
n∑
l=1

bjl (j = 1, 2, . . . , n).

Since B is skew symmetric, using (8.6) we get

cij = (ui − vi)βj (i, j = 1, 2, . . . , n). (8.7)

According to Proposition 5.8, a linear assignment problem with such coefficients can be
solved by reordering the vectors (ui − vi) and βj , which can be done in O(n log n) time.
This time requirement is majorized by the time O(n2) needed to compute the coefficients
βj (j = 1, 2, . . . , n).

The other three cases (B symmetric, A symmetric, A skew symmetric) can be proved
in a similar way.

Example 8.5. We consider the same sum matrixA of Example 8.3 and a symmetric matrix
B (for which we show the β values on the left):

3 0 2

2
0
1

⎛⎝ 5 2 4
3 0 2
4 1 3

⎞⎠
A

103
3
4

⎛⎝ 99 2 1
2 1 0
1 0 3

⎞⎠ .
B

Since in this case B is not skew symmetric but symmetric, equation (8.7) becomes

cij = (ui + vi)βj (i, j = 1, 2, . . . , n). (8.8)

Hence, we get the linear assignment problem matrix

C =
⎛⎝ 515 15 20

0 0 0
309 9 12

⎞⎠
(whose optimal solution is clearly given by the permutation ϕ = (2, 1, 3)). By sorting
(ui + vi) = (5, 0, 3) increasingly and β = (103, 3, 4) decreasingly, we get the optimal
objective function value (0, 3, 5) · (103, 4, 3) = 12+ 15.

A matrix A is called a product matrix if there are two vectors u = (u1, u2, . . . , un)

and v = (v1, v2, . . . , vn) such that

aik = uivk (i, k = 1, 2, . . . , n).

Matrix A is called a negative product matrix if

aik = −uivk (i, k = 1, 2, . . . , n).
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If u = v holds, we say that A is a symmetric product matrix. In particular, if u = v with
ui = (−1)i we get a so-called chessboard matrix. A negative chessboard matrix is defined
accordingly. For example, for n = 4 we get the following chessboard matrixA and negative
chessboard matrix A′:

A =

⎛⎜⎜⎝
1 −1 1 −1
−1 1 −1 1

1 −1 1 −1
−1 1 −1 1

⎞⎟⎟⎠ ; A′ =

⎛⎜⎜⎝
−1 1 −1 1

1 −1 1 −1
−1 1 −1 1

1 −1 1 −1

⎞⎟⎟⎠ . (8.9)

It can be shown that a QAP with a chessboard matrix B is equivalent to a graph partitioning
problem where the vertices of a graph are partitioned into two sets V1 and V2 with |V1| −
|V2| ≤ 1 (see Section 7.1.4 and Example 7.2).

The following result was shown by Burkard, Çela, Demidenko, Metelski, and Woeg-
inger [139].

Proposition 8.6. A quadratic assignment problem QAP(A,B) where A is a chessboard
matrix and B is either a chessboard or a negative chessboard matrix can be solved in
polynomial time.

Proof. If B is a negative chessboard matrix, the identical permutation yields −n2 as the
objective function value, which is obviously the smallest value possible.

For a chessboard matrix B we get

z(A,B;ϕ) =
n∑
i=1

n∑
k=1

(−1)i+k(−1)ϕ(i)+ϕ(k) =
(

n∑
i=1

(−1)i+ϕ(i)
)2

= ( |{i : i + ϕ(i) even}| − |{i : i + ϕ(i) odd}| )2

= ( n− 2 · |{i : i + ϕ(i) odd}| )2 = ( n− 4mϕ )
2,

where mϕ is the number of even indices i with odd ϕ(i). For any m with 0 ≤ m ≤ �n/2�
there exists a permutation ϕ with mϕ = m. Thus we obtain the optimal solution value:

min
ϕ
z(A,B;ϕ) = min

0≤m≤�n/2�
(n− 4m)2 =

⎧⎪⎨⎪⎩
1 for n odd,

4 for n = 2 (mod 4),

0 for n = 0 (mod 4).

An optimal solution can be obtained by constructing a permutation ϕ such that (n− 4mϕ)2

is minimized.

Example 8.7. For n = 2, permutation ϕ = (1, 2) gives mϕ = 0, and permutation ϕ =
(2, 1) gives mϕ = 1. In both cases the solution value is (2− 4mϕ)2 = 4.

For n = 3, permutations ϕ = (1, 2, 3) and ϕ = (3, 2, 1) give mϕ = 0 and hence a
solution value (3− 4mϕ)2 = 9. All other permutations ϕ give mϕ = 1; hence, the optimal
solution value is given by (3− 4mϕ)2 = 1.

For n = 4 (see (8.9)) an optimal permutation is ϕ = (1, 2, 4, 3), which yieldsmϕ = 1;
hence, (4− 4mϕ)2 = 0.
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On the other hand, the following NP-hardness result is shown in Burkard, Çela, Rote,
and Woeginger [143].

Proposition 8.8. The QAP(A,B) where A is a symmetric product matrix and B is a
chessboard matrix is NP-hard.

Proof. We show this result by reduction from the NP-complete problem Partition.

Partition: Given 2n positive numbers u1, u2, . . . , u2n, is there a subset I ⊂ {1, 2, . . . , 2n}
such that ∑

i∈I
ui =

∑
i �∈I

ui? (8.10)

Without loss of generality we can assume u1 ≤ u2 ≤ · · · ≤ u2n. We define the (2n × 2n)
matrix A = (aik) by aik = uiuk (i, k = 1, 2, . . . , 2n). Then the objective function value
z(A,B;ϕ) can be written as

z(A,B;ϕ) =
2n∑
i=1

2n∑
k=1

(−1)ϕ(i)+ϕ(k)uiuk =
(

2n∑
i=1

(−1)ϕ(i)ui

)2

≥ 0.

Therefore z(A,B;ϕ) = 0 holds if and only if

2n∑
i=1

(−1)ϕ(i)ui = 0,

i.e., if and only if (8.10) holds and the answer to Partition is “yes.”

This also implies that a QAP(A,B) with two symmetric product matrices A and B is
NP-hard in general. However, it is shown in Burkard, Çela, Demidenko, Metelski, and
Woeginger [139] that, if all components of the generating vectors u and v have the same
sign, then the problem is polynomially solvable.

Proposition 8.9. Let QAP(A,B) be a QAP whereA and B are symmetric product matrices
generated by vectors u and v whose components have all the same sign. Then QAP(A,B)
can be solved in O(n log n) time.

Proof. We have

z(A,B, ϕ) =
n∑
i=1

n∑
k=1

uiukvϕ(i)vϕ(k) =
(

n∑
i=1

uivϕ(i)

)2

.

Proposition 5.8 states that the minimum is attained by ordering vector u increasingly and
vector v decreasingly.

The same idea as in the proof of Proposition 8.9 shows (see [139]) the following.
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Proposition 8.10. A quadratic assignment problem QAP(A,B) where A is a symmetric
product matrix and B is a negative symmetric product matrix can be solved in O(n log n)
time.

Proof. Since

z(A,B;ϕ) = −
n∑
i=1

n∑
k=1

uiukvϕ(i)vϕ(k) = −
(

n∑
i=1

uivϕ(i)

)2

,

QAP(A,B) is equivalent to

max
ϕ

(
n∑
i=1

uivϕ(i)

)2

. (8.11)

By Proposition 5.8 the minimum and the maximum of
∑n

i=1 uivϕ(i) can be computed. By
squaring the maximum of (8.11) can be found.

A matrix A is called small if there are two vectors u = (u1, u2, . . . , un) and v =
(v1, v2, . . . , vn) such that

aik = min(ui, vk) (i, k = 1, 2, . . . , n).

Analogously, a matrix A is called large if

aik = max(ui, vk) (i, k = 1, 2, . . . , n).

We obtain symmetric small (large) matrices by taking u = v. Burkard, Çela, Demidenko,
Metelski, and Woeginger [139] have shown the following.

Proposition 8.11. A quadratic assignment problem QAP(A,B) where A is a symmetric
large matrix and B is a chessboard or a negative chessboard matrix can be solved inO(n2)

time.

Proof. Without loss of generality we can assume that the components of the vector u
which generates matrix A are ordered so that u1 ≤ u2 ≤ · · · ≤ un. This yields aik = uk
(i, k = 1, 2, . . . , n; i ≤ k). Moreover, replacing B by B∗ = 1

2 (B + 1), where 1 is the
matrix with constant entries 1, leads to an equivalent QAP(A,B∗), since z(A,B;ϕ) =
2z(A,B∗;ϕ)− z(A, 1;ϕ) and z(A, 1;ϕ) is a constant (equal to the sum of all entries inA).

Now let us assume that B is a chessboard matrix. This implies

b∗ij =
{

1 if i + j is even,
0 if i + j is odd.

(8.12)

Let E(ϕ) = {i : ϕ(i) even, 2 ≤ i ≤ n}. Using (8.12) the objective function value of
QAP(A,B∗) can be written as

z(A,B∗;ϕ) =
∑

i,k∈E(ϕ)
max(ui, uk)+

∑
i,k �∈E(ϕ)

max(ui, uk). (8.13)
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Equation (8.13) shows that the objective function value depends only on set E: any two
permutations ϕ and ψ with E(ϕ) = E(ψ) yield the same objective function value!

If set E is specified, the objective function value z(A,B∗;E) of all permutations ϕ
with E(ϕ) = E can be written as

z(A,B∗;E) = 2
n∑
i=2

uimi(E), (8.14)

where

mi(E) =
{ |{k ∈ E : k < i}| if i ∈ E,
|{k �∈ E : k < i}| if i �∈ E.

Equation (8.14) shows that we minimize z(A,B;ϕ) when we solve

min
E

n∑
i=2

uimi(E). (8.15)

The latter problem can be solved by dynamic programming. We define, for r ≥ s,

z(r, s) = min|Er |=s

r∑
i=2

uimi(Er),

where Er = E ∩ {1, 2, . . . , r}. Obviously,

z(n, �n/2�) = min
E

n∑
i=2

uimi(E).

The start values for the dynamic programming procedure are z(2, s) = u2 for s = 0, 1, 2
and

z(r, 0) = z(r − 1, 0)+ (r − 1)ur for 3 ≤ r ≤ n.
This follows from the fact that, for E = ∅ (s = 0), we have mi(E) = i − 1. For infeasible
pairs (r, s)we set z(r, s) = ∞. Let us suppose that values z(r−1, 0), z(r−1, 1), . . . , z(r−
1, s) are already known. For computing z(r, s)we have to consider two possibilities: either
index r is joined to set E, in which case we get

z(r, s) = z(r − 1, s − 1)+ (s − 1)ur ,

or index r is not joined to E, in which case we get

z(r, s) = z(r − 1, s)+ (r − s − 1)ur .

This leads to the recursion

z(r, s) = min(z(r − 1, s − 1)+ (s − 1)ur , z(r − 1, s)+ (r − s − 1)ur). (8.16)

Whenever the minimum is taken for the first term, index r is joined to setE. Thus z(n, �n/2�)
can be computed inO(n2) time. By backtracing, the corresponding setE can be computed.
Any permutation which maps the indices in E to the even indices of {1, 2, . . . , n} is an
optimal solution.

The case of a negative chessboard matrix is treated in an analogous way.
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Example 8.12. Let us consider a problem with n = 5, a symmetric large matrixA produced
by vectors u = v = (0, 1, 2, 3, 4) and a chessboard matrixB. We want to find a permutation
ϕ which minimizes 〈A,B∗ϕ〉. By applying the dynamic programming approach above we
get the table where the subscript tells which term determines the minimum.

r\s 0 1 2
2 1 1 1
3 5 min(1+ 0, 1+ 2) = 11 min(1+ 2, 1+ 0) = 12

4 14 min(5+ 0, 1+ 6) = 51 min(1+ 3, 1+ 3) = 41

5 30 min(14+ 0, 5+ 12) = 141 min(5+ 4, 4+ 8) = 91

By backtracing we findE = {4, 5}. Thus an optimal permutation is ϕ = (1, 3, 5, 2, 4). The
corresponding matrix B∗ϕ has the form

B∗ϕ =

⎛⎜⎜⎜⎜⎝
1 1 1 0 0
1 1 1 0 0
1 1 1 0 0
0 0 0 1 1
0 0 0 1 1

⎞⎟⎟⎟⎟⎠ .
Since QAP(A,B) is equivalent to QAP(−A,−B), and a negative small matrix is a

large matrix, we immediately get the following.

Corollary 8.13. A quadratic assignment problem QAP(A,B)with a symmetric small matrix
A and a chessboard or negative chessboard matrix B can be solved in O(n2) time.

The results described in this section are all related to Monge matrices, which were
introduced in Section 5.2. Recall that a matrix A is a Monge matrix if

aij + akl ≤ ail + akj (i, k, j, l = 1, 2, . . . , n; i < k; j < l),

while it is an inverse Monge matrix if

aij + akl ≥ ail + akj (i, k, j, l = 1, 2, . . . , n; i < k; j < l).

In particular, sum matrices are both Monge and inverse Monge matrices; product matrices
A = (uivk) are Monge matrices provided the nonnegative numbers uk are increasing and
the nonnegative numbers vk are decreasing. Moreover, large matrices A = (max(ui, vk))
are Monge matrices where the numbers ui and vk are ordered increasingly. Further, if A is
a Monge matrix, then −A is an inverse Monge matrix.

The complexity status of Koopmans–Beckmann problems involving Monge matrices
can be seen in Table 8.1, taken from [139], in which “?” stands for “open” and the terms
referring to the matrix properties are self-explanatory.

When reading the first three rows of the table, keep in mind that every negative chess-
board matrix is a permuted symmetric negative product matrix, which in turn is a permuted
Monge matrix. Because of these inclusion relations, an entry “NP-hard” turns all other
entries which lie above or to the left of it also to “NP-hard.” Moreover, two “negatives”
cancel each other. Therefore, all the NP-hard results follow from Proposition 8.8, while
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Table 8.1. Complexity status of Koopmans–Beckmann problems involving Monge
and inverse Monge matrices.

Monge NegProdSym NegChess

Monge NP -hard NP -hard NP -hard
NegProdSym NP -hard NP -hard NP -hard
NegChess NP -hard NP -hard P
InvMonge ? ? P(even n), ?(odd n)
ProdSym ? P P
Chess P(even n), ?(odd n) P P

the only polynomiality result follows from Proposition 8.6. When reading the next three
rows of the table, remember that every chessboard matrix is a permuted symmetric product
matrix which in turn is a permuted inverse Monge matrix. Because of the inclusion relations
mentioned before, an entry P turns all other entries which lie below or to the right of it to
P also. Therefore, all polynomiality results follow from Proposition 8.10. The “P for even
n” entries follow from the following result (see [139]).

Proposition 8.14. Let A and B be (n × n) matrices with even n = 2m. If A is a Monge
matrix and B is a chessboard matrix, then

ϕ = (1,m+ 1, 2,m+ 2, . . . , n) (8.17)

is an optimal solution.

Hence, a fixed permutation ϕ is optimal for any Monge matrix A with even size n.
This is not the case for Monge matrices with odd size n as even simple examples with
n = 3 show. Proposition 8.14 was implicitly proved by Pferschy, Rudolf, and Woeginger
[545] in a paper on the maximum balanced bisection problem involving Monge matrices.
An optimum bisection does not depend on the instance of the Monge matrix, as it always
consists of the first half of rows (columns) versus the second half of rows (columns). This
result on the bisection problem was solved using exchange arguments and directly implies
Proposition 8.14. Another proof of Proposition 8.14 uses the extremal rays of the cone of
nonnegative Monge matrices of size n. It can be shown that for any matrix R describing an
extremal ray of this cone the permutation given by (8.17) is optimal. For details see, e.g.,
Çela [176].

8.4.2 Diagonally structured matrices

A matrix A = (aik) with constant entries on its diagonals is called a Toeplitz matrix. More
formally, a Toeplitz matrix is defined by the 2n− 1 constants γ−(n−1), γ−(n−2), . . . , γ0, . . . ,
γn−1 with

aik = γi−k (i, k = 1, 2, . . . , n).
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In the caseγ−r = γr we have a symmetricToeplitz matrix. Ifγk−n = γk for k = 1, 2, . . . , n−
1, the matrix is called a circulant matrix. We say that a matrix A = (aik) is monotone if

aik ≤ ai,k+1 and aik ≤ ai+1,k for all i, k.

Example 8.15. For n = 4, A is a Toeplitz matrix defined by γ = (7, 3,−1, 0, 1, 2, 4), B
is a circulant matrix defined by γ = (3, 2, 1, 0, 3, 2, 1), and C is a monotone matrix:

A =

⎛⎜⎜⎝
0 −1 3 7
1 0 −1 3
2 1 0 −1
4 2 1 0

⎞⎟⎟⎠ ; B =
⎛⎜⎜⎝

0 1 2 3
3 0 1 2
2 3 0 1
1 2 3 0

⎞⎟⎟⎠ ; C =
⎛⎜⎜⎝

1 2 3 4
2 3 4 4
2 4 6 7
3 5 6 8

⎞⎟⎟⎠ .
Symmetric Toeplitz matrices occur, for example, when n rooms of equal size are

to be assigned along a corridor in a hospital (see Picard and Queyranne [547]). If the
distance between two neighboring rooms is just one unit, we get as distances bjl = |j − l|
(j, l = 1, 2, . . . , n), which is a symmetric Toeplitz matrix. Other applications with such
a distance matrix have been described by Sarker, Wilhelm, and Hogg [596] in connection
with the design of a flowline in a manufactoring system and by Bhasker and Sahni [95] who
arranged circuit elements along a straight line.

Another application involving a Toeplitz matrix is the so-called turbine runner prob-
lem, originally stated by Bolotnikov [106] and Stoyan, Sokolovskii, and Yakovlev [625].
Laporte and Mercure [446] observed that this problem can be formulated as a QAP (see
also Mosevich [499] and Schlegel [598]). A turbine consists of a cylinder around which
the blades are welded in regular spacings. Due to the manufactoring process, the blades
have slightly different masses. In the turbine runner problem we want to arrange the blades
on the cylinder such that the distance between the gravity center and the rotation axis is
minimized. We can model this problem as follows. The masses of the n blades are positive
numbers 0 < m1 ≤ m2 ≤ · · · ≤ mn. The regular spacings on the cylinder are modeled
by the vertices v1, v2, . . . , vn of a regular polygon on the unit circle in the Euclidean plane.
Thus the vertices have the coordinates

vi =
(

sin
2iπ

n
, cos

2iπ

n

)
(i = 1, 2, . . . , n).

We want to find a permutation ϕ which minimizes the Euclidean norm of the vector

v =
(

n∑
i=1

mϕ(i) sin
2iπ

n
,

n∑
i=1

mϕ(i) cos
2iπ

n

)
.

A simple calculation reveals that this problem is equivalent to

min
ϕ

n∑
i=1

n∑
k=1

mϕ(i)mϕ(k) cos
2(i − k)π

n
. (8.18)

Problem (8.18) is a quadratic assignment problem QAP(A,B) with a symmetric Toeplitz
matrix A = (aik) = (cos(2(i − k)π/n)) and a product matrix B = (bjl) = (mjml).



book
2008/12/11
page 277

8.4. Easy and Hard Special Cases 277

Moreover, since the massesmj are ordered by nondecreasing values, matrix B is an inverse
Monge matrix. In [143] the following has been shown, by reduction from the NP-complete
even-odd partition problem.

Theorem 8.16. The turbine runner problem (8.18) is NP-hard.

If we consider the maximization version of the turbine runner problem, namely,

max
ϕ

n∑
i=1

n∑
k=1

mϕ(i)mϕ(k) cos
2(i − k)π

n
, (8.19)

we get the QAP(−A,B) where

−A = −(aik) =
(
− cos

2(i − k)π
n

)
(8.20)

is a symmetric Toeplitz matrix which fulfills the following additional property. An (n× n)
Toeplitz matrix generated by γ−(n−1), . . . , γ0, . . . , γn−1 is called benevolent if

γ−i = γi for i = 1, 2, . . . , n− 1, (8.21)

γi ≤γi+1 for i = 1, 2, . . . , �n/2� − 1, (8.22)

γi ≤γn−i for i = 1, 2, . . . , �n/2� − 1. (8.23)

Example 8.17. Forn = 7,A is a benevolent Toeplitz matrix generated by γ = (2, 5, 8, 4, 3,
2, 6, 2, 3, 4, 8, 5, 2):

A =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

6 2 3 4 8 5 2
2 6 2 3 4 8 5
3 2 6 2 3 4 8
4 3 2 6 2 3 4
8 4 3 2 6 2 3
5 8 4 3 2 6 2
2 5 8 4 3 2 6

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Note that (8.21) implies that every benevolent Toeplitz matrix is symmetric. By
a careful investigation of the extremal rays of the cone of inverse Monge matrices with
positive entries and the cone of benevolent Toeplitz matrices, the following theorem has
been proven in [143].

Theorem 8.18. The quadratic assignment problem QAP(A,B) where A is a benevolent
Toeplitz matrix andB is a monotone inverse Monge matrix is solved by the cyclic permutation

ϕ = 〈1, 3, 5, . . . , n, . . . , 6, 4, 2〉. (8.24)

In particular, the permutation (8.24) solves the maximization version of the turbine
runner problem 8.19, since the matrix −A of (8.20) is benevolent.
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The permutation (8.24) is well known in the theory of well-solvable TSPs, since
Supnick [627] showed the following.

Proposition 8.19. Every TSP with a symmetric Monge matrix as a distance matrix is solved
by the tour

1 → 3 → 5 → · · · → n→ · · · → 6 → 4 → 2.

Theorem 8.18 directly provides proof of the above statement.
Theorem 8.18 also finds application in data arrangements in linear storage media.

Consider n records r1, r2, . . . , rn where record ri is referenced repetitively with probability
pi . Without loss of generality the records can be numbered such that p1 ≤ p2 ≤ · · · ≤ pn.
The goal is to store the records in a linear array (e.g., on a tape) such that the expected
distance between consecutively referenced records is a minimum. This leads to the QAP

min
ϕ

n∑
i=1

n∑
k=1

pϕ(i)pϕ(k)dik, (8.25)

where dik is a distance function which only depends on |i − k|. Several authors (Timofeev
and Litvinov [639], Burkov, Rubinstein, and Sokolov [160], Metelski [488], and Pratt [558])
proved (special cases of) the following.

Proposition 8.20. If the distance function dik = f (|i − k|) stems from a nondecreasing
function f , then the data arrangement problem (8.25) is solved by the cyclic permutation
(8.24).

More generally, Hardy, Littlewood, and Pólya [363] showed the following in 1926.

Proposition 8.21. Let A be a monotone product matrix and let B be a symmetric Toeplitz
matrix generated by a function f that is nondecreasing on {0, 1, . . . , n}. Then QAP(A,B)
is solved by (8.24).

In both propositions one of the matrices is a monotone inverse Monge matrix and
the distance matrix is a benevolent Toeplitz matrix. Thus they are direct consequences
of Theorem 8.18. Recently, Demidenko, Finke, and Gordon [224] derived two sets of
conditions for matrices A and B which guarantee that the cyclic permutation (8.24) is
an optimal solution of QAP(A,B). The new conditions rely on special orderings of the
elements of A and B. In particular, A is not any more in general a Toeplitz matrix and B is
not any more an inverse Monge matrix.

In [143] periodic continuations of benevolent Toeplitz matrices were also considered,
which lead to further special cases (see also Çela [176]). Demidenko [222] generalized
the results of QAPs with inverse Monge and Toeplitz matrices. Moreover, Demidenko and
Dolgui [221, 223] recently proposed new conditions which guarantee that the QAP attains
its optimum on a given permutation. Çela [176] proved the following.

Proposition 8.22. Every permutation yields the same value in a QAP defined by a sum
matrix and a circulant matrix.
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8.4.3 Ordered matrices

In this section we consider a QAP(A,B) where the entries in the matrices A and B fulfill
certain order requirements. A matrix A = (aik) is called left-higher graded if both its rows
and columns are nondecreasing, i.e., aik ≤ ai,k+1 and aik ≤ ai+1,k for all i, k. A matrix is
called right-lower graded if both its rows and columns are nonincreasing, i.e., aik ≥ ai,k+1

and aik ≥ ai+1,k for all i, k. The terms left-lower graded and right-higher graded are
defined in an analogous way.

The following proposition generalizes an earlier result by Krushevski [436].

Proposition 8.23. Let A be a left-higher graded matrix, and let B be a right-lower graded
matrix. Then the identical permutation solves QAP(A,B).

Proof. Due to Proposition 5.8, the following inequalities hold for any pair of permutations
ϕ and ψ :

n∑
i=1

n∑
k=1

aikbϕ(i)ψ(k) ≥
n∑
i=1

n∑
k=1

aikbiψ(k) ≥
n∑
i=1

n∑
k=1

aikbik. (8.26)

Thus the identical permutation is an optimal solution.

Remark: The same proof shows that the identical permutation is also an optimal solution
whenA is left-lower graded andB is right-higher graded. The complexity of the apparently
simple problem where matrix A is left-higher graded and matrix B is right-higher graded is
not known. A generalization of Proposition 8.23 has been shown by Krushevski [437] (see
also Burkard, Çela, Demidenko, Metelski, and Woeginger [140]).

Çela [176] studied QAPs with matrices having a small bandwidth. Among other
results she showed the following proposition.

Proposition 8.24. Let A be a left-higher graded inverse Monge matrix, and let B be a
symmetric Toeplitz matrix generated by γ1 = γ−1 = 1 and γi = 0 if i �∈ {1,−1}. In this
case QAP(A,B) is solved by the zig-zag permutation

ϕ(i) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
n− i if i < n/2 and i is odd;

i if i ≤ n/2 and i is even;

i if i > n/2 and n− i is even;

n− i if i ≥ n/2 and n− i is odd.

For a proof and further results in this area we refer the reader to [176].

8.4.4 Problems generated by a special underlying graph

Up until now we studied special Koopmans–Beckmann problems QAP(A,B) where the
matrices A and B fulfill certain order relations or algebraic conditions. In this section we
view the matrices A and B as weighted adjacency matrices of undirected graphs G1 and
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G2, and we require that the permutation ϕ ∈ I(G1,G2), i.e., is an isomorphism between
G1 and G2 (see also Section 7.1.5). The study of such problems goes back to Christofides
and Gerrard [187]. Their strongest result is the following.

Theorem 8.25. Let T1 and T2 be two isomorphic trees with n vertices and arbitrary weights
on the edges. Moreover, let A and B be the symmetric weighted adjacency matrices of T1

and T2, respectively. Then the QAP

min
ϕ∈I(G1,G2)

n∑
i=1

n∑
k=1

aikbϕ(i)ϕ(k) (8.27)

can be solved by a polynomial-time dynamic programming algorithm.

On the other hand, it is shown in [187] that the cheapest embedding of a tree with n
vertices in a weighted complete graph Kn is NP-hard. Rendl [573] generalized Theorem
8.25 to a certain class of vertex series parallel digraphs. These graphs are defined recursively
in terms of their minimal members, the so-called minimal vertex series parallel digraphs
(MVSP), namely:

(i) a digraph consisting of just a single vertex is an MVSP digraph;

(ii) given two vertex disjoint MVSP digraphs Gi = (Vi, Ei) for i = 1, 2, the following
parallel and series compositions lead again to an MVSP digraph:

parallel composition: Gp = (V1 ∪ V2, E1 ∪ E2);

series composition: Gs = (V1 ∪ V2, E1 ∪ E2 ∪ (T1 × S2)), where
T1 is the set of terminal nodes in G1 and
S2 is the set of sources in G2.

A vertex series parallel digraph is a digraph whose transitive closure equals the transitive
closure of an MVSP digraph. Rendl’s main result is the following theorem.

Theorem 8.26. Let A and B be the weighted adjacency matrices of two isomorphic MVSP
digraphs G1 and G2. Then the QAP

min
ϕ∈I(G1,G2)

n∑
i=1

n∑
k=1

aikbϕ(i)ϕ(k) (8.28)

is NP-hard. However, if none of G1 and G2 contains the complete bipartite digraph K2,2

as vertex induced subgraph, then (8.28) can be solved in polynomial time.

The proof of the second result uses the canonical decomposition tree of the isomorphic
MVSP digraphs. The result of Theorem 8.26 can also be extended to edge series parallel
digraphs. Similar results on other graph classes, for example, planar graphs, are not known.

Erdoğan and Tansel [258] identified the following special case of QAP(A,B). Let A
be the adjacency matrix of a graph with path structure (i.e., every vertex of the underlying
graph has degree 0, 1, or 2), and let B be the (weighted) adjacency matrix of a grid with a
rows and b columns such that ab = n. In this case an optimal solution of QAP(A,B) can
be found in polynomial time.
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Chapter 9

Other types of quadratic
assignment problems

9.1 Quadratic bottleneck assignment problem
In Section 7.1.6 we briefly introduced the quadratic bottleneck assignment problem (QBAP)
in Koopmans–Beckmann form as

min
ϕ∈Sn

max
1≤i,k≤n

aikbϕ(i)ϕ(k), (9.1)

Sn being the set of all permutations of the integers 1, 2, . . . , n. An instance of this problem
will be denoted as QBAP(A,B), while QBAP(A,B,C) will denote an instance of the
problem in which a linear term is present, namely,

min
ϕ∈Sn

max

(
max

1≤i,k≤n
aikbϕ(i)ϕ(k) , max

1≤i≤n
ciϕ(i)

)
. (9.2)

The meaning of the input matrices is the same as for the QAP (see Section 7.1.1): aik
is the flow from facility i to facility k, bjl is the distance from location j to location l, and cij
is the cost of placing facility i at location j . In addition, the QBAP, too, can be formulated
in a more general version through a four-index cost array D = (dijkl):

min
ϕ∈Sn

max
1≤i,k≤n

diϕ(i)kϕ(k). (9.3)

The first occurrence of the QBAP is due to Steinberg [623] and arises as an application
in backboard wiring when we want to minimize the maximum length of the involved wires.
Another important application, the bandwidth minimization problem, was investigated by
Kellerer and Wirsching [413]. We want to find a permutation of the rows and columns of a
given symmetric matrix T such that the permuted matrix has a minimum bandwidth. Since
the bandwidth of a symmetric matrix T is the maximum absolute difference |i−j | for which
tij �= 0, it is easy to see that this problem can be modeled as a special QBAP with a 0-1
matrix A which has aij = 1 if and only if tij �= 0. Defining the distance matrix B = (bjl)

with bjl = |j − l| and solving the corresponding QBAP(A,B) leads to an optimal solution
of the bandwidth minimization problem.

281
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QBAPs occur in many other applications (such as VLSI design and quadratic assign-
ment under time aspects). Virtually any application of the QAP corresponds to a QBAP
model, because it often makes sense to minimize the largest cost instead of the overall cost
incurred by some decision.

From a practical point of view, QBAPs are often easier to solve than QAPs, although
they are NP-hard, too. Since the problem of checking whether an undirected graph con-
tains a Hamiltonian cycle can be modeled as a QBAP(A,B) whereA is the complementary
adjacency matrix of an undirected graph and B is the matrix representing a cyclic permu-
tation (see Section 7.1.2), QBAP is NP-hard even in the case of (0, 1) matrices A and B.

We see in Section 6.2.2 that a natural approach for solving an LBAP is to use a
threshold technique. The same is true for the quadratic case. For the Lawler’s formulation,
cost coefficients of the form diij l (with j �= l) or dijkk (with i �= j ) can never occur, so we
can have at most n4−2(n3−n2) different values. For Koopmans–Beckmann problems the
coefficients which can occur are of the form aiibjj or products of off-diagonal elements of
the matrices A and B. In the first case we get n2 products for the diagonal elements, while
in the second case we have n(n − 1) off-diagonal elements in A which are multiplied by
the same number of off-diagonal elements in B. In both cases n2(n − 1)2 + n2 different
objective function values can occur.

An important question is, therefore, again the computation of strong lower bounds.
We show in the next sections how the Gilmore–Lawler bounds turn over to QBAPs.

9.1.1 Gilmore–Lawler bound for the Koopmans–Beckmann form

Let us consider a QBAP(A,B,C). Throughout this section we assume that all cost coef-
ficients aik, bjl , and cij are nonnegative numbers. We shall make use of Proposition 6.15,
which replaces the result on minimum scalar products. For any two nonnegative vectors a
and b of the same dimension n, where the elements of a are ordered increasingly and the
elements of b are ordered decreasingly, we define

[a, b]− = max
1≤k≤n

akbk. (9.4)

Due to Proposition 6.15 we have for any permutation ϕ

[a, b]− ≤ max
1≤k≤n

akbϕ(k). (9.5)

Since the diagonal elements of matrixA can only be mapped to the diagonal elements
of matrix B, we can replace matrix C = (cij ) by

cij = max(cij , aiibjj ). (9.6)

Moreover, we can delete the diagonal elements in matrices A and B. As in Section 7.5.1
we denote the (n − 1)-dimensional vector obtained from the ith row of A by deleting the
element aii by âi . For every row j of matrix B the vector b̂j is defined in an analogous way.
Let us suppose that a solution ϕ maps i to j = ϕ(i). We can fix the indices i and j , and get
a lower bound for

max
1≤k≤n−1

âikb̂jϕ(k)
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by ordering the elements of âi increasingly and the elements of b̂j decreasingly and forming

[âi , b̂j ]−. (9.7)

So, in order to compute a lower bound on the optimum value of a QBAP instance, we first
compute the n2 values [âi , b̂j ]− and define a new cost matrix L = (lij ) of an LBAP by

lij = max(cij , [âi , b̂j ]−) (i, j = 1, 2, . . . , n). (9.8)

We obtain the bottleneck Gilmore–Lawler bound B-GLB for the Koopmans–Beckmann
QBAP by solving an LBAP with cost matrix L.

Example 9.1. Let us consider a Koopmans–Beckmann bottleneck problem with the same
data as in Example 7.12:

A =

⎛⎜⎜⎝
7 2 1 7
0 0 4 2
3 0 5 6
2 3 4 0

⎞⎟⎟⎠ , B =

⎛⎜⎜⎝
1 7 3 1
2 1 0 6
0 4 2 6
0 0 3 7

⎞⎟⎟⎠ , and C = 0.

Now we get

â1 = (2, 1, 7), b̂1 = (7, 3, 1);
â2 = (0, 4, 2), b̂2 = (2, 0, 6);
â3 = (3, 0, 6), b̂3 = (0, 4, 6);
â4 = (2, 3, 4), b̂4 = (0, 0, 3).

Therefore, the matrix

([âi , b̂j ]−) =

⎛⎜⎜⎝
7 6 8 3
6 4 8 0
9 6 12 0

14 12 12 6

⎞⎟⎟⎠
together with matrices C and

(aiibjj ) =

⎛⎜⎜⎝
7 7 14 49
0 0 0 0
5 5 10 35
0 0 0 0

⎞⎟⎟⎠
yields

L =

⎛⎜⎜⎝
7 7 14 49
6 4 8 0
9 6 12 35

14 12 12 6

⎞⎟⎟⎠ .
Since the smallest element in the third column is 8, the LBAP has at least the objective value
8, and, indeed, this is the optimal value of the LBAP, as the permutation ϕ = (1, 3, 2, 4)
shows. This permutation yields for the given data the objective function value 36 which
is, therefore, an upper bound for the optimum value. In order to find an optimal solution a
branch-and-bound algorithm might now be entered.
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Note that in the bottleneck case the B-GLB cannot be improved by reduction methods
due to the absorption property of the maximum-operator.

9.1.2 Gilmore–Lawler bound for the general form

This section is based on Burkard [127]. In this section we consider bottleneck QAPs with
a general cost array D. As in the sum case, we use the Kronecker product formulation
(7.17)–(7.19) where the cost coefficients dijkl are arranged in an n2×n2 matrixD such that
the entry dijkl lies in row (i − 1)n + k and column (j − 1)n + l. Remember that we can
write D as a matrix (Dij ) where every Dij is the matrix (dijkl) with fixed indices i and j .
The coefficients dijil with j �= l and the coefficients dijkj with i �= k can never occur in the
objective function since ϕ is a one-to-one mapping. Therefore, we can again assume

dijkl = ∞ for (i = k and j �= l) or (i �= k and j = l). (9.9)

For every pair (i, j) we solve the LBAP with cost matrix Dij . Let the optimal value
of this problem be lij . Next, we collect the values lij in a cost matrix L and solve an LBAP
with this cost matrix. The optimum value of this problem constitutes a lower bound for
the quadratic bottleneck problem, since we just relaxed the property that the solution of the
quadratic problem must be a Kronecker product of an (n× n) permutation matrix.

As in the sum case, a strengthening of the bound is possible by taking into account
that xij xkl = xklxij . Therefore, we can replace dijkl as well as dklij by the maximum of
these two entries and apply afterwards the bounding procedure described above.

Example 9.2. Let the cost coefficients of a general QBAP be given as in Example 7.20:

D =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

10 ∗ ∗ ∗ 2 ∗ ∗ ∗ 3
∗ 5 3 7 ∗ 4 4 1 ∗
∗ 1 2 3 ∗ 2 8 9 ∗
∗ 1 2 1 ∗ 5 4 2 ∗
2 ∗ ∗ ∗ 2 ∗ ∗ ∗ 3
∗ 5 5 8 ∗ 9 1 8 ∗
∗ 7 8 9 ∗ 1 4 3 ∗
∗ 1 4 1 ∗ 8 1 2 ∗
9 ∗ ∗ ∗ 9 ∗ ∗ ∗ 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

By applying the symmetrization step we obtain the matrix⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

10 ∗ ∗ ∗ 2 ∗ ∗ ∗ 3
∗ 5 4 7 ∗ 4 4 5 ∗
∗ 9 4 7 ∗ 3 8 9 ∗
∗ 7 4 5 ∗ 5 4 4 ∗
2 ∗ ∗ ∗ 2 ∗ ∗ ∗ 3
∗ 5 5 8 ∗ 9 4 8 ∗
∗ 7 8 9 ∗ 9 4 3 ∗
∗ 8 4 5 ∗ 8 5 9 ∗
9 ∗ ∗ ∗ 9 ∗ ∗ ∗ 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
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Solving the n2 LBAPs with the cost matrices Dij yields the matrix

L =
⎛⎝ 10 7 8

5 8 4
9 9 5

⎞⎠ .
The minimum element in the first row of L is 7, and, indeed, there exists a (unique) optimal
solution of the LBAP with cost matrix L, namely, the permutation ϕ = (2, 1, 3). The value
of the quadratic bottleneck objective function for this permutation is 7, too. (This is easy
to check using the Kronecker product Xϕ ⊗Xϕ .) Therefore, the optimal value of the given
QBAP is 7 and ϕ = (2, 1, 3) is an optimal solution of the given problem.

9.2 Asymptotic results
In Section 5.1.1 we discuss random LSAPs. If the cost coefficients cij of an LSAP are i.i.d.
random variables generated according to an exponential distribution with mean 1, Aldous
theorem, Theorem 5.2, says that the expected optimum value of the LSAP tends to π2/6.
On the other hand, the worst solution value tends to infinity, as already the greedy solution
grows with n like log n (see Proposition 5.1). Random QAPs show a completely different
behavior, namely, the ratio between the optimal solution and an arbitrary feasible solution
tends to one almost surely, as the size of the problem tends to infinity.

Specifically, Burkard and Fincke [147, 146] showed, for the Koopmans–Beckmann
QAP and the bottleneck QAP, that the ratio of the worst and the optimal feasible solution
tends to 1 in probability. Frenk, van Houweninge, and Rinnooy Kan [281] strengthened
this result for QAPs to almost sure convergence (see also Rhee [579, 580]). Burkard and
Fincke [148] extended the above convergence in probability result to a class of combinato-
rial optimization problems characterized by a specific combinatorial condition. This result
was strengthened to almost sure convergence by Szpankowski [628]. Following an idea
of Bonomi and Lutton [107], Albrecher, Burkard, and Çela [23] recently showed that the
asymptotic behavior of QAPs can be deduced by means of arguments from statistical me-
chanics. Finally, sharp convergence rates of the relative difference between best and worst
solutions of QBAPs were recently obtained by Albrecher [22]. In the following we first
describe the asymptotic analysis for generic combinatorial optimization problems and then
deduce from these results the asymptotic behavior of QAPs. Finally, we report results on
random quadratic bottleneck problems in Section 9.2.3.

9.2.1 Generic combinatorial optimization problem

A generic combinatorial optimization problem P may be defined as follows. Let a ground
set E be given. A feasible solution S is a subset of the ground set E. The set of all feasible
solutions is denoted by F . With every (feasible) subset S of the ground set we associate a
(real) cost F(S). In particular, if we associate with any element e ∈ E of the ground set E
the cost c(e), we may define the sum objective function as

F(S) =
∑
e∈S

c(e) (9.10)
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and the bottleneck objective function as

F(S) = max
e∈S c(e).

For fixed n we denote by BV (n) and WV (n), respectively, the best and worst objective
function value of a problem of size n:

BV (n) = min
S∈F

F(S),

WV (n) = max
S∈F

F(S).

In the case of a QAP of size n we have the ground set

En = {(i, j, k, l) : i, j, k, l = 1, 2, . . . , n; i = k if and only if j = l} .

A feasible solution of the QAP is given by

Sϕ = {(i, k, ϕ(i), ϕ(k)) : i, k = 1, 2, . . . , n},

where ϕ is a permutation of N = {1, 2, . . . , n} (i.e., ϕ ∈ Sn; see Section 1.1). Finally, we
have

Fn = {Sϕ : ϕ is a permutation of N}
as the set of all feasible solutions.

On the other hand, a linear assignment problem of size n can be described as follows.
The ground set Ēn is given by Ēn = {(i, j) : i, j = 1, 2, . . . , n}, a feasible solution is
represented by the set S̄ϕ = {(i, ϕ(i)) : i = 1, 2, . . . , n} for some permutation ϕ of N , and
the set of all feasible solutions is

F̄n = {S̄ϕ : ϕ is a permutation of N} .

Both problems, the linear and the quadratic assignment problems, have the property
that for fixed n the size of a feasible solution is fixed, namely, |Sϕ| = n2 for any permutation
ϕ in the case of a QAP, and |S̄ϕ| = n in the case of a linear assignment problem. The number
of feasible solutions, however, is n! in both problems.

The different asymptotic behavior of linear and quadratic assignment problems is due
to the condition

∃λ > 0 : lim
n→∞(λ|S| − log |F |) = ∞. (9.11)

It is clear that (9.11) is fulfilled for the QAP (S = Sϕ) since we have limn→∞(log(n!)/n2) =
0, but it is not fulfilled for the linear assignment problem (S = S̄ϕ) since we have limn→∞
(log(n!)/n) = ∞.

We are now going to prove the following theorem by Burkard and Fincke [148].
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Theorem 9.3. Consider a sequence of generic combinatorial optimization problems with
sum objectives (9.10), where for fixed n all feasible solutions have the same cardinality |Sn|.
For any n, let c(e) be identically distributed random variables in [0, 1] with expected value
μ and variance σ 2 > 0, where the c(e) values are independent for every fixed solution. For
a given ε let δ fulfill

0 < δ ≤ σ 2 and 0 <
μ+ δ
μ− δ ≤ 1+ ε. (9.12)

Moreover, let condition (9.11) be fulfilled for

λ = 2

(
δσ

δ + 2σ 2

)2

.

Then

lim
n→∞P

{
WV (n)

BV (n)
< 1+ ε

}
≥ lim

n→∞(1− 2|Fn| exp(−λ|Sn|)) = 1. (9.13)

For proving this theorem we make use of the following Lemma by Rényi [577]
(Theorem 1, page 387).

Lemma 9.4. Consider n independent random variables X1, X2, . . . , Xn such that |Xk −
E(Xk)| ≤ 1 for k = 1, 2, . . . , n. Let

L =
√√√√ n∑

k=1

σ 2(Xk) (9.14)

and let ν be a positive number with ν ≤ L. Then

P

{∣∣∣∣∣
n∑
k=1

(Xk − E(Xk))

∣∣∣∣∣ ≥ νL
}
≤ 2 exp

(
− ν2

2(1+ ν/2L)2
)
. (9.15)

We now prove Theorem 9.3.

Proof. Let S = Sn, and define

ν = δ
√|S|
σ

and λ = 2

(
δσ

δ + 2σ 2

)2

.

Note that in the case of random variables c(e) with e ∈ S we get

L =
√√√√ n∑

k=1

σ 2(c(e)) = σ√|S|. (9.16)
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We now consider the following chain of inequalities:

P

{
∃S ∈ Fn :

∣∣∣∣∣∑
e∈S
(c(e)− μ)

∣∣∣∣∣ ≥ δ|S|
}

≤
∑
S∈Fn

P

{∣∣∣∣∣∑
e∈S
(c(e)− μ)

∣∣∣∣∣ ≥ δ|S|
}

≤ |Fn|P
{∣∣∣∣∣∑

e∈S
(c(e)− μ)

∣∣∣∣∣ ≥ δ
√|S|
σ

σ
√|S|}

≤ 2|Fn| exp

⎛⎜⎝−(
δ
√|S|
σ

)2
1

2
(

1+ δ
√|S|
σ

1
2
√|S|σ

)2

⎞⎟⎠ (by Lemma 9.4)

= 2|Fn| exp(−λ|S|) (by definition of λ).

Applying condition (9.11) yields

lim
n→∞P

{
∃S ∈ Fn :

∣∣∣∣∣∑
e∈S
(c(e)− μ)

∣∣∣∣∣ ≥ δ|S|
}
= 0

or, equivalently,

lim
n→∞P

{
∀S ∈ Fn :

∣∣∣∣∣∑
e∈S
(c(e)− μ)

∣∣∣∣∣ < δ|S|
}
= 1. (9.17)

If all S ∈ Fn fulfill
∣∣∑

e∈S(c(e)− μ)
∣∣ < δ|S|, then we have

WV (n) < (μ+ δ)|S| and BV (n) > (μ− δ)|S|.
Thus by (9.12) we get

WV (n)

BV (n)
<
(μ+ δ)
(μ− δ) ≤ 1+ ε.

It immediately follows from (9.17) that

lim
n→∞P

{
WV (n)

BV (n)
< 1+ ε

}
= 1. (9.18)

In 1995, Szpankowski [628] applied a different analysis to random generic combi-
natorial optimization problems and showed the following stronger result. Remember that
f (n) = o(g(n)) means that limn→∞(f (n)/g(n)) = 0.

Theorem 9.5. Let the cost coefficients c(e) of a generic combinatorial optimization problem
be i.i.d. random variables with finite mean μ, finite variance, and finite third moment.
Moreover, let

|Fn| ≤ |Fn+1| (9.19)
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and
log |Fn| = o(|S|). (9.20)

Then

|S|μ− o(|S|) = BV (n) ≤ WV (n) = |S|μ+ o(|S|) almost surely. (9.21)

Spankowski noted that only convergence in probability can be shown if the growth
condition (9.19) is dropped. Condition (9.20) is a little stronger than (9.11).

A related result under slightly different probabilistic assumptions is shown in Al-
brecher, Burkard, and Çela [23]. In particular it is assumed that the costs are random
variables drawn from a finite interval [0,M] and that the size of the feasible solutions, |Sn|,
grows monotonically with n as log n = o(|Sn|). In this case the Chernoff–Hoëffding bound
(see Chernoff [184], Hoëffding [371]) yields

P

(
sup
S∈Fn

∣∣∣∣F(S)|S|
∣∣∣∣ > ε

)
≤ |Fn| exp

(
−2ε2|S|

M2

)
. (9.22)

Due to the growth condition log n = o(|Sn|), the right-hand side of (9.22) is summable for
all ε > 0 which yields, by using the Borel–Cantelli lemma (see, e.g., Billingsley [97]),

P

(
lim
n→∞

BV (n)

|Sn| = μ
)
= 1. (9.23)

It is interesting to note that the last result can also be derived using methods from
statistical mechanics. Bonomi and Lutton [107] applied the framework of statistical me-
chanics to the QAP. For a generic combinatorial optimization problem one can proceed as
follows. The feasible solutions of a combinatorial optimization problem correspond to the
states of a physical system, the objective function to the energy of the corresponding state.
In statistical mechanics, the partition functionQ(T ) of a system at temperature T is defined
by

Q(T ) =
∑
j

exp

(
− Ej

kBT

)
, (9.24)

where kB denotes the Boltzmann constant and we sum over all possible states. The thermal
equilibrium of a thermodynamic system is characterized by the Boltzmann distribution
where the probability for the system of being in state i with energy Ei at temperature T is
given by

1

Q(T )
exp

(
− Ei

kBT

)
. (9.25)

This formalism can be turned over to a combinatorial optimization problem. The probability

P(S) = exp(−F(S)τ)
Q(τ)

(9.26)

is assigned to each feasible solution S ∈ F , where τ mimics 1/T . In analogy to (9.24) a
partition function is defined by

Q(τ) =
∑
s∈F

exp(−F(S)τ). (9.27)
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If E(F (S), τ ) denotes the expected value of the objective function F(S) in the above prob-
abilistic model for fixed τ , it can easily be shown that

E(F (S), τ ) = − d

dτ
(logQ(τ)). (9.28)

In Albrecher, Burkard, and Çela [23] a careful investigation of logQ(τ)/|S| finally yields
(9.23).

9.2.2 Quadratic assignment problem

When we assume that the cost coefficients aik and bjl of a Koopmans–Beckmann problem
are i.i.d. in [0, 1]with positive variance, we immediately get that the c(e) values for e ∈ S are
independently distributed. (Note that this is not the case for the products aikbjl .) Moreover,
since |S| = n2 and |Fn| = n!, condition (9.11) is fulfilled for every λ > 0. Thus Proposition
9.3 implies the following.

Proposition 9.6. Let the cost coefficients aik and bjl of a Koopmans–Beckmann problem
be i.i.d. random variables in [0, 1] with positive variance. Then, for all ε > 0,

lim
n→∞P

(
WV (n)

BV (n)
< 1+ ε

)
= 1. (9.29)

An analogous result holds for the general QAP, namely,

lim
n→∞P

⎛⎜⎜⎜⎜⎝
max
ϕ∈Fn

n∑
i=1

n∑
k=1

diϕ(i)kϕ(k)

min
ϕ∈Fn

n∑
i=1

n∑
k=1

diϕ(i)kϕ(k)

< 1+ ε

⎞⎟⎟⎟⎟⎠ = 1. (9.30)

Frenk, van Houweninge, and Rinnooy Kan [281] improved these results by showing that
the convergence holds almost surely. In particular they showed the following.

Proposition 9.7. Let the cost coefficients aik and bjl be mutually i.i.d. random variables in
(0,∞) with E(aikbik) > 0 and finite E(exp(−λaikbik)) in a neighborhood of 0. Then there
exists a constant K such that

lim
n→∞sup

√
n

log n

∣∣∣∣∑n
i=1

∑n
k=1 aikbϕ(i)ϕ(k)

n2E(aikbik)
− 1

∣∣∣∣ ≤ K almost everywhere (9.31)

for all permutations ϕ.

The almost sure convergence can immediately be deduced from Szpankowski’s the-
orem 9.5. For improved convergence rates see Rhee [580].

Special attention found the case of planar QAPs, where aik is the distance between
independent and uniformly distributed random vectors in the unit square (see Burkard and
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Fincke [147], Frenk, van Houweninge, and Rinnooy Kan [281], and Rhee [579]). The
strongest result is due to Rhee, who showed, for planar QAPs, that

lim
n→∞sup

√
n

log n

∣∣∣∣∑n
i=1

∑n
k=1 aikbϕ(i)ϕ(k)

n2E(aik)E(bjl)
− 1

∣∣∣∣ ≤ K almost everywhere. (9.32)

These results are remarkable as they show that the objective function values of a
random QAP lie closely together, i.e., they form a very flat landscape. This explains why it
is so difficult to find the true optimum, whereas it is rather simple to find good suboptimal
solutions. Indeed, using Proposition 9.6, Dyer, Frieze, and McDiarmid [244] showed the
following.

Theorem 9.8. Consider a branch-and-bound algorithm for solving a Koopmans–Beckmann
QAP whose cost coefficients aik and bjl are i.i.d. random variables in [0, 1] with positive
variance, and assume that the bounds are computed by using the Frieze–Yadegar lineariza-
tion (7.45)–(7.50). Then the number of branched nodes is at leastn(1−o(1))n/4 with probability
1 as the size n of the QAP tends to infinity.

9.2.3 Quadratic bottleneck assignment problem

The asymptotic analysis of generic combinatorial optimization problems becomes even
easier in the case of a bottleneck objective; see Burkard and Fincke [148] for a convergence
in probability result, as well as Szpankowski [628] who showed that Theorem 9.5 holds for
the case

BV (n) = min
S∈F

max
e∈S c(e),

WV (n) = max
S∈F

max
e∈S c(e).

Recently, Albrecher [22] sharpened the convergence rates of QBAP given by Burkard and
Fincke [146] proving the following.

Proposition 9.9. Let the cost coefficients of a QBAP be i.i.d. random variables in [0, 1].
Then

WV (n)− BV (n)
BV (n)

≤
√

2 log n

n

(
1− 1

2 log n
− 1

8(log n)2

)
almost surely.

9.3 Cubic and quartic assignment problem
In 1963 Lawler [447] suggested the consideration of cubic, quartic, . . . , n-adic assignment
problems. But it was only 30 years later that such models found a closer interest due to an
application in VLSI synthesis, where programmable logic arrays have to be implemented.
The encoding of states such that the actual implementation by flip-flops is of minimum
size leads in the case of data flip-flops to a QAP, but in case of toggle flip-flops it leads to
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quartic assignment problems. For details of this application see Burkard, Çela, and Klinz
[141], who studied biquadratic (= quartic) assignment problems, derived lower bounds,
and investigated the asymptotic probabilistic behavior of such problems. Burkard and
Çela [137] developed metaheuristics for quartic assignment problems and compared their
computational performance. Recently, cubic and quartic assignment problems found a role
in sharpening bounds for the QAP, as in Adams, Guignard, Hahn, and Hightower [4] and
Hahn [356]. Winter and Zimmermann [665] used a cubic assignment problem for finding
the minimum shunting of trams in a storage yard. (Note that the objective function (2.1.1)
in [665] contains some typos in the indices, but is actually the objective function of a cubic
AP.)

The cubic assignment problem (Cubic AP) can be stated as follows. Let two arrays
A = (aikp) and B = (bjlq) (i, j, k, l, p, q = 1, 2, . . . , n) be given. The problem is then

min
ϕ∈Sn

n∑
i=1

n∑
k=1

n∑
p=1

aikpbϕ(i)ϕ(k)ϕ(p), (9.33)

where Sn denotes the set of all permutations of the integers 1, 2, . . . , n. This problem is
used in Section 7.3.5 to obtain improved bounds for the QAP by a level-2 reformulation.

Similarly, let two arraysA = (aikpr ) andB = (bjlqs) (i, j, k, l, p, q, r, s = 1, 2, . . . , n)
be given. The quartic assignment problem (Quartic AP) can then be stated as

min
ϕ∈Sn

n∑
i=1

n∑
k=1

n∑
p=1

n∑
r=1

aikprbϕ(i)ϕ(k)ϕ(p)ϕ(r). (9.34)

Both problems can be written as integer linear programs with objective function

min
n∑
i=1

n∑
j=1

n∑
k=1

n∑
l=1

n∑
p=1

n∑
q=1

aikpbjlqxij xklxpq

or

min
n∑
i=1

n∑
j=1

n∑
k=1

n∑
l=1

n∑
p=1

n∑
q=1

n∑
r=1

n∑
s=1

aikprbjlqsxij xklxpqxrs,

respectively, and constraints

n∑
i=1

xij = 1 (j = 1, 2, . . . , n),

n∑
j=1

xij = 1 (i = 1, 2, . . . , n),

xij ∈ {0, 1} (i, j = 1, 2, . . . , n).
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Since both the cubic and the quartic AP contain the QAP as a special case, they are
NP-hard. Linearizations similar to those discussed in Section 7.3 can also be applied to
quartic APs by setting

yijkl = xij xkl and zijklpqrs = yijklypqrs
(see, e.g., the equivalents of the Lawler linearization and of the Kaufman–Broeckx lin-
earization in [141]). Burkard, Çela, and Klinz [141] also suggested two reduction bounds in
analogy to the reduction bounds of Section 7.5.2. The idea is to shift as much information
as possible from the quartic AP to simpler problems like the QAP and the linear assignment
problem. Using instances with known objective function value (constructed along the same
line as, in the case of QAPs, by Palubeckis [524] and Li and Pardalos [456]), computational
tests were performed, showing that these reduction bounds are rather weak.

Since cubic and quartic APs are very hard to solve exactly, there is a need for ef-
ficient suboptimal algorithms. Several QAP metaheuristics were adapted by Burkard and
Çela [137] to the quartic AP, in particular deterministic pairwise exchange methods, three
versions of simulated annealing, and a tabu search combined with simulated annealing.
Computational tests on instances with known optimal solutions showed that a specialized
implementation of simulated annealing yields the best performance. For n = 14, for ex-
ample, an optimal solution was found in 98.4% of all cases (in about 86 CPU seconds on a
DECstation 5000/240).

The relatively good performance of metaheuristics suggests that cubic and quartic
APs show a probabilistic asymptotic behavior similar to that of the QAP. Indeed they fulfill
condition (9.11), which is essential to show that the ratio between worst and best solution
value tends to 1 as the problem size increases. Burkard, Çela, and Klinz [141] showed a
result analogous to Proposition 9.6 for the quartic AP. The result remains true even if some,
but not too many, coefficients aikpr and bjlqs are zero. In this case it is required that the best
value BV (n), given by (9.34), grows faster than n log n, i.e., that

lim
n→∞

BV (n)

n log n
= ∞. (9.35)

Then we get, for all ε > 0, that the best value and the worst value WV (n) (given by (9.34)
with “min” replaced by “max”) satisfy

lim
n→∞P

{
WV (n)

BV (n)
< 1+ ε

}
= 1. (9.36)

9.4 Quadratic semi-assignment problem
The quadratic semi-assignment problem (semi-QAP), originally introduced by Greenberg
[340], has the same objective function as the QAP, whereas the solutions are not per-
mutations, but functions mapping the set of integers N = {1, 2, . . . , n} to the set M =
{1, 2, . . . , m}, with n > m. In the facility-location context (see Section 7.1.1) this means
that there are n facilities but onlym locations and there is no limit to the number of facilities
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we can assign to the same location. Similarly to what we have done for the QAP, we define
semi-QAP(A,B,C) by means of an n×n flow matrixA = (aik), anm×m distance matrix
B = (bjl), and an n × m cost matrix C = (cij ). Using binary variables xij taking value
1 if facility i is assigned to location j , and 0 otherwise, we can model the semi-QAP in
Koopmans–Beckmann form as

min
n∑
i=1

m∑
j=1

n∑
k=1

m∑
l=1

aikbjlxij xkl+
n∑
i=1

m∑
j=1

cij xij (9.37)

s.t.
m∑
j=1

xij = 1 (i = 1, 2, . . . , n), (9.38)

xij ∈ {0, 1} (i = 1, 2, . . . , n; j = 1, 2, . . . , m). (9.39)

In Lawler’s form (see again Section 7.1.1) of the semi-QAP the objective function (9.37) is
replaced by

min
n∑
i=1

m∑
j=1

n∑
k=1

m∑
l=1

dijklxij xkl . (9.40)

An instance of semi-QAP(A,B,C) can be transformed into an equivalent instance of
QAP(Ã, B̃, C̃) by introducing a true facility andm−1 dummy facilities for each facility of
the semi-QAP and n identical locations for each location of the semi-QAP. In the nm× nm
matrix Ã = (Ãik) the unique nonzero element of each m×m submatrix Ãik is Ãik11 = aik .
This implies that there can be a positive flow only between two true facilities. Matrix
B̃ = (B̃jl) is obtained by filling the elements of each n×n submatrix B̃jl with the value bjl ,
whereas for matrix C̃ = (C̃ij ), eachm×n submatrix C̃ij has the first row filled with the value
cij and zeroes in the remaining elements. Observe that a facility i of semi-QAP(A,B,C)
maps into the ((i − 1)m + 1)th facility of QAP(Ã, B̃, C̃) (the true facility), while the j th
location of semi-QAP(A,B,C) is associated with locations (j−1)n+1, (j−1)n+2, . . . , jn
of QAP(Ã, B̃, C̃). Given a solution ϕ of QAP(Ã, B̃, C̃), the corresponding solution X of
semi-QAP(A,B,C) is thus

xij =
{

1 if j = �ϕ((i − 1)m+ 1)/n�,
0 otherwise.

Example 9.10. Let us consider a Koopmans–Beckmann semi-QAP(A,B,C) with n = 4,
m = 2, and input matrices

A =

⎛⎜⎜⎝
7 2 1 7
0 0 4 2
3 0 5 6
2 3 4 0

⎞⎟⎟⎠ , B =
(

0 2
1 5

)
, and C =

⎛⎜⎜⎝
0 0
0 0
0 0
0 0

⎞⎟⎟⎠ .
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By transformation, we obtain an instance of QAP(Ã, B̃, C̃) with

Ã =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

7 0 2 0 1 0 7 0
0 0 0 0 0 0 0 0
0 0 0 0 4 0 2 0
0 0 0 0 0 0 0 0
3 0 0 0 5 0 6 0
0 0 0 0 0 0 0 0
2 0 3 0 4 0 0 0
0 0 0 0 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, B̃ =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 2 2 2 2
0 0 0 0 2 2 2 2
0 0 0 0 2 2 2 2
0 0 0 0 2 2 2 2
1 1 1 1 5 5 5 5
1 1 1 1 5 5 5 5
1 1 1 1 5 5 5 5
1 1 1 1 5 5 5 5

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

and C̃ = 0. Consider, e.g., the feasible solution of QAP(Ã, B̃, C̃) given by the identical
permutation ϕ(i) = i for all i, of value

z = 2+ 14+ 8+ 4+ 3+ 25+ 30+ 2+ 3+ 20 = 111.

The corresponding solution of semi-QAP(A,B,C) is x11 = x21 = x32 = x42 = 1, x12 =
x22 = x31 = x41 = 0.

The semi-QAP is NP-hard, as an instance of QAP(A,B,C) can be transformed
into an equivalent instance of semi-QAP by adding a large number to the elements of the
main diagonal of B, so as to avoid that two facilities are assigned to the same location in
the optimal solution. (Different transformations can be obtained from NP-hard clustering
problems studied by Gonzalez [335].) The structure of the semi-QAP polytope and that of
the symmetric semi-QAP polytope have been studied, respectively, by Saito, Fujie, Matsui,
and Matuura [595] and Saito [594], who extended the results on the structure of the QAP
polytope (see Section 7.4).

Billionet and Elloumi [98] studied admissible transformations for the semi-QAP (see
Section 7.6). They showed that the best reduction is obtained by applying to the Lawler’s
formulation (9.37)–(9.39) the Adams–Johnson linearization of Section 7.3.4, removing the
integrality constraints, and adopting for the entries of the reduced matrix the reduced costs
of the solution to the associated continuous problem.

9.4.1 Applications

Several real-world problems can be modeled as semi-QAPs.

Supply support for space bases

The first application of the semi-QAP is probably the one described by Freeman, Gogerty,
Graves, and Brooks [279]. A space base needs to receive from Earth a number of supply
modules for day-to-day living. Each module i has an associated delivery time window
and a weight wi . The problem is to find the optimal assignment of the supply mod-
ules to a set of cargo trips, while satisfying the schedule requirements and minimizing
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a transportation cost function. Let us define the interference between two modules i and k
as Iik = wiwk if the two time windows overlap, and Iik = ∞ otherwise. By minimizing
the total interference between all pairs of modules assigned to the same trip, we reach two
goals: (a) we ensure that all modules are delivered in time; (b) we minimize the total cost
needed to transport the modules. We can model the problem as a semi-QAP(A,B) where
N is the set of modules andM is the set of trips. The elements of the flow matrix A = (aij )
are defined as

aik =
{
Iik if i �= k,

0 otherwise,

while the distance matrix B is the unit matrix.

Schedule synchronization in transit networks

This problem arises in the design of optimal transit networks (see, e.g., Daduna and Voss
[209] and Malucelli [477]). We are given n lines, each of which transports people between
two transit points. The lines may be operated by different means of transport like metro, bus,
airplane, etc. For each pair of lines (i, k), we know the estimated amount of passengers pik
that want to travel first on line i and then on line k. The synchronization problem requires
a definition of the departure time of each line i, within a given time window [si, ei], so that
the average waiting time of the passengers at the transit points is minimized. We can model
this problem as a semi-QAP by definingN as the set of lines andM as the set of all possible
line departure times (i.e., M = {mini∈N {si},mini∈N {si} + 1, . . . ,maxi∈N {ei}}). Let ri be
the traveling time for line i. Using the Lawler’s form we define the elements of matrix
D = (dijkl), with j and l being, respectively, the starting time of line i and the starting time
of line k:

dijkl =
{ ∞ if j + ri > l,

pik(l − j − ri) otherwise.
(9.41)

In this way the cost dijkl is infinite if a departure time j for line i does not allow us to reach
the starting point of line k before its departure time l. If instead the two departure times
determine a feasible connection, we have as cost the waiting time (l − j − ri) at the transit
point multiplied by the number of passengers changing from line i to line k.

Task scheduling on distributed computing systems

A modular program consists of n tasks that must be executed on a computing system with
m processors. The program can be described through an acyclic task digraph G = (N; Â)
where N is the task set and Â models the task precedences: an arc (i, k) ∈ Â implies that
task k requires as input the information elaborated by task i. The amount of information
exchanged between i and k is fik , while tj l denotes the time to transfer one unit of informa-
tion from processor j to processor l. We want to find a feasible assignment of the tasks to the
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processors that minimizes a function of the total time required for the execution of the
program.

First, observe that the orientation of the arcs is fundamental to describe the program
flow, but it does not matter for the assignment problem. Indeed, once we have partitioned
the tasks among the processors, we can easily reorder and schedule them so as to satisfy
the precedences induced by the arcs. Therefore, many authors assume that the graph is not
oriented. Magirou and Milis [472] considered a system with processors of different speeds,
and defined as eij the execution time of task i on processor j . Moreover, they assumed that,
before each transfer of information between two processors j and l, it is necessary to spend
time θjl to set up an appropriate communication channel. Using binary variables xij taking
the value 1 if and only if task i is assigned to processor j , this problem can be modeled as
a semi-QAP in Lawler’s form with

dijkl = fiktj l + θjl + eij .

Malucelli and Pretolani [478] considered the same application without setup costs.
In this case we can model the problem as a Koopmans–Beckmann semi-QAP(A,B,C)
with aik = fik (i, k = 1, 2, . . . , n), bjl = tj l (j, l = 1, 2, . . . , m), and cij = eij (i =
1, 2, . . . , n; j = 1, 2, . . . , m).

Billionnet, Costa, and Sutter [99] described a problem in which the transfer rate
between two processors does not depend on the processor themselves but on the two tasks
involved in the transfer. So we can define the time t̂ik required to transfer all the information
of task i to task k, with t̂ik = 0 if i and k are executed on the same processor. The
problem is then modeled as a Koopmans–Beckmann semi-QAP(A,B,C) with aik = t̂ik
(i, k = 1, 2, . . . , n), bjl = 1 (resp., bjl = 0) if j �= l (resp., j = l) (j, l = 1, 2, . . . , m),
and cij = eij (i = 1, 2, . . . , n; j = 1, 2, . . . , m).

Minimizing the mean flow time in parallel processors scheduling

Aclassical problem in scheduling theory is to assignn tasks tomunrelated parallel processors
so that no two tasks are executed at the same time on the same processor and a given
objective function is minimized. Let wi and pij denote, respectively, the weight of task
i and its processing time when executed on processor j . Moreover, for a given schedule,
let Ci denote the completion time of task i. Using the three field notation introduced by
Graham, Lawler, Lenstra, and Rinnooy Kan [337], we denote by R||∑wiCi the problem
of scheduling the tasks by minimizing the weighted sum of the completion times, which is
equivalent to minimize the mean flow time for identical weights.

Skutella [612] modeled this problem as a special case of semi-QAP. In order to solve
the problem we have to (a) partition the tasks among the processors; and (b) determine
the sequence of the tasks on each processor. Once the partition is known, the sequencing
problem on a single processor can be optimally solved through the famous Smith’s rule
[614]: schedule i before k whenever wi/pi > wk/pk (breaking ties arbitrarily). Let us
denote by A(i, j) the set of tasks that must precede task i on processor j , according to
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Smith’s rule. The following integer program models problem R||∑wiCi :

min
n∑
i=1

wiCi (9.42)

s.t. Ci =
m∑
j=1

xij

⎛⎝pij + ∑
k∈A(i,j)

pkj xkj

⎞⎠(i = 1, 2, . . . , n), (9.43)

m∑
j=1

xij = 1 (i = 1, 2, . . . , n), (9.44)

xij ∈ {0, 1} (i = 1, 2, . . . , n; j = 1, 2, . . . , m), (9.45)

where xij = 1 if and only if task i is assigned to processor j . Substituting Ci in (9.42) by
means of equation (9.43) we obtain the quadratic objective function

min
n∑
i=1

m∑
j=1

⎛⎝wipij xij + wixij ∑
k∈A(i,j)

pkj xkj

⎞⎠ . (9.46)

Using the notation introduced in Section 7.2.3 we can reformulate the problem as a quadratic
convex program. Let vec(D) denote the vector formed by the columns of D and let x =
vec(X). Equation (9.46) can then be written as

min qT x + 1

2
xTDx. (9.47)

Vector qT ∈ R
nm is given by q = vec(Q), with Q = (qij ) = (wipij ), while D = (dijkl) is

a symmetric nm×nmmatrix whose element in row (i− 1)m+ j and column (k− 1)m+ l
(i, k = 1, 2, . . . , n; j, l = 1, 2, . . . , m) is given by

dijkl =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0 if i = k or j �= l,
wkpij if i ∈ A(k, j) and j = l,
wipkj if k ∈ A(i, j) and j = l.

The only nonzero values of D correspond to entries with j = l. Thus we can permute the
rows and columns ofD so that theO(n2) positive elements associated with a given value j
are stored in an n×n submatrixDjj . As a consequence the new matrixD becomes a block
diagonal matrix (see Figure 9.1(a)) with blocks D11,D22, . . . , Dmm on the main diagonal
(and zeros elsewhere). Moreover, if we reorder the rows and columns of each submatrix
Djj so that the kth row (resp., column) precedes the ith row (resp., column) if and only if
k ∈ A(i, j), then Djj assumes the form depicted in Figure 9.1(b).

Parallel processors scheduling

Consider a transportation network N = (V ,E) where the vertex set V is partitioned into
a set H of m hub vertices (hubs for short) and a set S of n nonhub vertices (usually called
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D =

⎛⎜⎜⎜⎜⎝
D11 0 . . . 0

0 D22
...

...
. . . 0

0 . . . 0 Dmm

⎞⎟⎟⎟⎟⎠ Djj =

⎛⎜⎜⎜⎜⎜⎝
0 w2p1j w3p1j . . . wnp1j

w2p1j 0 w3p2j . . . wnp2j

w3p1j w3p2j 0 wnp3j
...

...
. . .

...

wnp1j wnp2j wnp3j . . . 0

⎞⎟⎟⎟⎟⎟⎠
(a) (b)

Figure 9.1. Form of the permuted cost matrix for R||∑wiCi .

spokes), while E = V × V is the set of all possible links. For each pair of vertices
(i, j) ∈ E \ (H × H), let fij be the nonnegative amount of flow required from i to j .
Moreover, for any pair of vertices (i, j) ∈ E \ (S × S), let tij be the nonnegative unit
transportation cost from i to j . In this problem the transportation of flow between two
vertices is allowed only via hub vertices. We are asked to assign each spoke to a hub in such
a way that the total transportation cost of the required flow is minimized. The problem has
application in the airline industry, telecommunications, and postal and parcel delivery.

Iwasa, Saito, and Matsui [387] modeled this problem as a binary quadratic problem,
with variables xij (i = 1, 2, . . . , n; j = 1, 2, . . . , m) taking the value 1 if spoke i is assigned
to hub j , and the value 0 otherwise:

min
∑
i∈S

∑
k∈S

fik

⎛⎝∑
j∈H

tij xij +
∑
j∈H

∑
l∈H

tjlxij xkl +
∑
l∈H

tlkxkl

⎞⎠
+
∑
i∈S

∑
h∈H

fih
∑
j∈H

(tij + tjh)xij +
∑
h∈H

∑
k∈S

fhk
∑
l∈H
(thl + tlk)xkl (9.48)

s.t.
∑
j∈H

xij = 1 (i = 1, 2, . . . , n), (9.49)

xij ∈ {0, 1} (i = 1, 2, . . . , n; j = 1, 2, . . . , m). (9.50)

The first term in (9.48) models the spoke-to-spoke quadratic transportation costs passing
through the two associated hubs (or through a single hub, if it is common to the two spokes).
Similarly, the second and third term model the spoke-to-hub and hub-to-spoke transportation
costs, respectively.

Problem (9.48)–(9.49) can be transformed into a semi-QAP in Lawler’s form as fol-
lows. By executing the multiplications in the first term of (9.48), we obtain an objective
function with four linear terms and a quadratic term. Since in any optimal solution (9.49)
holds, we can rewrite the first linear term as∑

i∈S

∑
k∈S

fik
∑
j∈H

tij xij =
∑
i∈S

∑
k∈S

fik
∑
j∈H

tij xij
∑
l∈H

xkl =
∑
i∈S

∑
k∈S

∑
j∈H

∑
l∈H

fiktij xij xkl

and the third linear term as∑
i∈S

∑
h∈H

fih
∑
j∈H

(tij + tjh)xij = 1

n

∑
i∈S

∑
k∈S

∑
j∈H

∑
l∈H

∑
h∈H

fih(tij + tjh)xij xkl .
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By rewriting in the same way the second and fourth linear terms, we finally obtain the cost
matrix D = (dijkl) (i, k = 1, 2, . . . , n, j, l = 1, 2, . . . , m) as

dijkl = fik(tij + tj l + tlk)+ 1

n

∑
h∈H

fih(tij + tjh)+ 1

n

∑
h∈H

fhk(thl + tlk).

9.4.2 Solution methods

Few special cases of semi-QAP are known to be solvable in polynomial time. These prob-
lems are quite specific and not very useful by themselves, but can be used to obtain lower
bounds for the general case.

Easy cases

Bokhari [103] studied the problem of scheduling tasks on a distributed computing system
where the task digraphG is a tree. He solved the problem by expanding the tree to obtain a
new digraph where each vertex ofG is substituted by a layer ofm copies (one per processor),
and each arc (i, k) is substituted by m2 arcs joining all the copies of i to all the copies of
k. An arc, say, the one joining the j th copy of i to the lth copy of k, is thus associated
with a quadruple (i, j, k, l) and is given a cost depending on these four elements. One can
see that any feasible solution of the corresponding semi-QAP is associated with a tree that
uses exactly one vertex from each layer. The optimal tree is computed in O(nm2) time by
backtracing from the leaves to the root (i.e., visiting each arc exactly once).

Due to the generality of the costs associated with the arcs, Bokhari’s algorithm is
not restricted to solving only the task assignment problem above, but also a more general
class of semi-QAPs that can be described as follows. Let us call a flow graph the graph
whose adjacency matrix is obtained by setting the nonzero entries of the n × n matrix
D̃ = (d̃ik) = (

∑m
j=1

∑m
l=1 dijkl) to 1. (If the semi-QAP is given in Koopmans–Beckmann

form, the adjacency matrix is obtained by setting to 1 the nonzero entries of the flow matrix
A.) It easily follows that Bokhari’s algorithm solves any semi-QAP whose flow graph is a
tree.

Chhajed and Lowe [185] considered a semi-QAP with a flow graph having an edge
series-parallel structure, as defined by Richey [582]. (See also Section 8.4.4 for QAPs
generated by special series-parallel digraphs.) A graph is called series-parallel if it can be
reduced to a single vertex by means of the following operations:

(i) tail reduction: remove a leaf and its incident edge;

(ii) series reduction: given a vertex i with degree 2, remove i and its incident
edges, say, [i, h] and [i, k], and add edge [h, k];

(iii) parallel reduction: given a set of parallel edges remove all of them but one.

(Note that parallel edges may appear in the graph due to the series reductions.) Chhajed and
Lowe designed anO(nm3) time algorithm to solve this special case of semi-QAP. Malucelli
and Pretolani [478] independently proposed the same reduction for the task scheduling case
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and, using the expansion of the graph in an implicit way, introduced by Bokhari [103],
developed an equivalent O(nm3) algorithm to solve the problem.

Malucelli [477] considered the problem of scheduling synchronization in transit net-
works (see Section 9.4.1) and proved that it can be solved in polynomial time through
network flow techniques. He introduced a bipartite graph G = (U, V ;E) where U con-
tains one vertex for each line i ∈ N and V contains one vertex for each line departure time
j ∈ M . The edge set E has an edge [i, j ] for each line i and each feasible starting time
j ∈ [si, ei]. Malucelli observed that G is a convex graph (remember that G is convex,
see Section 3.5, if [i, j ] ∈ E and [i, l] ∈ E, with j < l, implies that [i, h] ∈ E for all
j < h < l). The problem requires the assignment of each vertex of U to a vertex of V
by minimizing Lawler’s objective function (9.40) with costs given by (9.41). Using binary
variables xij to describe the possible assignment of line i to starting time j and variables
πi =∑ei

j=si jxij to denote the starting time of line i, this semi-QAP can be reformulated as

min
n∑
i=1

n∑
k=1

pik(πk − πi − ri) (9.51)

s.t. πk − πi ≥ ri (i, k = 1, 2, . . . , n; pik > 0), (9.52)

si ≤ πi ≤ ei (i = 1, 2, . . . , n), (9.53)

πi ≥ 0, integer (i = 1, 2, . . . , n). (9.54)

It is not difficult to see that the constraint matrix of (9.52)–(9.54) is totally unimodular, so
the continuous relaxation of the problem has integer solutions. The dual of this relaxation
is a network flow problem.

Lower bounds and exact algorithms

The first lower bound for the semi-QAP was proposed by Magirou and Milis [472] in the
context of a task scheduling problem. We have seen that when the (not oriented) graph
associated with the task digraph is a tree, one can solve the problem with the polynomial-
time algorithm by Bokhari [103]. For a general graph, Magirou and Milis proposed reducing
the graph to a tree, by removing a proper set of edges, so that the value of the optimal solution
of the reduced instance is a lower bound for the original problem. There are several ways
of selecting the set of edges that reduce the graph to a tree. The authors did not try to find
the best set (i.e., the one that produces the maximum value of the bound). They simply
used, as edge weighting, the amount of information to be exchanged between the tasks
and removed the edges that leave the maximum spanning tree of the graph. Using this
bound they implemented a simple branch-and-bound algorithm that was tested on small
size instances with 6 processors and 15 tasks.

Malucelli and Pretolani [478] extended the above approach by considering a partition
of the graph into trees and computing as the lower bound the sum of the optimal solution
values of the resulting instances. They also proposed another bound obtained by partitioning
the graph into reducible graphs and solving each resulting instance through their O(nm3)

algorithm (see the above discussion on easy cases). Finally, a third bound was obtained
by applying the tail, series, and parallel reductions described above, plus the following
additional reduction:
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(iv) L-I reduction: substitute a pair of edges ([i, k], [i, h]) with a single edge [h, k].
This operation does not guarantee that the graph remains connected, but it allows the reduc-
tion of any graph to a single vertex. A proper labeling technique was defined to extend the
O(nm3) algorithm so that the L-I reductions are taken into account and the final value is a
valid lower bound for the original semi-QAP. Computational experiments have shown that
the resulting bound has a performance comparable with that of the two partition bounds,
which, in turn, dominate the Magirou and Milis [472] bound.

Billionnet, Costa, and Sutter [99] studied a particular task scheduling problem where
the cost for transferring information between two tasks assigned to different processors is
independent of the two processors involved. Using a result by Rhys [581], they showed
that in this case the problem obtained by relaxing constraints (9.38) in a Lagrangean fashion
can be solved in polynomial time through network flow techniques. They embedded this
bound into a lowest-first branch-and-bound algorithm and solved instances with up to 10
processors and 101 tasks.

Skutella [612] proposed a lower bound based on convex programming for the semi-
QAP formulation of the R||∑wiCi scheduling problem discussed in Section 9.4.1. He
considered the formulation given by objective function (9.47) with constraints (9.44) and
(9.45) and relaxed the integrality constraints to obtain the continuous quadratic programming
model

(CQP) min qT x + 1

2
xTDx (9.55)

s.t.
m∑
j=1

xij = 1 (i = 1, 2, . . . , n), (9.56)

xij ≥ 0 (i = 1, 2, . . . , n; j = 1, 2, . . . , m). (9.57)

Kozlov, Tarasov, and Hačijan [429] and Chung and Murty [190] have shown that a quadratic
program of the form min{qT x + 1

2x
TDx : Ãx = b̃, x ≥ 0} can be solved in polynomial

time when the objective function is convex. It is well known that qT x + 1
2x

TDx is convex
if and only ifD is positive semidefinite (see Section 7.8). Unfortunately, this is not the case
of the R||∑wiCi problem since, for example, an instance with two tasks and all weights
and processing times equal to one has

Djj =
(

0 1
1 0

)
(j = 1, 2, . . . , m),

which has a negative determinant. (It is known that all principal minors are nonnegative in
a positive semidefinite matrix.)

Skutella proposed to increase the value of the main diagonal ofD until the new matrix
becomes positive semidefinite. In particular he considered the function

min(1− γ )qT x + 1

2
xT (D + 2γ diag(q))x. (9.58)

(Remember that diag(q) is a square matrix whose elements are all zero, but those on the main
diagonal which have the values q1, q2, . . . , qmn.) He observed that, since q ≥ 0, the linear
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term qT x is greater than or equal to the value of xT diag(q)x for arbitrary x ∈ [0, 1]mn (with
the equality holding for x ∈ {0, 1}mn). Therefore, (9.58) underestimates (9.55), and the
optimal solution of CQP with objective function (9.58) instead of (9.55) is a lower bound
on the optimal solution value ofR||∑wiCi for any value of γ . Skutella [612] also showed
that (9.55) is positive semidefinite if and only if γ ≥ 1/2. Since (9.58) is nonincreasing in
γ for each fixed x, the best polynomially computable lower bound is obtained for γ = 1/2.
We observe that one can apply the above reasoning to any semi-QAP with nonnegative
linear costs q, but the fact thatD+2γ diag(q) is positive semidefinite for γ ≥ 1/2 depends
on the particular structure of D. Therefore, in order to use this bounding technique for a
generic semi-QAP instance, we need to identify the correct minimum γ value, which can
turn out to be not an easy task.

Skutella [612] used the above bound to derive approximation algorithms with per-
formance guarantee for R||∑wiCi . Moreover, he extended the model, the bound, and
the approximation algorithms to the generalization of the problem in which the tasks have
release dates, usually denoted as R|ri |∑wiCi .

We finally mention that metaheuristic methods to solve the semi-QAP were also
developed, mainly in the context of scheduling problems in transit networks: the simulated
annealing algorithms by Domschke [236] and Voss [651] and the tabu search algorithm by
Domschke, Forst, and Voss [237].

A survey on heuristics for the semi-QAP and other nonlinear assignment problems
can be found in Voss [652].
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Chapter 10

Multi-index assignment
problems

10.1 Introduction
Multi-index assignment problems were introduced by Pierskalla [549] in 1968 as a natural
extension of linear assignment problems. For a long time only 3-index assignment problems
have been considered, while in recent years problems with more than 3 indices have been
investigated, mainly in the context of multi-target tracking and data association problems
(see, e.g., Poore [552, 553] and Poore, Rijavec, Liggins, and Vannicola [556]).

In the case of 3-index assignment problems two models have been investigated: the
axial 3-index assignment problem and the planar 3-index assignment problem. (These names
have been introduced by Schell [597] in 1955.) In the next section we describe the axial
3-index assignment problem, which in many respects resembles the classical assignment
problem, but turns out to be NP-hard. Therefore, we describe lower bound computations,
polyhedral results, efficiently solvable special cases, and asymptotic results. The planar
3-index assignment problem is treated in Section 10.3. It has not been as thoroughly
investigated as the axial 3-index assignment problem and is much harder to solve. In the
last section we outline results on general multi-index assignment problems.

For surveys on multi-index assignment problems we refer the reader to Burkard and
Çela [138] and Spieksma [618].

10.2 Axial 3-index assignment problem
The axial 3-index assignment problem (axial 3AP) can be stated in the following way. Let
n3 cost coefficients cijk (i, j, k = 1, 2, . . . , n) be given. We ask for two permutations ϕ and
ψ such that

∑n
i=1 ciϕ(i)ψ(i) is a minimum, i.e.,

min
ϕ,ψ∈Sn

n∑
i=1

ciϕ(i)ψ(i), (10.1)

where Sn denotes the set of all permutations of the integers {1, 2, . . . , n}. Since the two
permutations which describe a feasible solution can be chosen arbitrarily, the axial 3AP has

305



book
2008/12/11
page 306

306 Chapter 10. Multi-index Assignment Problems

�

�� i

j

k

1 1 1

1

1

1

1

1
1

Figure 10.1. Pictorial representation of the constraints of an axial 3AP.

(n!)2 feasible solutions. We can write this problem as an integer linear program:

min
n∑
i=1

n∑
j=1

n∑
k=1

cijkxijk (10.2)

s.t.
n∑
j=1

n∑
k=1

xijk = 1 (i = 1, 2, . . . , n), (10.3)

n∑
i=1

n∑
k=1

xijk = 1 (j = 1, 2, . . . , n), (10.4)

n∑
i=1

n∑
j=1

xijk = 1 (k = 1, 2, . . . , n), (10.5)

xijk ∈ {0, 1} (i, j, k = 1, 2, . . . , n). (10.6)

Figure 10.1 gives a three-dimensional intuition of the constraints: a “1” on a face of
the matrix means that exactly one 1 must be in that face.

As noted by Frieze [282], the axial 3AP can also be formulated as the following
bilinear integer program with permutation matrices Y = (yij ) and Z = (zik) (recall that Xn

denotes the set of all n× n permutation matrices):

min
n∑
i=1

n∑
j=1

n∑
k=1

cijkyij zik

s.t. Y ∈ Xn,

Z ∈ Xn.

Maximum weighted matchings in hypergraphs lead to another formulation of the axial
3AP. Consider the three-partite hypergraphH = (V ,E)whose 3n vertices correspond to the
indices i = 1, 2, . . . , n, j = 1, 2, . . . , n, and k = 1, 2, . . . , n and whose edges are formed
by triples (i, j, k). Let cijk be the cost of edge (i, j, k). A matchingM in the hypergraph is
a set of edges such that no two edges have a vertex in common. The axial 3AP asks for a
maximum matching with minimum cost. This formulation is used in primal-dual bounding
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procedures which operate in an analogous way as the Hungarian method for the classical
assignment problem.

Finally, formulation (10.2)–(10.6) suggests that we can consider the axial 3AP as a
matroid intersection problem on the ground set E = {(i, j, k) : i, j, k = 1, 2, . . . , n}.
The three blocks of constraints in (10.3)–(10.5) define a partiton matroid each. Thus the
feasible solutions of the axial 3AP correspond to bases which lie in the intersection of the
three matroids, and we ask for a basis which has minimum cost. This model is used for
deriving lower bounds by subgradient methods related to a Lagrangean relaxation of the
axial 3AP.

10.2.1 Applications

Applications of axial 3APs arise in quite a number of situations, for example, the investment
of capital into different possible physical locations over some time horizon (Pierskalla [548]).
Qi and Sun [567] mentioned the following application in a rolling mill: ingots are to be
scheduled through soaking pits (temperature stabilizing baths) so as to minimize the idle
time for the rolling mill. Crama, Oerlemans, and Spieksma [199] modeled the assembly of
printed circuit boards as axial 3APs.

Minimizing the maximum cost instead of a sum of costs leads to bottleneck objective
functions. Axial 3-index assignment problems with a bottleneck objective function have
been considered by Malhotra, Bhatia, and Puri [476] as well as by Geetha and Vartak [307].
Time-cost trade-off problems in this context were studied by Geetha and Vartak [306].

10.2.2 Polyhedral aspects

R. Euler [260] started the investigation of the axial 3AP polytope, i.e., the convex hull of
all feasible solutions of (10.2)–(10.6). He considered the role of odd cycles for a class of
facets of this polytope. Independently, Balas and Saltzman [58] investigated in detail the
polyhedral structure of the polytope. They showed that it has dimension n3 − 3n+ 2, and
they described anO(n4) separation algorithm for facets induced by certain cliques. Further
facets of the axial 3-index assignment polytope were described by Gwan and Qi [351], Balas
and Qi [57], and Qi, Balas, and Gwan [566]. Qi and Sun [567] gave a survey on the facial
structure of the axial 3-index polytope and described several classes of facets as well as
separation algorithms for them.

A different kind of approach is used by the Byelorussian school in Minsk, which
studies multi-index transportation polyhedra. If we relax constraints (10.6) to

xijk ≥ 0 (i, j, k = 1, 2, . . . , n)

we get the relaxed axial 3AP polytope M(1, 1, 1). In several papers this group studied
integer points and non-integer vertices of such polyhedra. For example, Kravtsov, Kravtsov,
and Lukshin [432] showed the following result with respect to axial 3APs. They call a vertex
of M(1, 1, 1) an r-noninteger vertex if it has exactly r fractional components. It is shown
that M(1, 1, 1) has r-noninteger vertices for each r ∈ {4, 6, 7, . . . , 3n − 2} and only for
these values (see also Kravtsov, Kravtsov, and Lukshin [433]).
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10.2.3 Complexity and approximation

In contrast to the classical assignment problem the axial 3AP is NP-hard (Karp [407]).
Crama and Spieksma [200] even proved that no polynomial-time algorithm can achieve a
constant performance ratio unless P = NP .

In the same paper Crama and Spieksma investigated the following graph theoretic
version of the axial 3AP. They consider a complete 3-partite graph whose vertices correspond
to the indices i, j , and k, respectively. Every edge [i, j ] (or [i, k], or [j, k], respectively)
has a length d(i, j) (or d(i, k), or d(j, k), respectively). Moreover, Crama and Spieksma
assume that the edges fulfill the triangle inequality and consider two cost models. In the
first cost model cijk is defined as

cijk = d(i, j)+ d(i, k)+ d(j, k).
In the second cost model, cijk is defined as the sum of the two shorter lengths in the triangle
formed by the vertices i, j , and k. The authors proved that in both cases the corresponding
axial 3AP is NP-hard, but they designed approximation algorithms which yield a feasible
solution whose value is not worse than 3/2 of the optimal value in the first case, and
4/3 of the optimal value in the second case. Computational experiments show a very good
performance of these approximation algorithms in the case of randomly generated problems.

A similar model was investigated by Spieksma and Woeginger [617], who considered
3n points in the plane and defined the value of d(i, j) as the Euclidean distance between
point i and point j . They proved that if the cost coefficients of an axial 3AP are defined
by cijk = d(i, j) + d(i, k) + d(j, k), then the corresponding problem is NP-hard. This
also remains true if the sum of the areas of the single triangles is minimized instead of their
perimeter.

Burkard, Rudolf, and Woeginger [157] investigated axial 3APs with decomposable
cost coefficients, i.e., cijk = aibjdk and ai, bj , and dk are nonnegative real numbers. They
showed that the minimization version of this problem is NP-hard, whereas the maximiza-
tion version is polynomially solvable (see Section 10.2.6).

The last statement shows that, in contrast to classical linear assignment problems,
there are here essential differences between the minimization and maximization of a linear
objective function. For the maximization case, the following approximability results are
known. Since axial 3APs are special matroid intersection problems (see Section 10.3),
a general theorem by Hausmann, Korte, and Jenkyns [365] states that a simple greedy
algorithm yields a performance guarantee of 1/3. Moreover,Arkin and Hassin [43] designed
an (1/2− ε) approximation algorithm for maximizing a linear objective function subject to
axial 3-index assignment constraints.

10.2.4 Lower bounds and exact solution methods

Hansen and Kaufman [361] proposed a primal-dual method for axial 3-index assignment
problems which is similar to the Hungarian method for linear assignment problems. Initially
as many zero elements as possible are generated in the cost array cijk by generalized row and
column reductions. A three-partite hypergraph is then defined, whose vertices correspond
to the indices i = 1, 2, . . . , n, j = 1, 2, . . . , n, and k = 1, 2, . . . , n. The triple (i, j, k)
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forms an edge in the hypergraph if cijk = 0, and the task is to find a maximum matching
in this hypergraph. Unfortunately, this is already an NP-hard problem. Instead of finding
a maximum matching one can look for a minimum vertex cover in the hypergraph. Here
we encounter two difficulties: on one hand the covering problem is NP-hard, too, and on
the other hand an analogue of König’s theorem, Theorem 2.7, is not any more true in this
setting: the minimum number of vertices in a vertex cover might be strictly larger than the
cardinality of any matching in the hypergraph. Anyhow, if the covering number is less than
n, one can either perform further reductions of the cost elements or branch.

As in the classical case, reductions of the cost coefficients can be found by means of
admissible transformations, as shown below. If the minimum covering number equals n,
then a maximum matching (or an approximation thereof as the problem is NP-hard); if
its cardinality is less than n one has again to branch, otherwise (i.e., if it is equal to n) an
optimal solution to the axial 3-AP has been found.

The branching is mostly performed by fixing one variable xijk to 1 and to 0, respec-
tively. Balas and Saltzman [59] introduced another branching strategy which exploits the
structure of the problem and allows us to fix several variables at each branching node.

Burkard and Fröhlich [149] proved that admissible transformations for axial 3APs
have the following form.

Proposition 10.1. Let an axial 3APwith cost coefficients cijk (i, j, k = 1, 2, . . . , n) be given.
Consider three subsets I , J , K of N = {1, 2, . . . , n} with m = n− (|I | + |J | + |K|) ≥ 1,
and let Ī = N \ I , J̄ = N \ J , K̄ = N \K . Let

c = min{cijk : (i, j, k) ∈ Ī × J̄ × K̄}
and

c̄ijk =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
cijk − c if (i, j, k) ∈ Ī × J̄ × K̄,
cijk + c if (i, j, k) ∈ (Ī × J ×K) ∪ (I × J̄ ×K) ∪ (I × J × K̄),
cijk + 2c if (i, j, k) ∈ I × J ×K,
cijk otherwise.

Then, for any feasible solution ϕ,ψ of the axial 3AP we have

n∑
i=1

ciϕ(i)ψ(i) =
n∑
i=1

c̄iϕ(i)ψ(i) +mc.

This result can be proved along the same lines as the corresponding Theorem 6.20 in
Chapter 6. Row and column reductions, which were already considered by Vlach [646] in
1967 (see also Leue [453]), are special cases of the admissible transformations described
above.

As in the case of the classical assignment problem, it is possible to consider different
forms of objective functions like bottleneck objective functions, or more generally, algebraic
objective functions as those in Section 6.3. In principle, the primal-dual approach outlined
above can be used in these cases. It is also straightforward to generalize Proposition 10.1 to
the case of bottleneck objective functions, or more generally, algebraic objective functions.
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Other lower bounds for the axial 3AP can be computed through a Lagrangean re-
laxation approach. Let us dualize the two blocks of constraints (10.3) and (10.4) into the
objective function via Lagrangean multipliers (see Burkard and Fröhlich [149] ):

L(λ, π) =min

⎧⎨⎩
n∑
i=1

n∑
j=1

n∑
k=1

(cijk + λi + πj )xijk −
n∑
i=1

λi −
n∑
j=1

πj

⎫⎬⎭ (10.7)

s.t.
n∑
i=1

n∑
j=1

xijk = 1 (k = 1, 2, . . . , n), (10.8)

xijk ∈ {0, 1} (i, j, k = 1, 2, . . . , n), (10.9)

λ ∈ R
n, π ∈ R

n. (10.10)

Since L(π, ε) is a concave function, we can use a subgradient method for finding its max-
imum. Burkard and Rudolf [156] report on satisfactory computational results obtained by
an algorithm which uses the classical branching rule combined with a reduction step at
every node of the branch-decision tree. The lower bound computation is done through a
subgradient optimization procedure.

Another subgradient procedure for solving a Lagrangean relaxation of the axial 3AP,
together with computational considerations, can be found in Frieze and Yadegar [286].

10.2.5 Heuristic algorithms

Pierskalla [548] was the first to propose a heuristic for solving axial 3APs. More recently,
variations of exact methods have been applied as heuristics, and metaheuristics have been
tailored for solving axial 3APs. Among the latter approaches we mention the work by Aiex,
Resende, Pardalos, and Toraldo [15], who designed a greedy randomized adaptive search
procedure with path relinking (see Sections 8.2.7 and 8.2.9) for solving axial 3APs. Their
computational experiments showed very good results compared with previously proposed
heuristics. Huang and Lim [379] proposed a hybrid genetic algorithm and reported on
extensive computational experiments.

Bandelt, Crama, and Spieksma [67] and Burkard, Rudolf, and Woeginger [157] de-
signed heuristic algorithms for the case of decomposable cost coefficients cijk = aibj ck .
The former paper provides worst-case bounds for the algorithms, while the latter reports on
computational experiments. Dell’Amico, Lodi, and Maffioli [215] provided lower bounds
and heuristic algorithms for an axial 3AP with cost coefficients cijk = aidjk , which is a
special case of the general 3AP and a generalization of the 3AP with decomposable coeffi-
cients.

10.2.6 Special cases

Since axial 3APs are NP-hard, the question about efficiently solvable special cases arises.
One case, discussed by Burkard, Klinz, and Rudolf [152], is related to Monge arrays. A
3-dimensional array with cost coefficients cijk is called a Monge array if for every fixed
index i (and analogously for fixed j or fixed k) the corresponding matrix fulfills the Monge
property:

cikl + cirs ≤ ciks + cirl for 1 ≤ k < r ≤ n, 1 ≤ l < s ≤ n.
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Proposition 10.2. Let the cost array (cijk) of the axial 3AP (10.1) be a Monge array. Then
the solution given by the entries {(1, 1, 1), (2, 2, 2), . . . , (n, n, n)} is optimal.

This proposition can be proved in the same way as the corresponding result for the
classical assignment problem (see Proposition 5.7). The result remains true for axial 3-
index bottleneck assignment problems if for every fixed index i (and analogously for fixed
j or fixed k) the Monge property above is replaced by the bottleneck Monge property (see
equation (6.10)):

max(cikl, cirs) ≤ max(ciks, cirl) for 1 ≤ k < r ≤ n, 1 ≤ l < s ≤ n,
as shown by Burkard, Klinz, and Rudolf [152]. Klinz and Woeginger [424] showed a related
result. The identical permutations ϕ and ψ are optimal for the axial 3-index bottleneck
assignment problem if the bottleneck Monge property is replaced by the following wedge
condition:

clll < min{cijk : 1 ≤ i ≤ l; i ≤ j, k ≤ n; j + k �= 2i} for all l = 1, 2, . . . , n. (10.11)

Gilbert and Hofstra [310], as well as Burkard, Rudolf, and Woeginger [157], investigated
axial 3APs with decomposable cost coefficients cijk = aibj ck . Since the cost array−aibj ck
fulfills the Monge property provided the real, nonnegative numbers ai , bj , and ck are sorted
in nondecreasing order, the maximization version of the axial 3AP with decomposable
cost coefficients can be solved in polynomial time. In [157], however, it is shown that the
minimization version is in general NP-hard. In the same paper several further polynomially
solvable special cases of the minimization version are identified.

Barvinok, Johnson, Woeginger, and Woodroofe [72] considered 3n points in R
d , with

distance measured according to some fixed polyhedral norm. In this case the maximization
version of the problem can be solved in polynomial time if the costs are defined by

cijk = dij + djk + dik,
dxy being the distance between point x and point y.

10.2.7 Asymptotic behavior

The probabilistic asymptotic behavior of the axial 3AP considerably differs from that of the
classical assignment problem. In a series of papers, Grundel, Krokhmal, Oliveira, Parda-
los, and Pasiliao [346, 344, 347, 435] studied the expected value of the optimal objective
function. They proved that it converges to the lower bound of the distribution of the costs,
hence, it shows behavior similar to that of the LBAP (see Section 6.2.7). In particular,
let the cost coefficients cijk be independent and identically distributed random variables,
uniformly distributed in [0, 1], and let

zn = min
n∑
i=1

ciϕ(i)ψ(i).

Then
lim
n→∞E(zn) = 0.
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It is interesting to note that the authors used, as a basis of their proofs, the so-called index-
trees which were introduced by Pierskalla [549] in one of the first papers on multi-index
assignment problems. In a recent paper, Krokhmal, Grundel, and Pardalos [435] developed
lower and upper bounds on the expected optimal objective function value.

10.3 Planar 3-index assignment problem
The planar 3-index assignment problem (planar 3AP) can be formulated as follows. We
say that n permutations ϕ1, ϕ2, . . . , ϕn are mutually distinct if ϕr(i) �= ϕs(i) for any i =
1, 2, . . . , n and r �= s. Given n3 cost coefficients cijk (i, j, k = 1, 2, . . . , n), the problem is
to find n mutually distinct permutations such that

n∑
k=1

n∑
i=1

ciϕk(i)k (10.12)

is a minimum. The corresponding integer linear program is

min
n∑
i=1

n∑
j=1

n∑
k=1

cijkxijk (10.13)

s.t.
n∑
k=1

xijk = 1 (i, j = 1, 2, . . . , n), (10.14)

n∑
i=1

xijk = 1 (j, k = 1, 2, . . . , n), (10.15)

n∑
j=1

xijk = 1 (i, k = 1, 2, . . . , n), (10.16)

xijk ∈ {0, 1} (i, j, k = 1, 2, . . . , n). (10.17)

Frieze [285] showed that the problem is NP-hard. Planar 3APs are closely related
to Latin squares. A Latin square is an n× n array with entries lij taking the values from 1
to n. Every row and every column of a Latin square contains exactly one entry of value k
(1 ≤ k ≤ n). For example, a Latin square of size 4 may have the form

4 2 1 3
1 4 3 2
2 3 4 1
3 1 2 4

.

Every feasible solution of a planar 3AP can be represented as a Latin square. Let L = (lij )
be a Latin square of size n. Then, for i, j = 1, 2, . . . , n, lij is the (unique) index value k
such that xijk = 1 in a feasible solution of the planar 3AP. Thus the Latin square above
corresponds to the following solution of a planar 3AP with n = 4:
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Figure 10.2. Pictorial representation of the constraints of a planar 3AP.

x114 = x122 = x131 = x143 = 1,
x211 = x224 = x233 = x242 = 1,
x312 = x323 = x334 = x341 = 1,
x413 = x421 = x432 = x444 = 1.

This leads to the following geometric interpretation of the planar 3AP. Let us arrange the
entries xijk in a cube. Then every plane in the cube, described either by i fixed, j fixed, or k
fixed, respectively, must contain a (two-dimensional) assignment. Due to this interpretation,
the number of feasible solutions of a planar 3AP of size n equals the number of Latin squares
of order n, and hence increases very quickly. For example, the number of feasible solutions
of a planar 3AP with n = 9 is 9! · 8! · 377, 597, 570, 964, 258, 816(� 55 · 1026) according
to Bammel and Rothstein [66].

Figure 10.2 gives a three-dimensional intuition of the constraints: a “1” on a line of
the matrix means that exactly one 1 must be in that line.

Constraints (10.14)–(10.16) show that the planar 3AP can be viewed as a matroid
intersection problem on the ground set E = {(i, j, k) : i, j, k = 1, 2, . . . , n}. Every
block of constraints defines a partiton matroid on E. For fixed indices i and j , let P ij =
{(i, j, k) : k = 1, 2, . . . , n}. Then P ij = {P ij : i, j = 1, 2, . . . , n} yields a partition
of the ground set E. In a similar way, we get two other partitions of E, namely, P ik =
{P ik : i, k = 1, 2, . . . , n} and Pjk = {P jk : j, k = 1, 2, . . . , n}. A subset F ⊆ E is a
basis of (E,P ij ) if, for all i, j = 1, 2, . . . , n,

|F ∩ P ij | = 1.

In particular, |F | = n2 holds. We get three partition matroids on the ground set E, namely,
(E,P ij ), (E,P ik), and (E,Pjk). A common basis of these three matroids corresponds
in a unique way to a feasible solution of a planar 3AP (Latin square) and vice versa. We
ask for a basis in the intersection of the three partition matroids which has minimum cost.
Similarly to the case of the axial 3AP, this model can be used for deriving lower bounds by
subgradient methods related to a Lagrangean relaxation of the planar 3AP.

10.3.1 Applications and special cases

Planar 3APs play a crucial role in the context of timetabling problems. Consider an institute
where n groups have to be taught by n lecturers in n different time slots. We assume that
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every lecturer has to teach each group just once. A feasible solution of this problem is an
assignment of the lecturers to the groups for each fixed time and an assignment of the time
slots to the lecturers for every fixed group. In short, a feasible solution can be represented
as a planar 3AP (or as a Latin square).

In the case that the cost array has equal cost for each k, i.e., cijk = cij for k =
1, 2, . . . , n, the planar 3AP has a trivial solution: Any set of nmutually distinct permutations
is a feasible solution yielding the constant objective function value

n∑
i=1

n∑
j=1

cij .

No other special case of the planar 3AP has yet been specified.
A slightly different model is of interest in the time slot assignment problems that are

studied in Section 3.8.2. However, these problems have a modified objective function.
Given an n × n matrix C = (cij ), the problem is to find n mutually distinct permutations
ϕ1, ϕ2, . . . , ϕn such that

n∑
k=1

max
1≤i≤n

ciϕk(i)

is a minimum. Rendl [571] showed that this problem is NP-hard. Balas and Landweer
[51] used planar 3APs for finding good approximate solutions for the time slot assignment
problem (see Section 3.8.2).

10.3.2 Polyhedral aspects, lower bounds, and algorithms

A partial description of the polyhedral structure of the planar 3-index assignment polytope
polytope can be found in Euler, Burkard, and Grommes [261]. In particular it is shown
that the dimension of such a polytope is (n− 1)3. See also the related study on timetabling
polyhedra by Euler and Verge [262]. New facets of the planar 3-index assignment polytope
have been described in Appa, Magos, and Mourtos [39].

Since planar 3APs can be formulated as intersection problems of three partition ma-
troids, admissible transformations similar to those of axial 3APs, discussed in Proposi-
tion 10.1, can be obtained (see Burkard [133]). In particular, a trivial lower bound for the
optimum objective function value can be obtained by solving n linear assignment problems
with fixed index k (k = 1, 2, . . . , n). On the other hand, any family of n mutually distinct
permutations ϕk (k = 1, 2, . . . , n) yields an upper bound (10.12).

Not many algorithms are known for the planar 3AP. The first branch-and-bound algo-
rithm dates back to Vlach [646], who computed lower bounds by applying (generalized) row
and column reductions similar to those used in the case of axial 3APs. Another branch-and-
bound procedure for the planar 3AP was described by Magos and Miliotis [474], who also
reported computational results. Later, Magos [473] used similar ideas for implementing a
tabu search algorithm for planar 3APs. A move in the neighborhood of some Latin square is
completely determined by changing the contents of a certain cell (i, j). This affects, at least,
between 3 and 2n− 1 other cells which have to be adapted accordingly. This neighborhood
structure has two nice properties. First, the change in the objective function value after
each move can be computed in linear time. Second, not all moves have to be evaluated
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at each iteration: all moves which put a certain element in a certain cell imply the same
change in the objective function, independently of the solution to which they are applied.
The numerical results of this algorithm show a good trade-off between computation time
and solution quality for planar 3AP instances of size up to n = 14.

Kravtsov and Krachkovskii [431] designed a polynomial-time approximation algo-
rithm for the planar 3AP and claimed it to be asymptotically optimal. Vozniul, Gimadi, and
Fialtov [654] showed, however, that this claim is not correct. Gimadi and Korkishko [313]
investigated a modification of the planar 3AP, the so-called m-planar 3-index assignment
problem (m-planar 3AP): given an n× n×m cost array C = (cijk), we ask formmutually
distinct permutations ϕ1, ϕ2, . . . , ϕm such that

n∑
i=1

m∑
k=1

ciϕk(i)k (10.18)

is a minimum. (The planar 3AP is obtained for m = n.) The m-planar 3AP can also be
viewed as a special planar 3AP where all coefficients cijk for k = m+1,m+2, . . . , n are 0.
Gimadi and Korkishko [313] gave a simple polynomial-time approximation algorithm for
them-planar 3APwhich is asymptotically optimal ifm isO(ln n) and the cost coefficients are
uniformly distributed. Glazkov [315] proved the asymptotical optimality of this algorithm
for a special class of random instances.

10.4 General multi-index assignment problems
Driven by applications like data association problems and multitarget tracking (see, e.g.,
Poore [552, 554]), multi-index assignment problems attracted increasing interest in recent
years.

A general multi-index assignment problem is specified by two parameters, k and s,
where k is the number of indices and s describes the type of problem (such as axial problem,
planar problem, or a generalization thereof). We can describe a (k, s) assignment problem in
the following way. Let k index sets I1 = I2 = · · · = Ik = {1, 2, . . . , n} be given. To every
k-tuple (i1, i2, . . . , ik), with ir ∈ Ir (r = 1, 2, . . . , k), we associate a cost c(i1, i2, . . . , ik).
Now we have to describe the constraints. For a fixed s (1 ≤ s ≤ k − 1), let Qs be the class
of all subsets of K = {1, 2, . . . , k} with cardinality s, i.e., Qs = {Q : Q ⊂ K, |Q| = s}.
A set Q ∈ Qs determines “fixed” indices in the constraints. Therefore, we call the indices
in K \Q “free” indices. For every fixed s-tuple (iq1 , iq2 , . . . , iqs ) ∈ Iq1 × Iq2 × · · · × Iqs
and for any Q = {q1, q2, . . . , qs} ∈ Qs , we define JQ1 × JQ2 × · · · × JQk by

JQr :=
{ {1, 2, . . . , n} if r is a free index,

{iql } if r is the fixed index ql.
(10.19)

(Note that this definition is independent of the sequence (q1, q2, . . . , qs) but depends only
on Q.) Then the corresponding constraint has the form∑

r∈K

∑
ir∈JQr

x(i1, i2, . . . , ik) = 1. (10.20)
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Thus a general (k, s) assignment problem can be stated as

min
∑
r∈K

∑
ir∈Ir

c(i1, i2, . . . , ik) x(i1, i2, . . . , ik)

s.t.
∑
r∈K

∑
ir∈JQr

x(i1, i2, . . . , ik) = 1 for all (iq1 , iq2 , . . . , iqs ) ∈ Iq1 × Iq2 × · · · × Iqs
and for all Q ∈ Qs;

x(i1, i2, . . . , ik) ∈ {0, 1} for all (i1, i2, . . . , ik) ∈ I1 × I2 × · · · × Ik.
In particular, for k ≥ 3 we call (k, 1) assignment problems axial k-index assignment prob-
lems and (k, 2) assignment problems planar k-index assignment problems. Axial k-index
assignment problems can also be stated as follows: find k−1 permutations ϕ1, ϕ2, . . . , ϕk−1

which minimize
n∑
i=1

ciϕ1(i)ϕ2(i)...ϕk−1(i).

Several problems encountered in the previous sections and chapters can be classified
according to this framework:

1. The classical assignment problem is the (2, 1) assignment problem.

2. The axial 3-index assignment problem is the (3, 1) assignment problem. We have
three blocks of constraints. In the first block the last index is fixed (which corresponds
to Q = {3}). In the other two blocks the second and the first index, respectively, are
fixed, which corresponds to Q = {2} and Q = {1}, respectively.

3. The planar 3-index assignment problem is the (3, 2) assignment problem. We have
again three blocks of constraints, but now every block of constraints contains n2

equations. The blocks correspond to the setsQ = {2, 3},Q = {1, 3}, andQ = {1, 2}.
4. The feasible solutions of the (4, 2) assignment problem are pairs of orthogonal Latin

squares. Due to a famous result of Euler, this problem has no feasible solution in the
case n = 6 (see also Appa, Magos, and Mourtos [37]).

There also exist other ways to describe multi-index assignment problems. For exam-
ple, they can be stated as special intersection problems of partition matroids, or they can be
formulated as clique partition problems of complete k-partite graphs.

Appa, Magos, and Mourtos [40] studied (k, s) assignment polytopes and established
the dimension of general axial and planar assignment problems. For k ≥ 2 the dimension
of (k, 1) assignment problems (general axial assignment problems) is shown to be

k−2∑
r=0

(
k

r

)
· (n− 1)k−r .

The dimension of (k, 2) assignment problems (general planar assignment problems) is
shown to be

k−3∑
r=0

(
k

r

)
· (n− 1)k−r ,
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provided that k ≥ 3 and the polytope is nonempty. In the same paper the authors specify
facets of axial k-index assignment problems induced by cliques. For further results on the
facial structure of axial and planar k-index polytopes, see also the report by Magos, Mourtos,
and Appa [475]. The polyhedral structure of the (4, 2) assignment polytope was studied by
Appa, Magos, and Mourtos [41, 38].

10.4.1 Applications

In surveillance systems there is the demand to identify and estimate targets in real time. In a
series of papers, Poore (see, e.g., [552] and [523]) examined the assignment formulation for
the data association problems arising in this context. Consider a radar or another surveillance
system monitoring a certain region. The system creates measurements of the targets at
discrete time units t1, t2, . . . , tn. The problem is to associate the measurements with the
targets, i.e., to identify the tracks of the targets over time. The mathematical formulation of
such problems leads to axial k-index assignment problems.

Another data association problem, stemming from high energy physics and leading
to an axial 5-index assignment problem, has been described by Pusztaszeri, Rensing, and
Liebling [565] (see also Pusztaszeri [564]). The authors tried to reconstruct the tracks of
charged elementary particles generated by the large electron-positron collider at CERN in
Geneva.

The planar 4-index assignment problem (Planar 4AP) occurs in the design of tour-
naments (see Appa, Magos, and Mourtos [36]). The feasible solutions of a planar 4AP are
pairs of orthogonal Latin squares which can be used to schedule a tournament between two
teams of n players each, where each player of the first team plays against any player of the
second team, each player plays in each of the n rounds, and each player plays at each of
the n locations just once during the tournament. (There are no games between players of
the same team.) Other applications of the planar 4AP concern the conflict-free access to
parallel memories and the design of error-correcting codes.

10.4.2 Algorithms and asymptotic behavior

As (k, s) assignment problems are NP-hard for k ≥ 3, only enumerative methods are
known for their exact solution. Poore and Rijavec [555] designed a Lagrangean relaxation
algorithm for axial multi-index assignment problems arising in the context of multitarget
tracking. An improved version of Lagrangean relaxation approaches for this problem class
has been discussed by Poore and Robertson [557].

For the planar 4APs, Appa, Magos, and Mourtos [36] designed a branch-and-cut
algorithm which uses clique, odd-hole, and antiweb inequalities for the cuts. For each cut
type, a polynomial-time separation algorithm is given. The computational results show the
superiority of the branch-and-cut algorithm in comparison to branch-and-bound approaches.

Greedy randomized adaptive search heuristics for multidimensional assignment prob-
lems arising in multitarget tracking and data association were proposed by Murphey, Parda-
los, and Pitsoulis [503] and Robertson [585]. A parallel version appeared in Murphey,
Pardalos, and Pitsoulis [504].
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A test problem generator for multidimensional assignment problems was published
by Grundel and Pardalos [348].

Since the number of local minima greatly influences the performance of local search
procedures, Grundel, Krokhmal, Oliveira, and Pardalos [345] undertook a study of such
an issue for axial k-index assignment problems with random cost coefficients. The authors
defined local minima with respect to different neighborhood structures and showed, among
other things, the following.

Proposition 10.3. In an axial k-index assignment problem with independent and identically
distributed normal cost coefficients, the expected number M2 of 2-exchange local minima
is bounded as

(n!)k−1

(k + 1)n(n−1)/2
≤ E(M2) ≤ 2(n!)k−1

n(n− 1)k + 2
.

A similar result applies to p-exchange neighborhoods.
An approximation algorithm for axial k-index assignment problems was designed by

Gimadi and Kairan [314]. They showed that their sublinear approximation algorithm is
asymptotically optimal provided the cost coefficients are i.i.d. according to a distribution
which is minorized by the uniform distribution. Another asymptotical optimal approxima-
tion algorithm for axial k-index assignment problems was given by Kravtsov [434].

Some general approximation results apply in the case of axial k-index assignment
problems when the objective function is maximized. Since such a problem can be formulated
as a matroid intersection problem, the approach by Hausmann, Korte, and Jenkyns [365]
yields an 1/k approximation algorithm, whereas the approach by Hurkens and Schrijver
[383] yields a (2/k − ε) approximation in the case of cost coefficients 0 and 1.

The only nontrivial special case known for (k, s) assignment problems concerns axial
k-index assignment problems whose cost array fulfills the Monge property (see Burkard,
Klinz, and Rudolf [152]). In this case the optimal solution is given by ϕ1(i) = ϕ2(i) =
· · · = ϕk−1(i) = i for i = 1, 2, . . . , n. This can be shown by the same exchange arguments
outlined in the proof of Proposition 5.7.

Krokhmal, Grundel, and Pardalos [435] investigated the probabilistic asymptotic be-
havior of axial k-index assignment problems. In particular, they studied the asymptotic
behavior of the expected optimal value of problems whose cost coefficients are independent
and identically distributed random variables with a given probability distribution. Let zkn
denote the optimal value of an axial k-index assignment problem of size n. They showed
that, in the case of exponentially distributed cost coefficients, E(zkn) approaches zero when
either k or n tends to infinity. Their approach also allows the derivation of asymptotic lower
and upper bounds for zkn. More generally it is shown that for a broad class of continuous
distributions the expected optimal value tends to the left endpoint of the support set, unlike
the case of the classical assignment problem, where it tends to π2/6 (see Section 5.1.1).
Axial multi-index assignment problems behave similarly to bottleneck assignment problems
(see Section 6.2.7).



book
2008/12/11
page 319

Bibliography

[1] E.H.L. Aarts and J.K. Lenstra. Local Search in Combinatorial Optimization. Wiley,
Chichester, UK, 1997. (Cited on p. 259.)

[2] E.H.L.Aarts and J. Korst. Simulated Annealing and Boltzmann Machines: A Stochas-
tic Approach to Combinatorial Optimization and Neural Computing. Wiley, Chich-
ester, UK, 1989. (Cited on p. 259.)

[3] H. Achatz, P. Kleinschmidt, and K. Paparrizos. A dual forest algorithm for the
assignment problem. In P. Gritzmann and B. Sturmfels, editors, Applied Geometry
and Discrete Mathematics, volume 4 of DIMACS Series, pages 1–10. American
Mathematical Society, Providence, RI, 1991. (Cited on pp. 119, 129.)

[4] W.P. Adams, M. Guignard, P.M. Hahn, and W.L. Hightower. A level-2 reformulation-
linearization technique bound for the quadratic assignment problem. European J.
Oper. Res., 180:983–996, 2007. (Cited on pp. 222, 249, 251, 254, 292.)

[5] W.P. Adams and T.A. Johnson. Improved linear programming-based lower bounds
for the quadratic assignment problem. In P.M. Pardalos and H. Wolkowicz, editors,
Quadratic Assignment and Related Problems, volume 16 of DIMACS Series, pages
43–75. American Mathematical Society, Providence, RI, 1994. (Cited on pp. 221,
222, 223, 237.)

[6] W.P. Adams and H.D. Sherali. A tight linearization and an algorithm for zero-one
quadratic programming problems. Management Sci., 32:1274–1290, 1986. (Cited
on p. 221.)

[7] W.P. Adams and H.D. Sherali. Linearization strategies for a class of zero-one mixed
integer programming problems. Oper. Res., 38:217–226, 1990. (Cited on p. 221.)

[8] V. Aggarwal, V.G. Tikekar, and L.-F. Hsu. Bottleneck assignment problems under
categorization. Computers & Oper. Res., 13:11–26, 1986. (Cited on p. 190.)

[9] R.K. Ahuja, O. Ergun, J.B. Orlin, and A.P. Punnen. A survey of very large-scale
neighborhood search techniques. Discr. Appl. Math., 123:75–102, 2002. (Cited on
p. 265.)

[10] R.K. Ahuja, K.C. Jha, J.B. Orlin, and D. Sharma. Very large-scale neighborhood
search for the quadratic assignment problem. INFORMS J. Comput., 19:646–657,
2007. (Cited on p. 265.)

319



book
2008/12/11
page 320

320 Bibliography

[11] R.K.Ahuja, T.L. Magnanti, and J.B. Orlin. Network Flows. Prentice-Hall, Englewood
Cliffs, NJ, 1993. (Cited on pp. 79, 105, 123.)

[12] R.K. Ahuja and J.B. Orlin. The scaling network simplex algorithm. Oper. Res.,
Suppl. 1:S5–S13, 1992. (Cited on p. 111.)

[13] R.K. Ahuja, J.B. Orlin, C. Stein, and R.E. Tarjan. Improved algorithms for bipartite
network flow. SIAM J. Comput., 23:906–933, 1994. (Cited on p. 124.)

[14] R.K. Ahuja, J.B. Orlin, and A. Tiwari. A greedy genetic algorithm for the quadratic
assignment problem. Computers & Oper. Res., 27(10):917–934, 2000. (Cited on
p. 262.)

[15] R.M. Aiex, M.G.C. Resende, P.M. Pardalos, and G. Toraldo. GRASP with path
relinking for three-index assignment. INFORMS J. Comput., 17:224–247, 2005.
(Cited on p. 310.)

[16] M. Akgül. A sequential dual simplex algorithm for the linear assignment problem.
Oper. Res. Lett., 7:155–158, 1988. (Cited on p. 118.)

[17] M. Akgül. Erratum. A sequential dual simplex algorithm for the linear assignment
problem. Oper. Res. Lett., 8:117, 1989. (Cited on p. 118.)

[18] M. Akgül. The linear assignment problem. In M. Akgül, H.W. Hamacher, and S.
Tüfekçi, editors, Combinatorial Optimization, number 82 in NATO ASI Series F,
pages 85–122. Springer-Verlag, Berlin, 1992. (Cited on pp. 79, 105, 126.)

[19] M. Akgül. A genuinely polynomial primal simplex algorithm for the assignment
problem. Discr. Appl. Math., 45:93–115, 1993. (Cited on pp. 78, 111, 128.)

[20] M. Akgül and O. Ekin. A criss-cross algorithm for the assignment problem. Working
Paper IEOR 90–22, Bilkent University, 1990. (Cited on p. 126.)

[21] M. Akgül and O. Ekin. A dual feasible forest algorithm for the linear assignment
problem. RAIRO Rech. Opér., 25:403–411, 1991. (Cited on p. 119.)

[22] H. Albrecher. A note on the asymptotic behaviour of bottleneck problems. Oper. Res.
Lett., 33:183–186, 2005. (Cited on pp. 285, 291.)

[23] H. Albrecher, R.E. Burkard, and E. Çela. An asymptotical study of combinatorial
optimization problems by means of statistical mechanics. J. Computational and Appl.
Math., 186:148–162, 2006. (Cited on pp. 285, 289, 290.)

[24] D.J.Aldous. Asymptotics in the random assignment problem. Probab. Theory Related
Fields, 93:507–534, 1992. (Cited on pp. 145, 146, 146.)

[25] D.J. Aldous. The ζ(2) limit in the random assignment problem. Random Structures
Algorithms, 18:381–418, 2001. (Cited on pp. 147, 148.)

[26] S.E. Alm and G.B. Sorkin. Exact expectations and distributions for the random
assignment problem. Combin. Probab. Comput., 11:217–248, 2002. (Cited on
p. 147.)



book
2008/12/11
page 321

Bibliography 321

[27] H. Alt, N. Blum, K. Mehlhorn, and M. Paul. Computing a maximum cardinality
matching in a bipartite graph in time O(n1.5

√
m/ log n). Inform. Process. Lett.,

37:237–240, 1991. (Cited on pp. 35, 47, 52, 127.)

[28] D. Andreou, K. Paparrizos, N. Samaras, and A. Sifaleras. Application of a new
network-enabled solver for the assignment problem in computer-aided education. J.
Computer Sci., 1:19–23, 2005. (Cited on p. 129.)

[29] Y.P. Aneja and A.P. Punnen. Multiple bottleneck assignment problem. European J.
Oper. Res., 112:167–173, 1999. (Cited on p. 167.)

[30] E. Angel and V. Zissimopoulos. On the quality of local search for the quadratic
assignment problem. Discr. Appl. Math., 82:15–25, 1998. (Cited on p. 259.)

[31] E. Angel and V. Zissimopoulos. On the classification of NP-complete problems in
terms of their correlation coefficient. J. Computer Sci., 99:261–277, 2000. (Cited
on p. 259.)

[32] E. Angel and V. Zissimopoulos. On the landscape ruggedness of the quadratic as-
signment problem. Theoretical Computer Science, 263:159–172, 2001. (Cited on
p. 259.)

[33] E. Angel and V. Zissimopoulos. On the hardness of the quadratic assignment problem
with metaheuristics. J. of Heuristics, 8:399–414, 2002. (Cited on p. 259.)

[34] K.M. Anstreicher and N.W. Brixius. A new bound for the quadratic assignment
problem based on convex quadratic programming. Math. Program., 89:341–357,
2001. (Cited on pp. 247, 251, 254.)

[35] K.M. Anstreicher, N.W. Brixius, J.P. Goux, and J. Linderoth. Solving large quadratic
assignment problems on computational grids. Math. Program., 91:563–588, 2002.
(Cited on pp. 248, 249, 254.)

[36] G. Appa, D. Magos, and I. Mourtos. A branch & cut algorithm for the four-index
assignment problem. J. Oper. Res. Soc., 55:298–307, 2004. (Cited on p. 317.)

[37] G. Appa, D. Magos, and I. Mourtos. An LP-based proof for the non-existence of
a pair of orthogonal Latin squares of order 6. Oper. Res. Lett., 32:336–344, 2004.
(Cited on p. 316.)

[38] G. Appa, D. Magos, and I. Mourtos. The wheels of the orthogonal Latin squares
polytope: classification and valid inequalities. J. Comb. Optim., 10:365–389, 2005.
(Cited on p. 317.)

[39] G. Appa, D. Magos, and I. Mourtos. A new class of facets for the Latin square
polytope. Discr. Appl. Math., 154:900–911, 2006. (Cited on p. 314.)

[40] G. Appa, D. Magos, and I. Mourtos. On multi-index assignment polytopes. Linear
Algebra Appl., 416:224–241, 2006. (Cited on p. 316.)



book
2008/12/11
page 322

322 Bibliography

[41] G. Appa, D. Magos, and I. Mourtos. On the orthogonal Latin squares polytope. Discr.
Math., 306:171–187, 2006. (Cited on p. 317.)

[42] J. Aráoz and J. Edmonds. A case of non-convergent dual changes in assignment
problems. Discr. Appl. Math., 11:95–102, 1985. (Cited on p. 83.)

[43] E.M. Arkin and R. Hassin. On local search for weighted packing problems. Math.
Oper. Res., 23:640–648, 1998. (Cited on p. 308.)

[44] E.M. Arkin, R. Hassin, and M. Sviridenko. Approximating the maximum quadratic
assignment problem. Inform. Process. Lett., 77:13–16, 2001. (Cited on p. 210.)

[45] R.D. Armstrong and Z. Jin. Solving linear bottleneck assignment problems via strong
spanning trees. Oper. Res. Lett., 12:179–180, 1992. (Cited on p. 186.)

[46] S. Arora, A.M. Frieze, and H. Kaplan. A new rounding procedure for the assignment
problem with applications to dense graph arrangement problems. Math. Program.,
92:1–36, 2002. (Cited on p. 210.)

[47] A.A. Assad and W. Xu. On lower bounds for a class of quadratic 0-1 programs. Oper.
Res. Lett., 4:175–180, 1985. (Cited on pp. 237, 238.)

[48] M.J. Atallah and S.E. Hambrusch. On bipartite matchings of minimum density. J.
Algorithms, 8:480–502, 1987. (Cited on p. 56.)

[49] D. Avis and L. Devroye. An analysis of a decomposition heuristic for the assignment
problem. Oper. Res. Lett., 3:279–283, 1985. (Cited on p. 149.)

[50] D. Avis and C.W. Lai. The probabilistic analysis of a heuristic for the assignment
problem. SIAM J. Comput., 17:732–741, 1988. (Cited on p. 149.)

[51] E. Balas and P.R. Landweer. Traffic assignment in commmunication satellites. Oper.
Res. Lett., 2:141–147, 1983. (Cited on pp. 197, 314.)

[52] E. Balas and J.B. Mazzola. Quadratic 0-1 programming by a new linearization. In
Joint ORSA/TIMS National Meeting, Washington DC, 1980. (Cited on p. 249.)

[53] E. Balas and J.B. Mazzola. Nonlinear 0-1 programming: I. Linearization techniques.
Math. Program., 30:1–21, 1984. (Cited on pp. 219, 249.)

[54] E. Balas and J.B. Mazzola. Nonlinear 0-1 programming: II. Dominance relations
and algorithms. Math. Program., 30:22–45, 1984. (Cited on p. 249.)

[55] E. Balas, D.L. Miller, J.F. Pekny, and P. Toth. A parallel shortest augmenting path
algorithm for the assignment problem. J. ACM, 38:985–1004, 1991. (Cited on
pp. 140, 142, 142, 142.)

[56] E. Balas and W. Niehaus. Finding large cliques in arbitrary graphs by bypartite
matching. In D. Johnson and M. Trick, editors, Cliques, Coloring and Satisfabil-
ity, volume 26 of DIMACS Series, pages 29–52. American Mathematical Society,
Providence, RI, 1996. (Cited on p. 262.)



book
2008/12/11
page 323

Bibliography 323

[57] E. Balas and L. Qi. Linear-time separation algorithms for the three-index assignment
polytope. Discr. Appl. Math., 43:1–12, 1993. (Cited on p. 307.)

[58] E. Balas and M.J. Saltzman. Facets of the three-index assignment polytope. Discr.
Appl. Math., 23:201–229, 1989. (Cited on p. 307.)

[59] E. Balas and M.J. Saltzman. An algorithm for the three-index assignment problem.
Oper. Res., 39:150–161, 1991. (Cited on p. 309.)

[60] M.L. Balinski. On two special classes of transportation polytopes. Math. Program.
Study, 1:43–58, 1974. (Cited on p. 106.)

[61] M.L. Balinski. The Hirsch conjecture for dual transportation polyhedra. Math. Oper.
Res., 9:629–633, 1984. (Cited on p. 117.)

[62] M.L. Balinski. Signature methods for the assignment problem. Oper. Res., 33:527–
536, 1985. (Cited on pp. 78, 114, 128.)

[63] M.L. Balinski. A competitive (dual) simplex method for the assignment problem.
Math. Program., 34:125–141, 1986. (Cited on pp. 118, 186.)

[64] M.L. Balinski and R.E. Gomory. A primal method for the assignment and transporta-
tion problems. Management Sci., 10:578–593, 1964. (Cited on pp. 78, 104, 104,
105, 128.)

[65] M.L. Balinski and A. Russakoff. On the assignment polytope. SIAM Rev., 16:516–
525, 1974. (Cited on pp. 30, 31, 31, 33, 34.)

[66] S.E. Bammel and J. Rothstein. The number of 9 × 9 Latin squares. Discr. Math.,
11:93–95, 1975. (Cited on p. 313.)

[67] H.-J. Bandelt, Y. Crama, and F.C.R. Spieksma. Approximation algorithms for multi-
dimensional assignment problems with decomposable cost coefficients. Discr. Appl.
Math., 49:25–50, 1994. (Cited on p. 310.)

[68] R.S. Barr, F. Glover, and D. Klingman. The alternating basis algorithm for assignment
problems. Math. Program., 13:1–13, 1977. (Cited on pp. 77, 87, 98, 106, 106,
106, 107, 107, 110, 114, 126, 128.)

[69] R.S. Barr, F. Glover, and D. Klingman. A new alternating basis algorithm for semi-
assignment networks. In W. White, editor, Computers and Mathematical Program-
ming, pages 223–232. National Bureau of Standards Special Publications, US Gov-
ernment Printing Office, Washington, DC, 1978. (Cited on p. 165.)

[70] R.S. Barr, F. Glover, and D. Klingman. Enhancements of spanning tree labelling
procedures for network optimization. INFOR, 17:16–34, 1979. (Cited on p. 143.)

[71] R.S. Barr and B.L. Hickman. Parallel simplex for large pure network problems:
Computational testing and sources of speedup. Oper. Res., 42:65–80, 1994. (Cited
on pp. 143, 144.)



book
2008/12/11
page 324

324 Bibliography

[72] A.I. Barvinok, D.S. Johnson, G.J. Woeginger, and R. Woodroofe. The maximum
traveling salesman problem under polyhedral norms. In R.E. Bixby, E.A. Boyd, and
R.Z. Ríos-Mercado, editors, Integer Programming and Combinatorial Optimization,
volume 1412 of Lecture Notes in Comput. Sci., pages 195–201. Springer, Berlin-
Heidelberg, 1998. (Cited on p. 311.)

[73] A.I. Barvinok. Combinatorial complexity of orbits in representations of the symmetric
groups. Advances of Soviet Math., 9:161–182, 1992. (Cited on pp. 223, 224, 224.)

[74] R. Battiti and G. Tecchiolli. The reactive tabu search. ORSA J. Comput., 6:126–140,
1994. (Cited on p. 261.)

[75] R. Battiti and G. Tecchiolli. Simulated annealing and tabu search in the long run: A
comparison on QAP tasks. Computers and Mathematics with Applications, 28:1–8,
1994. (Cited on p. 261.)

[76] J. Bautista, R. Companys, and A. Corominas. Modelling and solving the product rate
variation problem. TOP, 5:221–239, 1997. (Cited on p. 189.)

[77] M.S. Bazaraa and O. Kirca. A branch-and-bound-based heuristic for solving the
quadratic assignment problem. Naval Res. Log. Quart., 30:287–304, 1983. (Cited
on p. 252.)

[78] M.S. Bazaraa and H.D. Sherali. Benders’ partitioning scheme applied to a new
formulation of the quadratic assignment problem. Naval Res. Log. Quart., 27:29–41,
1980. (Cited on pp. 217, 249.)

[79] M.S. Bazaraa and H.D. Sherali. On the use of exact and heuristic cutting plane
methods for the quadratic assignment problem. J. Oper. Res. Soc., 33:991–1003,
1982. (Cited on pp. 249, 250.)

[80] W.W. Bein and P.K. Pathak. A characterization of the Monge property and its con-
nection to statistics. Demonstratio Math., 29:451–457, 1996. (Cited on p. 151.)

[81] H. Bekker, E.P. Braad, and B. Goldengorin. Using bipartite and multidimensional
matching to select the roots of a system of polynomial equations. In Computational
Science and ItsApplications – ICCSA2005, volume 3483 of Lecture Notes in Comput.
Sci., pages 397–406. Springer, Berlin / Heidelberg, 2005. (Cited on p. 166.)

[82] M. Bellmore and J.F. Malone. Pathology of traveling salesman subtour elimination
algorithms. Oper. Res., 19:278–307, 1971. (Cited on p. 161.)

[83] J.F. Benders. Partitioning procedures for solving mixed variables programming prob-
lems. Numerische Mathematik, 4:238–252, 1962. (Cited on p. 250.)

[84] A. Bergamini. Computer codes and Java applets for assignment problems (in Italian).
Master’s thesis, Dipartimento di Elettronica, Informatica e Sistemistica, Università
di Bologna, Italy, 2006. (Cited on p. 128.)

[85] C. Berge. Two theorems in graph theory. Proc. Natl. Acad. Sci. USA., 43:842–844,
1957. (Cited on p. 36.)



book
2008/12/11
page 325

Bibliography 325

[86] D.P. Bertsekas. A new algorithm for the assignment problem. Math. Program.,
21:152–171, 1981. (Cited on pp. 78, 103, 119, 121, 128, 130, 139.)

[87] D.P. Bertsekas. The auction algorithm: A distributed relaxation method for the
assignment problem. In R. R. Meyer and S.A. Zenios, editors, Parallel Optimization
on Novel Computer Architectures, volume 14 of Ann. Oper. Res., pages 105–123.
Baltzer, Basel, 1988. (Cited on pp. 125, 139.)

[88] D.P. Bertsekas. Linear Network Optimization: Algorithms and Codes. The MIT
Press, Cambridge, MA, 1991. (Cited on pp. 79, 128, 129, 129, 129, 130, 130,
131, 165.)

[89] D.P. Bertsekas and D.A. Castañon. Parallel synchronous and asynchronous imple-
mentations of the auction algorithm. Parallel Comput., 17:707–732, 1991. (Cited
on pp. 139, 140, 140.)

[90] D.P. Bertsekas and D.A. Castañon. Parallel asynchronous Hungarian methods for the
assignment problem. ORSA J. Comput., 3:261–274, 1993. (Cited on pp. 123, 142.)

[91] D.P. Bertsekas, D.A. Castañon, and H. Tsaknakis. Reverse auction and the solution
of inequality constrained assignment problems. SIAM J. Optim., 3:268–297, 1993.
(Cited on p. 123.)

[92] D.P. Bertsekas and J. Eckstein. Dual coordinate step methods for linear network flow
problems. Math. Program., 42:203–243, 1988. (Cited on pp. 78, 121, 121, 128,
140.)

[93] D.P. Bertsekas, S. Pallottino, and M.G. Scutellà. Polynomial auction algorithms for
shortest paths. Computational Opt. Appl., 2:99–125, 1995. (Cited on p. 160.)

[94] D.P. Bertsekas and J.N. Tsitsiklis. Parallel and Distributed Computation: Numerical
Methods. Prentice-Hall, Englewood Cliffs, NJ, 1989. (Cited on pp. 138, 140.)

[95] J. Bhasker and S. Sahni. Optimal linear arrangement of circuit components. J. VLSI
and Computer Systems, 2:87–109, 1987. (Cited on p. 276.)

[96] K.V.S. Bhat and B. Kinariwala. An algorithm for the n × n optimum assignment
problem. BIT, 19:289–296, 1979. (Cited on pp. 98, 103, 128.)

[97] P. Billingsley. Probability and Measure, 3rd Edition. Wiley, New York, 1995. (Cited
on p. 289.)

[98] A. Billionnet and S. Elloumi. Best reduction of the quadratic semi-assignment prob-
lem. Discr. Appl. Math., 109:197–213, 2001. (Cited on p. 295.)

[99] A. Billionnet, M.C. Costa, and A. Sutter. An efficient algorithm for a task allocation
problem. J. ACM, 39(3):502–518, 1992. (Cited on pp. 297, 302.)

[100] G. Birkhoff. Tres observaciones sobre el algebra lineal. Revista Facultad de Ciencias
Exactas, Puras y Aplicadas Universidad Nacional de Tucuman, Serie A (Matematicas
y Fisica Teorica), 5:147–151, 1946. (Cited on pp. 25, 75.)



book
2008/12/11
page 326

326 Bibliography

[101] A. Blanchard, S. Elloumi, A. Faye, and M. Wicker. Un algorithme de génération
de coupes pour le problème de l’affectation quadratique. INFOR, 41:35–49, 2003.
(Cited on p. 253.)

[102] R.G. Bland. New finite pivoting rules for the simplex method. Math. Oper. Res.,
2:103–107, 1977. (Cited on p. 106.)

[103] S.H. Bokhari. A shortest tree algorithm for optimal assignments across space and
time in a distributed processor system. IEEE Trans. Software Eng., 7:583–589, 1981.
(Cited on pp. 300, 301, 301.)

[104] B. Bollobás. Extremal Graph Theory. Academic Press, London, UK, 1978. (Cited
on p. 210.)

[105] B. Bollobás and A. Thomason. Random graphs of small order. In M. Karoński and
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